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Series Preface

Mathematics is playing an ever more important role in the physical and biological sciences,
provoking a blurring of boundaries between scientific disciplines and a resurgence of interest
in the modern as well as the classical techniques of applied mathematics. This renewal of
interest, both in research and teaching, has led to the establishment of the series: Texts in
Applied Mathematics (TAM).

The development of new courses is a natural consequence of high level of excitement
on the research frontier as newer techniques, such as numerical and symbolic computer
systems, dynamical systems, and chaos, mix with and reinforce the traditional methods of
applied mathematics. Thus, purpose of this textbook series is to meet the current and future
needs of these advances and encourage the teaching of new courses.

TAM will publish textbooks suitable for use in advanced undergraduate and beginning
graduate courses, and will complement the Applied Mathematical Sciences {(AMS) series,
which will focus on advanced textbooks and research level monographs.



Preface

From Pushkin to Monte Carlo

When Markov introduced his famous model in 1906, he was not preoccupied with applica-
tions. He just wanted to show that independence is not necessary for the law of large numbers
(the weak law of large numbers at that time, since Borel proved the strong law for heads and
tails only in 1909). An example that he considered was the alternation of consonants and
vowels in Pushkin’s Eugene Onegin, which he described as a two-state chain. (This, how-
ever, does not say much about the plot!) Almost at the same time, and faithful to the French
tradition of gambling probabilists, Poincaré studied Markov chains on finite groups, with
applications to card shuffling. The Austrian physicists Paul and Tatiana Ehrenfest proposed
in 1907 a Markov chain model that very much helped to clarify the controversial issue of
thermodynamic irreversibility. Sir Francis Galton, a cousin of Darwin, who was interested
in the probability of the survival of the English peerage, was the inventor of the branching
process, another famous Markov model with many applications besides the original one.
He posed the problem in the Educational Times in 1873, and in the same year and same
journal, Reverend Watson proposed the method of solution that became a textbook classic.

The dates mentioned above show that Markov models were already around even before
Markov started the systematic study of this class of random sequences. However, the work
of Markov challenged the best probabilists, such as Kolmogorov, Doeblin, and Frechet, just
to mention the leading pioneering figures. The outcome was a clean and sound theory ready
for applications, and today, Markov chains are omnipresent in the applied sciences. For
instance, biology is an important consumer of Markov models, many of them concerning
genetics and population theory. In the social sciences, social mobility can be described in
Markovian terms. Quantitative psychology uses Markovian models of learning. Physics
is a major patron of Markov chain theory, and Markov models (for instance, the Ehrenfest
diffusion model, the annealing model, and the Ising—Peierls model of phase transition)
have been very useful in understanding qualitatively complex phenomena. Markov chains
have found many applications in electrical engineering, for instance in the performance
analysis of multiple access communications protocols and of communications networks, in
coded modulation, and in image processing. Recently, Markov chain theory has received
an additional impetus from the advent of Monte Carlo Markov chain simulation. Markov
chains have found a privileged domain of application in operations research, in reliability
theory and queuing theory for instance.

ix



X Preface

A Useful, Simple, and Beautiful Theory

The list of applications of Markov chains is virtually infinite, and one is entitled to say
that it is the single most successful class of stochastic processes, its success being due to
the relative simplicity of its theory and to the fact that simple Markov models can exhibit
extremely varied and complex behavior. The modeling power of Markov chains may well
be compared to that of ordinary differential equations.

The theory of Markov chains with a countable state space is an ideal introduction to
stochastic processes; it is not protected by a wall of technicalities, and therefore the student
has quick access to the main results. Indeed, the mathematical equipment required for a re-
warding study of this class of models consists only of the notion of conditional independence
and the strong law of large numbers.

Another pléasant feature of Markov chain theory is that this classic topic can be presented
in terms of the elegant concepts of the modemn theory of stochastic processes, such as
reversibility, martingales, and coupling.

Basic Theory and Advanced Topics

This book is devoted to the study of homogeneous Markov chains (HMCs) with a countable
state space, in discrete time and in continuous time. The table of contents reflects the
recent advances of the theory and responds to a growing need for a unified treatment of
related topics such as finite Gibbs fields, nonhomogeneous Markov chains, discrete-time
regenerative processes, Monte Carlo simulation, simulated annealing, and queuing theory.

About half of the book is devoted to the basic theory (Chapters 2, 3, 4, and 8). This part
of the book introduces discrete-time Markov models (Chapter 2) and gives an account of
their recurrence and ergodicity (Chapter 3) properties as well as of their long-run behavior
(Chapter 4). Italso treats the continuous-time Markov madeis (Chapter 8). Continuous-time
HMCs are essentially discrete-time HMCs with a random time scale. The time separating
two successive transitions is not one unit, but it is an exponential time depending on the
current state. (This quick description, of course, jumps over the fine technical details.)
Another informal statement is that continuous-time HMCs are discrete-time HMCs with
a little dose of Poisson processes. We shall say no more at this point except that the
traditional semigroup approach of Chapter 8 is completed in Chapter 9, on Poisson calculus
and queues, by a probabilistic approach, where continuous-time HMCs are described by a
family of independent Poisson processes associated with a deterministic rule selecting state
transitions. This approach has many advantages, but it is not yet standard in textbooks, and
besides, it requires some mathematical maturity. It is one of the advanced topics of this

book (Chapters 5, 6, 7, and 9).

At least one of three requirements must be satisfied for a topic to be called advanced in
this book. It has to be mathematically subtle, or technical, or simply not a textbook standard.



Preface xi

The chapter on eigenvalues and nonhomogeneous Markov chains (Chapter 6) is, for instance,
a little technical, but it is important and concerns an area of intense research activity. It deals
with the topic of effective computation of convergence rates, both for convergence to steady
state of an ergodic chain and for convergence of ergodic estimates, in view of applications
to simulation, for instance. It also includes the basic results of nonhomogeneous Markov
chain theory, which will be applied to the analysis of the simulated annealing algorithm.
The chapter on Lyapunov functions and martingales (Chapter 5} is more mathematical, and
contains a brief introduction to potential theory. It gives the powerful theorem of Foster, a
sufficient condition of positive recurrence, and places it in its natural environment among
martingales and potentials. It is a first contact with martingale theory whose efficiency
is demonstrated by a few examples concerning the absorption problem. Gibbs fields and
Monte Carlo simulation (Chapter 7) are very important topics, of interest in physics, image
processing, and optimization. There are quite a few good reasons te include Gibbs fields in
a book devoted to Markov chains, besides the observation that they generalize in a natural
way the Markov definition on the real line to arbitrary discrete index sets. One of them is
that they are a privileged domain of application of the Monte Carlo Markov chain simulation
algorithms. The latter is the last topic of Chapter 7, which also includes an introduction to
simulated annealing.

Chapter 1 is a probability review, and it has a structure slightly different from the others
in that it contains worked out exercises that the reader is expected to try a few minutes before
looking at the solution. An appendix provides the results in number theory, analysis, and
linear algebra directly useful to the theory of Markov chains. Each chapter is closed by a
problems section.
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CHAPTEHR 1

Probability Review

1 Basic Concepts

The present chapter reviews the notions and results of probability theory directly useful in
the sequel. This book is self-contained and the review of probability that follows is sufficient
for the purpose of studying Markov chains.

1.1 Events

Probability theory provides a mathematical framework for the study of random phenomena.
It requires a precise description of the outcome of an observation when such a phenomenon
is observed. The collection of all possible outcomes w is called the sample space €.

Example 1.1. 4 Die
The experiment consists in tossing a die once. The possible outcomes are w = 1,2,....6

and the sample space is the set @ = {1,2,3, 4,5, 6} (see Fig. 1.1.1). &

Example 1.2. Daris
The experiment consists in throwing a dart at a very large wall. The sample space can

be chosen to be the plane RZ, an idealization of the wall, an outcome being the position
w = (x, ¥) hit by the dart (see Fig. 1.1.1). <

Example 1.3. Coin Tosses
The experiment is an infinite sequence of coin tosses. One can take for the sample space €2

the collection of all sequences w = {x,},», where x, = | or 0, depending on whether the
nth toss results in heads or tails (see Fig. 1.1.1). <&
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° e o0 o'e ooe The samples in Example 1.1
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Figure 1.1.1. Samples

The Logics of Events

Probabilists have their own interpretation of sets. It is reflected in their terminology, which
we shall now review.

Any subset A of the sample space €2 can be regarded as a representation of some
event. In Example 1.1, A = {1, 3, 5} is the event “result is odd.” In Example 1.2, subset
A = {(x. y): x> 4+ y? > 1} could be the event “you missed the dartboard™ if the dartboard is
centered at 0 and of radius 1. In Example 1.3, subset A = {w; 3¢ = | fork = 1 to 1,000}
is a very lucky event if you bet on heads.

One says that outcome w realizes event A if w € A. Obviously, if w does not realize A,
it realizes A, the complement of A in .

Event A N B is realized by outcome ¢ if and only if w realizes both A and B. Similarly,
A U B is realized by w if and only if at least one event among A and B is realized.

Two events A and B are called incomparible when A N B = (. In other words, event
A N B is impossible, and so no outcome @ can realize both A and B. For this reason one
refers to the empty set ¢ as the impossible event. Naturally, € is called the certain event.
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A A
e
outcome w realizes event A; event B implies event A events A, Az, Az are
A and B are incompatible mutually incompatible

and exhaustive
Figure 1.1.2. The logic of events
The notation A+ B (the sum of A and B) implies by convention that A and B are disjoint,

and represents the union A U B. Similarly, the notation ;> A, is used for U? | A, only
when the A;’s are pairwise disjoint. The equality

oo
$a=2
=0
means that the events A, A», ... are mutually incompatible and exhaustive. They are

exhaustive in the sense that any outcome w realizes at least one among them. They are
mutually exclusive in the sense that any two events among them are incompatible. Therefore,
any w realizes one and only one of the events A;, ..., A,.

If B C A, event B is said to imply event A, because A is realized by w whenever B
is realized by w. The notation 4 — B is used only if B C A, and it stands for AN B. In
particular, if B C A, then A = B + (A — B)(see Fig. 1.1.2).

Probability theory assigns to an event a number, the probability of the said event. For
technical reasons, the collection F of events that are assigned a probability is not always
identical to the collection of all subsets of . The requirements on F are the following:

1. The impossible event # and the certain event 2 are in F
2. IfAisinF, thensois A
3. If Ay, Az, ...arein F, then so is U2 | A,
One calls the collection of subsets F a sigma field on €, here the sigma-field of events.

If the sample space £ is finite, one usually considers any subset of €2 to be an event.
The same is generally true for a countable sample space.

1.2 Random Variables

Definition 1.1. Random Variables _
A random variable is a function X : @ — R such that for all ¢ € R, the event {X < a} =

{w; X(w) < a} can be assigned a probability, that is,
[X =aleF.



4 1. Probability Review

A function X : 2 — E where F is a denumerable set is called a discrete random variable
ifforall x ¢ £
(X =x}eF.

Sometimes a random variable is called a random number. This 1s an innocuous habit as
long as one is aware that it is not the function X that is random, but the outcome w, which
in turn makes the number X (w) random. If X{«) is real for all w, then X is called a real

random variable.

Since a denumerable set E can be identified with N, we shall consider a discrete random
variable to be a special case of a real random variable.

Example 1.4. 4 Die
This is a continuation of Example 1.1. Take for X the identity X(w) = w. In that sense X

is a random number obtained by tossing a die. <

Example 1.5. Darts
This is a continuation of Example 1.2. Here @ = (x, y), where x,y € R. Define the
coordinate random variables of 2, X, and ¥ by

X(w)y=1x, Y(w) = y. &

Example 1.6. Coin Josses
This is a continuation of Example 1.3. Here w = {x4}n>1. Define X, to be the random

number obtained at the rth toss:
Xo(w) = x5. <&

1.3 Probability

The probabiliry P(A) of an event A € F measures the likeliness of its occurrence. As a
function defined on F, the probability P is required to satisfy a few properties, the axioms
of probability.

Definition 1.2. Axioms of Probability
A probability (measure) on (§2, F) is a mapping P : F — R such that

1. 0< P(A) <1
2. P(Q) =1

3. P(Z,C:il Ay = Z,go:t P(Ai)
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Property 3 is called sigma additivity. The triple (2, F, P) is called a probability space, or
probability model .

The axioms of probability are motivated by the following heuristic interpretation of
P(A) as the empirical frequency of occurrence of event A. If n “independent” experiments
are performed, among which n4 result in the realization of A, then the empirical frequency

F(A) = ”7"

should be close to P(A) if n is “sufficiently large” Clearly, the function F' satisfies the

axioms.

The axiomatic presentation of probability theory is nevertheless logically independent of
the frequency interpretation. As a matter of fact, its success is due to its apparent ignorance
of the frequency_ interpretation, which blurs the picture because the empirical frequency
F depends on too many things: on the number of experiments and on the experiments
themselves. The axiomatic theory of probability connects to the frequency interpretation a
posteriori: the latter appears as a theorem, the famous strong law of large numbers (SLLN})
given in Section 8. To obtain it, all that is needed besides the axioms of probability and
clever computations is a good definition of what is meant by independent experiments. This
definition will be given in the next section.

Example 1.7. A Die
This is a continuation of Example 1.4. For A € £ = {1, 2, 3, 4, 5, 6}, the formula

peay = 12!
6 r

where |A] is the cardinal of A, that is, the number of elements in A, defines a probability
P, <

Example 1.8. Darts
This is a continuation of Example 1.5. Take, for instance,

1 e
P(A) = e " dxdy.
A

2ro?

It can be checked that £(£2) = 1. Indeed,

I +00  p+00 2t 1
qf f e_T:’-’_dxdy = —
2rnoc J_oe Jooo b4

+oo 22
f ety )dxdy
—00 —00
pi

4

e “dudd = 1. <

b g + .
f e " 2pdpdf
0
/
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Example 1.9. Coin Tosses
This 1s a continuation of Example 1.6. Choose probability P such that for any event of the

form A ={x; =a;..... xp = ag}, where a|, .. ., a; are arbitrary in [0, 1},
I

P(A) = o ©

The choices for probability P in these examples is arbitrary, and many other choices are

possible. That of Example 1.7 suggests an unbiased die, where each outcome 1, 2, 3, 4, 5,

or 6 has the same probability. Probability P of Example 1.9 implies an unbiased coin and

independent tosses (see Example 2.2).

From the axioms of probability, the following properties are easy to check:

P(A)=1- P(A), (1.1)
P(#) =0, (1.2)

A C B= P(A) < P(B), (1.3)
P(UZ, A <Y P(A). (14)

k=1
Proof. For (1.1), use additivity: 1 = P(Q) = P(A + A) = P(A) + P(A). For (1.2),
use (1.1)with A = Q : P() = 1~ P(Q) =1 -1 = 0. For (1.3), write P(B) =
P{A)+ P{B — A) > P(A). Finally, for (1.4), observe that

oC
UR A= D A
k=1
where -
A= acn {UZia.
Therefore,

P(UZA) =P (Z Ajc) =Y P(AY.
k=1

k=1

But A, < Ay, and therefore P(A)) < P(A).

Property (1.3} is the monotornicity property, and (1.4) is the sub-o -additivity property.

Theorem 1.1. Monotone Sequential Continuity
Let {A,}n>1 be a nondecreasing sequence of events, i.e., foralln > 1,

An-H ) An-

Then
P(UZ A,) = liTm T P(A,) (1.5)
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(where lim 1 a, is a notation emphasizing that the sequence {a,} is nondecreasing). Simi-
larly, if { B, },>1 15 a nonincreasing sequence of events, i.e., foralin = 1,

Bn+1 - Bn-
then
PINGZ1B,) = lim | P(B,). (1.6)
Proof, For (1.5), write

A, =A + (A2 — A+ -+ (A, — Any)

and
UZ A=A+ (A — AN+ (A — A)+ .

Therefore,

P(UZ ALy = P{A)+ ) P(A;— 4, 1)

j=1

= i}g}] {P(Al)+ZIP(Aj Ajt)] =nllTI§10 P(A,).

J=

For (1.6), write
PGS, B) = 1— P (M2 B,) = 1- PO, Bo)

and apply (1.5) with A, = B,. a

2 Independence and Conditional Probability

2.1 Independence of Events and of Random Variables

Definition 2.1. Independence
Two events A and B are called independent if

P(AN B)= P(A)P(B). 2.1y
Two random variables X and Y are called independent if foralla, b € R,
P(X <a,¥Y <b)y=PX <a)P(Y <b). (2.2)

In the above definition, we used the following notation: P(X < a) = P({X < a})where
(X < a} ={w; X(w) < a}. Also, the left-hand side of (2.2) is P({X < a} N{Y < b}).
This is a general feature of the notational system: commas often replace intersection signs.
For instance, P{A, B) is the probability that both events A and B occur.
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Example 2.1. Darts
This is a continuation of Example 1.8. The coordinate random variables X and Y are

independent. Indeed, {{x, ¥} € RZx <a,y <b)=1{X <a}n{Y < b}, and therefore

P({X =ajn{y =b}) = f f e Trdxdy

2o

(g5 L 20) (o L)

P(X <a)P(Y = b),

where the last equality comes from

P(X <a)=lim P(X <a,¥ <n)

(sequential continuity) and the identity

e—z';;'fdy =1

o2
(see Example 1.8). <&

Exercise 2.1. Incompatibility Is Not Independence
Show that two incompatible events A and B are independent if and only if at least one of

them has zero probability.
Solution. P{(A N B) = P(¥) = 0. Therefore (2.1) holds if and only if P(A)FP(B) = 0.
The notion of independence carries over to families of events.

Definition 2.2. Independence of Families
A family {A;};c; of events indexed by an arbitrary set [ is called independent if for any

finite collection of distinct events A;,, ..., A;, from this family,
n_ A ]_[ P(A;). (2.3)
A family [ X;};; of real random variables indexed by an arbitrary set / is called independent
if for any finite collection of distinct random variables X;,, ..., X;, from this family,
k
PN X, <a5)) = ]"[ P(X;, <aj) (2.4)
j=1
for all real numbers a1, . .., a;. The family of real random variables {X,};¢; is said to be
independent from the family of real random variables {¥;} ;¢ if
P ((Myoi X, < acl) (NG 1Y), < bu])) = P (M (X, < agd) P (Mo (Y5, < bal)
(2.5)
forallindicesi,, ..., i, € fand ji, ..., j. € J,andallreal numbersay, ....a,. by, ..., by,

Here I and J are arbitrary index sets.
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Example 2.2. Coin Tosses

This is a continuation of Example 1.9. Event {X; = a;} is the direct sum of events
(X =a,....Xe_1 = ag_1, X = a;} forall possible values of (ay, ..., @z—1). Since there
are 2*~! such values and each one has probability 2%, we have P(X; = a;) = 2571274,
that is,

1
P(Xi=D=PXi=0)=3.

Therefore,
P(X] =)y X,'( = ak) = P(X] :al)P(Xk zak)

forallay, ...,a; € {0, 1}, from which it follows by definition that X, . .., X, are indepen-

dent random variables, and more generally that { X, },»1 is a family of independent randoem
variables. Therefore, we have a model for independent tosses of an unbiased coin. <&

2.2 Bayes’s Rules

In the frequency interpretation, the definition of independence (2.1) reads, in rough and
imprecise terms and using the notation introduced in Section 1, nang/n = (ra/n)-(ng/n),

or
Rang __ NaA

~ —

np n
(here = is a “fuzzy” version of the equality sign). Therefore, statistics relative to A do
not vary when performed on a neutral sample of population or on a selected sample of
population characterized by the property B. For example, the proportion of people with a
family name beginning with # is the same among a large population with the usual mix of
men and women as it would be among a large all-male population. This is very much the
intuitive notion of independence.

Dependence between A and B occurs when P(A N B) # P(A)P(B). In this case the
relative frequency nang/ng ~ P(A N B)/P(B) is different from the frequency n4/n.

Definition 2.3. Conditional Probability
The conditional probability of A given B is the number

def P(AN B)

P(A|B) = P(B) (2.6)

defined when P(B) > 0.

The quantity P(A | B) represents our expectation of A being realized when the only available
information is that B is realized. Indeed, this expectation would then be based upon the

relative frequency nng/ng alone.
A symmetric form of (2.6) is
P(ANBY= P(A| BYP(B)= P(B| A)P(A). 2.7
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Of course, if A and B are independent, then

P(A | B) = P(A), P(B | A) = P(B). (2.8)

Probability theory is primarily concerned with the computation of probabilities of com-
plex events. The following formulas are useful additions to the tool kit already containing

rules (1.1} to (1.6).

Theorem 2.1. Bayes’s Rules
Bayes’s rule of retrodiction. With P(A) > 0, we have

P(A | B)P(B)

P{B| A)= . 2.9
(B14)="——p" @9
a rephrasing of (2.7).
Bayes’s rule of exclusive and exhaustive causes. For By, B;, ... such that
o0
> B =g
=
and for all A,
0]
P(A)=Y_P(A| BYP(B). (2.10)
=1
Bayes’s sequential formula. For any sequence of events A,, ..., Ay,
P (ML A) = P(ADP(A2 | ADP(As | Ay N Ay)-- P(Ac | NI A (2.11)
Proof. For (2.10), just decompose A:
(e8] o0
P(AY=P (A N (Z B,-)) =P (Z(A N B,-))
i= i=1
o0 o0
=S P(ANB)=_ P(A|B)P(B).
i=I i=1
For (2.11), proceed by induction. Suppose that (2.11) is true for k. Write
P (A A) = P (M A1) N Ager) = P (Air | DLy A P (NI A
and replace P (M¥_| A;} by the assumed equality (2.11). m)

Exercise 2.2. Medical Tests

Doctors apply a test that if the patient is affected by the disease being tracked gives a positive
result in 99% of the cases. However, it happens in 2% of the cases that a healthy patient has
a positive test. Statistical data show that one individual out of 1000 has the disease. What
is the probability for a patient with a positive test to be affected by the disease?
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Solution. Let M be the event “patient is ill,” and + and — the events “test is positive” and
“test 1s negative,” respectively. We have the data

P(M)=0.001, P(+ | M)=099, P(+ | M)=0.02,

and we must compute P(M | +). By the retrodiction formula,

P(+ | MYP(M
P(M | +) = LI MIPM) 'P(+))( )

By the formula of exclusive and exhaustive causes,
P(+) = P(+ | M)P(M) + P(+ | M)P(3).
Therefore,

(0.99)(0.001) o
(0.99)(0.001) + (0.02)(0.999) 20

P(M | +)=

This is a low probability indeed. However, the situation is not as bad as it seems,
because in view of the ambiguous resuits, all positive patients will be tested once again,
this time with a better test (but more expensive, one expects). The gain will be that only a
small portion of the population will be given the expensive second test. Indeed, P{+) =
(0.99%0.001) + (0.002)(0.999) ~ (.003. One possible cause of a positive test for a healthy
patient is the practice of group testing, when the biological samples of several patients are

mixed.

We now proceed to introduce the central concept of Markov chain theory.

2.3 Markov Property

Definition 2.4. Conditional Independence
One says that A and B are conditionally independent given C if

P(ANB|C)=P(A|C)P(B|C). (2.12)

Let X, ¥, Z be random variables taking their values in the denumerable sets E, F, G,
respectively. One says that X and Y are conditionally independent given Z ifforall x, y, z
in E, F, G, respectively, events {X = x} and {¥ = y} are conditionally independent given
(Z =z}

Note that (exercise) for fixed C,
def
Pc(A) = P(A]C) (2.13)

defines a probability Pc. Equality (2.12) expresses the independence of A and B with
respect to this probability.
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Theorem 2.2. Markov Property for Events
Let A, Az, A; be three events of positive probability. Events A, and A; are conditionally
independent given A if and only if the “Markov property” holds, that is,

P(A3 | A1 N Ay} = P(A;3 | A2).
Proof. Assume conditional independence. Then
P(A3 1A N A2y = P(A1 N Aa N A3/ P{A1 N A)=P(A1 N A3 | Ap)P(A2)/ P(A1 N Az)
= P(A; | A)P(A3 | A2)P(A2)/ P(A1 1N Az)
= P(A1| A2)P(A3] A2)/ P(AL] A2}
= P(A;3| A2).

Similar computations yield the converse implication. |

The next result is a characterization of conditional independence for random variables.
It is a simple result that will be frequently used in the sequel. Recall the notation with
commas instead of intersection symbols, for instance, P(A, B |C, D)= P(ANB{CN D).

Theorem 2,3. Markov Property for Random Variables

Let X, Y, and Z be three discrete random variables with values in £, F, and G, respectively.
Ifforsome functiong : ExF — [0, 1], P(X =x|Y =y, Z =)= g(x, y)forallx, y, z,
then P(X = x| ¥ = y) = g(x, y) forall x, y, and X and ¥ are conditionally independent
given Z.

Proof. We have

PX=xY=y)=) PX=xY=yZ=2)

=Y PX=x|Y=y,Z=0)P¥=yZ=2)

gx.y)Y P(Y=y2Z=2)
= g(x, y)P(Y =)

Therefore,
PX=x|Y=y)=glx,y)=P(X=x|Y=y,Z=23)

The conclusion then follows from Theorem 2.2. O

Exercise 2.3. Cheap Watches

Two factories A and B manufacture watches. Factory A produces on the average one
defective item out of 100, and B produces one bad watch out of 200. A retailer receives
a container of watches from one of the two above factories, but he does not know which.
He checks the first watch. It works! What is the probability that the second watch he will

check is good?
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Solution. Let X, be the state of the nth watch in the container, with X, = 1 if it works and
X, = 0if it does not. Let ¥ be the factory of origin. We express our a priori ignorance of
where the case comes from by

P(Y:A):P(Y:B):%.

Also, we assume that given ¥ = A (resp., ¥ = B), the states of the successive watches are
independent. For instance,

PX,=1,X:=01Y =A)=P(X;=1Y =AP(X2=0]Y = A).
We have the data
P(X,=0]Y=4)=001,P(X,=0|Y = B)=0.005.

We are required to compute P(X; = 1| X; = 1), thatis, P(X) = 1, X» = 1)/P(X, = 1).
By the formula of exclusive and exhaustive causes, the numerator of the last fraction equals

P(X)=1,Xy=1|Y=A)P(Y =A)+ P(X, =1, X2=1]Y = B)P(Y = B),
that is, 1(99/100)* + }(199/200)*, and the denominator is

P(X, = 1|¥ = A)P(Y = A)+ P(X, = 1|Y = BY)P(Y = B),

that is, %(99/ 100) + %(199/200). Therefore,

2 2
(16) + (3%
199

P(X;=11X=1)= %5
o0 T 200

The states of the two watches are not independent. Indeed, if they were, then

PX—I\Xfl)#P(X—l)—l P41 199
(X2 = P= == =5 100/ T 2\200)°

a result different from what we obtained. This shows that even though for some given
event C, two events A and B can be conditionally independent given C and conditionally
independent given C, yet they need not be unconditionally independent.

3 Expectation

3.1 Cumulative Distribution Function

From the probabilistic point of view, a random variable X is described by its cumulative

distribution function (c.d.f)
Fix)=P(X <x). {3.1)

The cumulative distribution function has the following properties:
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(1) F:R— [0,1]

(ii) F is nondecreasing.
(iii) F is right-continuous.
(iv) F(+00) & lim,se F(a) = P(X < 00).

v) F(=00) ¥ lim,, s Fla) = P(X = —00).

The proofs of the above statements follow:

(1) Obvious.

(ii) Ifa < b, then {X < a} C {X < b), and therefore, by (1.3), P(X < a) < P(X £ D).

(iiiy Apply (1.6)with B, = {X <a + 1Y, Since Mys1 X <a+ V= {X < a}, we have
limyeo P(X <a+1)=P(X <a)

(iv} Apply (1.5) with A, = {X < n} and observe that U (X = n}={X < och

(v) Apply (1.6) with B, = {X < —n} and observe that N* {X < —n} ={X = -}
O

Since F is nondecreasing, the following limit exists for ali x € R:

Fa—) Y lim F(x — h). (3.2)

The sequence B, = {a — % < X < al is decreasing, and M2, B, = {X = a}. Therefore,
by the monotone sequential continuity property (1.5),

1 1
P(X =a)= limP(a—— <X<a) = lim (F(a)—F(a—v)),
ntoo " ntoo n
that is to say,
- P(X=a}=F(a)- Fla—). 33
In particular, F is continuous if and only if P(X = a) = 0 for every fixed point ¢ € R.
From (3.3} and the definition of F, we have
P(a < X <b) = F(b) — F(a),
Pla< X <b)= F(b—)— Fla-),
Pla< X <b)=F(b) - Fla-),
Pla <X <b) = F(b—)— F(a).

Also, recall that

P(X = +o0) = 1 — F(+00),
P(X = —c0) = F(—oc).
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A special case of continuous ¢.d.f. is
X
F(x) = f f(y)dy (3:4)
-0

for some function f > O called the probability density function {p.d.f.) of X. Note that a
continuous ¢.d.f. F need not admit a representation such as (3.4). If (3.4) holds, the c.d.f.
F and the random variable X are called absolutely continuous (a.c.).

3.2 Expectation, Mean, and Variance

The discontinuity points of F are denumerable, as is the case for any bounded nondecreasing
function. Cailing {d,}.>\ the sequence of discontinuity points, define

Filty="> {F(dy) — F(dp}} (3.5
dy <t
and
Fe(ry = F(t) — Fu(r), (3.6}
the discontinuous and continuous components of F, respectively. We shall use the symbol
+20
f_m g(x)dF(x) 3.7

to represent the StieltjesLebesgue integral with respect to F of the function g (see Ap-
pendix). Inthe special case where the continuous component of the c.d.f. isin factabsolutely

continuous, i.e.,

Fux) = f £y,

it suffices for our purpose to interpret (3.7} by

+o0

+0o0 o0
f gEF(x) = Y g(dn)(Fdy) — F(dn-)) + f g0 felx)dx.
_ - _

[£.a] [e.o]

The most frequent cases arising are the purely discontinuous case where F(r) = Fy(t), for
which

+o0 oo
[ srw =3 gdn)iF) - Fn, (3.8)
- n=1
and the absolutely continuous case, for which
+0o0 +00
[ stwar - [ swrn (3.9)

If X takes the value 400 with positive probability, -+oo should be considered conventionally
as a discontinuity point, and a sum such as (3.8) will include the term g(o0)(1 — F(o0)). Of
course, g(oc) must be well-defined.
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Figure 1.3.1. Sum of 2 uniform random variables

Example 3.1. Sum of Independent Uniforms
For a random point inside the unit square [0, 1P = [0, 1] x [0, 1], the following model is
chosen: © = [0, 1]?, P(A) = area of A. Let X and Y be the coordinate random variables,

and let Z = X + Y (see Fig. 1.3.1).
The c.d.f. of Z is easily computed. For instance, whena > 1,

F2@) € P(Z <a) = P(X+Y < a) = P(lo; X(0)+ Y(@) < a})
is just the area of the domain [0, 1J° N {x + y < a} (see Fig. 1.3.1), and
L2 -
_ .:,a' if 0 “<a= I,
Fala) = I 1-l2-alift<a=<2.
The random variable Z admits a probability density given by
dFz(x
foty = L2
x

that is

X
fZ(a)z{Z—xiflgxsl

When a random variable takes its values in a denumerable set, its c.d.f. reduces to the
discontinuous part Fy, and the discontinuity points d, are the values taken by the random

variable. In particular,
P(X =d,)= Fid,) — F(d,-). (3.10)
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For such random variables, the probability distribution { p(d,}}a>1, wWhere
pldy) = P(X = dy),

is usually preferred to the cumulative distribution function to describe its probabilistic be-
havior. In this notation,

+00 oo
[ souF@ =3 e@pn),
- n=1

o0

Example 3.2. Coin Tosses
This is a continuation of Example 2.2. The number of occurrences of heads in n is 5, =
X, + - -+ X, tosses. This random variable takes the integer values from 0 to n. The event

(S, = k} is “k among X, ..., X, are equal to 1.” There are (;) distinct ways of assigning
k values of 1 and # — k values of 0 to X, ..., X,, and all have the same probability 27".
Therefore,
ny 1
P(S, =k)= —. <
s=0=})

Definition 3.1. Expectation ~
Let X be a random variable with the c.d.f F(x} = P(X < x)andlet g : R — R be such

that

+00
f ig(x)dF(x) < oc. (3.11)
Then one defines E[g(X)], the expectation of g(X), by the formula
+0e
E[g(X)] = f g(x)d F(x). (3.12)

Example 3.3. Sum of Independent Uniforms
This is a continuation of Example 3.1.

oc | 2
E[ZZ]=f+ xzf(x)dx=f x3dx+/ x2(2 — x)dx.
- ¢

o0 1

Therefore, E[Z%] = 7/6. &

Example 3.4. Coin Tosses
This is a continuation of Example 3.2. Consider thesum S, = X+ - -+ X,,. Its expectation

18

ElS,] = Zn:kP(Sn = k)
k=0

1 & n!
- — k—
72 K — k!

k=1
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_ny (n— 1
20 = (k — D{(n — 1) — (k — 1))!
_n = (=1
2" = jin—1-=j40
= S,
Therefore, E[S5,] = n/2. <

Expectation inherits the linearity property of the Sticltjes—Lebesgue integral:
E[Mg1{X) + 22820 X)] = M E[g1(X)] + 22 £[g2( X)), (3.13)

where A;, Ay € R, and g, and g, satisfy the integrability condition (3.11). Also, expectation
is monotone, in the sense that g,(x) < g>(x) for all x implies

E[g1(X}] = E[g2X)]. (3.14)

Constder now the indicator function of an event A :

1 ifwe A,
@) =10 ifwg A (3.15)

The random variable X = 1, takes the value | with probability P(X = 1) = P(A) and the
value 0 with probability P(X = 0) = P(A) = | — P(A). Therefore, E[X] =0 x P(X =
0)+ 1 x P(X =1)= P(X =1) = P(A), that is to say,

E[14] = P(A). (3.16)

In particular, £[1] = 1.

Sometimes, one needs to define E{g(X)] for a complex function g : R — C, that is,
g(x) = gr(x) + ig;(x) where gr and g, take real values. The definition of expectation is
now

E[g(X)] = E[gr(X)] + i E[g1(X)]. (3.17)
provided that the expectations on the right-hand side are finite.

The triangle inequality
|E[g(X0]] < E[lg(X)] (3.18)
is useful, and its proof follows from the analogous inequality for the Stieltjes—Iebesgue
integral:

+oo +co
| f g () F(x)] < f 1800 F ().

o0
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Definition 3.2. Mean and Variance
The mean m and variance o* of a real random variable X are defined by

m = E[X]= f+ooxdF(x),

o0

+oc
ol = E[(X —m)’] = f (x — mYd F(x).
-0
Of course, the integrals involved must be well defined. The variance is also denoted
by Var (X). From the linearity of expectation, it follows that E[(X — m)’] = E[X?] —
2mE[X]+ m?, thatis,
Var (X) = E[X*] — m". (3.19)

Exercise 3.1. Max

Let X,, X2, ..., X, be independent random variables uniformly distributed on [0, 1], that
is to say, with the probability density f{x} = lj,1;(x). Compute the expectation of Z =
max(X¢, ..., Xn).

Solution. P(max(Xy,.... X)) <) =PXi<z... X, <= PXi=)=17"
for z € [0, 1]. Therefore, Z has the probability density ;’—Zz” =nz""' forz € [0, 1], and 0
otherwise, and

! y "
E[Z] = fo 2"z = .

The following is a very important formula to be used repeatedly in the sequel.

Theorem 3.1. Telescope Formula
For a random variable X taking its values in N,

E[X] = }oi P(X > n). (3.20)
n=1

Proof,
E[X]1=1-PX=D)+2- PX=2)4+3-PX=3)+ -
= P(X=1)+ PX=2D+ PX =34+
+ PIX=2)+ P(IX=3)+---
+ PX=3)4+---
= P(X=1)+ P(X=2)+ PX=23+---. O

Theorem 3.2. Wald's Lemma
Let {X,}.>1 be a sequence of integrable random variables such that E[X,] = E[X;] for
all # > [. Let T be an integer-valued random variable such that for all n > 1, the event

{T = n}is independent of X,. Then

T
E[Y_ X.)= E[X,)E[T]. (3.21)
r=1
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Proof. Let § = Z;:, X,. Then by dominated convergence (see Theorem 3.2 and Example

3.3 of the Appendix)
oo o
E[S]=E[Y_ Xolper] = Y E[Xulpner)]
=1 n=I

But E[X,1ly<11] = E[X,)E[lu<y] = E[X)]P(n = T1H. The result then follows from
the telescope formula. g

3.3 Famous Random Variables

Consider a sequence {X,}.» of random variables taking their values in {0, 1}, with the
same probability distribution

P(X,=1)=p.
where p € (0, 1). Suppose, moreover, that the X,, are independent. Since P(X; = a n=rp
or 1 — p depending upon whether @; = 1 or 0, and since there are exactly Zle a; numbers
among ai. .. ., 4; that are equal to 1,

P(X =ar, ..., Xs =) = poi- (] — pfLim . (3.22)

Comparing with Examples 1.3 and 2.2, we see that we have modeled a game of heads and
tails, with a biased comn if p # % The framework of heads and tails gives rise to three
famous discrete random variables: the binomial random variable, the geometric random
variable, and the Poisson random variable.

Binomial. Define
S,=X1+---+ X,

This random variable takes the values 0, 1, ..., n. To obtain S, = { where { € [0, n}, one
must have X, = a|,..., X, = a, with }%_, a; =i. There are (7) distinct ways of having
this, and each occurs with probability p‘(1 — p)*~'. Therefore, fori € [0, n},
n . .
P(Sn=f)=(.)P*(1—P)" " (3.23)
i

A random variable X with the above distribution is called a biromial random variable of
size n and parameter p € (0, 1). A direct computation gives for the mean and the variance
of the binomial random variable

E[X]=np, Var(X)=unp(l — p). (3.24)
(Do Problem 1.5.1 for an alternative to the direct computation via generating functions.)

Geometric. Define the random variable T to be the first time of occurrence of 1 in the
sequence X1, X, ..., thatis,

T=inf{n=>1;X,=1},
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with the convention that if X, = 0 for all n > 1, then T = oc (actually, we shall show that
this event has probability 0). The event {T = k}isexactly {X; =0,..., X), =0, X, =
1}, and therefore, P(T = k)= P(X| = 0)--- P(X—1 = OP(X; = 1), that is, fork = 1,

P(T=ky=(—pF'p. (3.25)
In particular, P(T < 00) = Y o | P(T =k) =3 oo, p(1 — p)*"! = I since p € (0, 1).
A variable with the distribution (3.25) is called a geometric random variable with pa-

rameter p. A direct computation {or Problem 1.5.1) gives

E[T]= ! (3.26)
p

Poisson. Suppose you play heads and tails for a large number of turns N with a coin such
that o
P(X,=1=—.
( V=5
The number Sy of tails you observe is therefore distributed according to

ro=0= ()G (-3

From (3.24), the average number of tails is N.§; = «, a constant. It is interesting to sec the
limit of the distribution of Sy as N — oc. Denoting by py (k) the probability of Sy = £,
we have that

N
0=(1-+)
pn(0) N
goes to e~ as N goes to oc. Also,

pyk+1) _ FE W
k) 1-%

goes to ﬁ Therefore, forall k = 0,

. Y
PRk = e

with the convention 0! = 1. By definition, a Poisson random variable with parameter ¢ > 0

is a random variable such that for all £ > 0,

8
k!

Therefore, the probability distribution of Sy tends as N — oo to the probability distribution

of a Poisson r.v. of parameter o. This phenomenon is called the Poisson law of rare events,
because as N -» 00, obtaining tails is an increasingly rare event, of probability ;.

PX=k)=e (3.27)

A direct computation (or Problem 1.5.1) gives for the Poisson random variable

E[X]=8, Var(X)=0. (3.28)
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Exercise 3.2. Sum of Independent Poisson Variables
Let X, and X be two independent Poisson random variables withmeans 6; > 0 and 6; > 0,
respectively. Show that X = X, + X is a Poisson random variable with mean 6 = 6y + 6.

Solution. Fork = 0,

k
PX =k =PX i +X2=k= P(Z{Xl =i X, —_—k-i})
i=0

k k
EP(X, =i, Xz =k—i)=ZP(X1 =DP(X, =k —1i)
i i=0

—(6+67)

i gr— e
— - -1 —8; Z — A g k'
Z" e =iy o Gt

Exercise 3.3. Poisson Sums of i.i.d. Variables
Let {X,),>1 be independent random variables taking the values 0 and 1 with probability
g = 1 — p and p, respectively, where p € (0, 1). Let T be a Poisson random variable with

mean £ > 0, independent of {X,},~. Define
S=X1+- -+ Xr
(that is, S(w) = X1(w) + -+ + X,(w) if T(w) = n). Show that S is a Poisson random

variable with mean p#8.

Solution.

P(S = k) P(Xl+---+XT:k):P(Z{X1+---+X,,=k,T:n})
n=k

ZP(XI+...+Xn:k,T:n):ZP(X1+"'+Xn:k)P(Tzn)

5 n! ook 60" _a(p8) i g8y *

Tt W T TR e-w
_ 8 (P = (q8) _ -8 (p8) 9 __ - B(Pa)k
¢ Tk Z; kT L TR

Thus, if one “thins out” with thinning probability 1 — p a population sample of Poissonian
size, the remaining sample has also a Poissonian size, with the obvious mean that is p times
that of the original sample. O

Exercise 3.4. Bernoulli-Poisson Eggs
Imagine a bird laying T eggs, each egg blue or pink, with probability p of laying a blue
egg. The above exercise showed that if the number of eggs is Poisson with mean 6, then the
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number of blue eggs is Poisson with mean &p and the number of pink eggs is Poisson with
mean 6q. Show that the number of blue eggs and the number of pink eggs are independent

random variables.

Solution. If § is the mumber of blue eggs, T — § is the number of pink eggs. One must show
that for any integers k > 0, £ > 0,

P(S=k,T—S5=1£8) = P(S=k)P(T — § =)
_o, OPY o, (Bq)"
il T
But

P(S=k.T—S=f)=PS=kT=k+£
=PXi+ + X =k T=k+ 1)
= PXi1+ -+ X =K)P(T =k + ¢)
_ (k+£)!pk £yt o+ :e—pe)@)_ke—qs@f_ O
Kl 1 &) X ¢l

Our small list of random variables continues with absolutely continuous ones. An
absolutely continuous random variable is by definition a real r.v. with a probability density,

ie.,

P(X <x)= f " foda, (3.29)
where f{x) > 0, and since X is real,
+00
Fx)dx = 1. (3.30)

Uniform. A random variable X with probability density function

1
fo) = — (3.31)

for x € [a, ] and 0 otherwise is called a uniform random variable on [a, b] . Its mean and

variance are

2
E[X] = "_er_b var (1) = 2 Iz") , (3.32)

as simple computations reveal.
Gaussian. The random variable X with p.d.f.

2
1 {x—m)*
_E_C,TL

1
, 3.33
ovie (333

flx)=
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X e AT

0 z 0 z

Figure 1.4.1. Exponential random variable

where m € R and o > 0, is called a Gaussian random variable. One can check that
E[X] =mand Var(X) ="

Exponential. The random variable X with c.d.f.
Fxy=(1— ez

and p.d.f.
f(x) = e ™ L (3.34)

(see Fig. 1.4.1) is called an exponential random variable with parameter i. 1ts mean is

E[X]=1/A. (3.35)

4 Random Vectors

4.1 Absolutely Continuous Random Vectors

A random vector of dimension # is a collection of » real random variabies
X=(X1,....Xn). @.1)

Each of the random variables X1, ..., X, can be characterized from a probabilistic point of

view by its cumulative distribution function.

However. the c.d.f. of each coordinate of a random vector does not completely describe
the probabilistic behavior of the whole vector. For instance, if U1 and U/, are two independent
random variables with the same c.d.f. G(x), the vectors X = (X, X7) defined respectively
by X, = U, X; = Uzand X; = Uy, Xy = U, have each of their coordinates with the same

c.d.f., and they are quite different.
The c.d.f. of the vector X = (X, ..., X,) is the function F : R" — [0, 1] defined by

F(X],...,I,,):P(X]SX|,...,X,ISX"), (42)

and it contains all the probabilistic information about the random vector X.
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An absolutely continuous random vector is one that admits a probability density function,
that is,

X Xn
F(xh-..,xn):f f Fas oo ynddyc - dyn (4.3)
—0G —00
for some nonnegative function f : R" — R such that
+oo +oc
f FO1 o yakdyr e dyn = 1 (4.4)
—o0 -

For a function g : R* — R, the expectation of g(X) is by definition

+00 +o0
E[g(X)]:[ j: glxi, ., x) flxr, oo, x)dxy - dxy, (4.5)

where it is required that £[|g(X)|] < oo in order to make the integral in (4.5) meaningful.

Expectation so defined enjoys, mutatis mutandis, the properties mentioned for the scalar
case: linearity (see (3.13)), monotonicity (see (3.14)), and the triangle inequality (see (3.18)).

Consider a 2-dimensional vector X = (X, X2) withp.d.f. fx, x,(x1,x2). The p.d.f. of
X is obtained by integrating out x;:

+o0

Fx(x1) = Fxox(xn, x2dxs. {4.6)

-

Indeed,
P(X; <a) = P((X1, X)) € (—o0,a] x R)
a +0C
[ Fxx, (e, x2)dxdx

lo s UESTs o]
a +o0
= [ ( fx..xl(xhxz)dxz) dx).
—0Q —oC
Formula (4.6) extends in an obvions manner to vectors.
If X, ..., X, are absolutely continuous random variables of respective probability den-
sity functions fi, ..., f, and if, moreover, X, ..., X, are independent, then
P(X)<xy,....X, <x,) = P(X1 2x0)- - P(X, <)

([fﬁun@0-~(l"ﬁuw%)

x) X
= [ [ A0 Ao dyn
—00 —oo
The p.d.f. of the vector (X, ..., X,) is therefore the product of the p.d.f. of its coordinates

f(xla---sxn)zfl(xl)"'fn(xn)- (47)
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Conversely, if the vector X has a p.d.f. that factors as in (4.7), where fi, ..., f, are pd.f,
then X, ..., X, are independent r.v.s with respective p.d.f. fi, ..., f;. Indeed,

P(XleAla----XnEAn)zf fl(yl)"'fn(yn)dyl"'dyn;
A An
that is, by Fubini’s theorem,

P(X, eA;,...,XneA,,)—(/ f,(yl)dyl) e x (f
A A

Letting A» = --- = A, = R in the last identity yields

fz(yn)d)-‘n) -

5

P(X € A1)=f fHody.
Ay
which proves that X hasthe p.d.f. f. Similarly, P(X; € A;) = f A fi(yi)dy;, and therefore
P(Xi€A),....X, e A)=P(X) € A1) .- P(X, € Ay,
which proves independence, since the A,’s are arbitrary.

Exercise 4.1.
Prove that P(X = Y) = 0 for any two independent absolutely continuous random variables

Xand Y.

Solution.

+0¢ +c0
PO =1y = Ellanl= [ [ st dsay.
—00 J-x

where g(x. y) = 1y=y) fx(x) fr(y) is null outside the diagonal. Since the diagonal has null
Lebesgue measure {(area}, the integral is zero. 0

Exercise 4.2, Freezing a Random Variable

Let X;. ..., X, be independent random variables with respective p.d.f. fi,..., fu. Show
that
+00
ElgXr. o Xl = [ Elg X, KIAOMy
—0G
and that

X

P(X, < Xov... ) X0 < Xo, X1 %) =[ P(Xa > y)-- P(Xn = V) A(y.

—0Q
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Solution. We do the case n = 2 for simplicity. We have
+oo  ptoo
B0 0 = [ [ st i) Al
—o¢ Voo

+o0 +o0
= fl(xl)!f 8(Xl,x2)f2(X2)dxz}dx1

+00
= H)E[glx, Xa)ldx.
—0Q
The second equality in the satement of the present exercise is obtained from the first one by
letting (case n = 3 this time} g(X1, X2, X3) = l(x,=x:1 ljx, <xy) 11x, <x) and observing that

Efg(y, X2, X3)] = E[ljyenlinzylixg=yil
= legPXo 2 v, Xa 2 y) =P 2 y)P(X3>2y). U

Exercise 4.3. Sum of Independent Absolutely Continuous Variables

Show that the probability density function of the random variable Z = X + Y. where X
and Y are independent random variables with respective probability densities fx and fy is
given by the convolution formula

+20
fale) = f Folz = ) (M. @.8)

Solution. The p.d.f. of vector (X, Y) is fx(x)fr(¥), and therefore, foraila € R,
P(Z<a)=PX+Y <a)=Elljxirzal
+o0 Foo
= [t iy,
—00 V00

The latter integral can be written, by Fubini’s theorem,
+00 +oc +o0 a—x
[ { f 1[}-s“1fy(y)dy] fx(x)dx = f { f fy(y)dy} fr(x)dx;
—o0 —oc —o0 -0
that is, after a change of variable,

7 +30
P(Z <a)- f { fr(z—X)fx(X)dx}dZ- 0

o0 x

4.2 Discrete Random Vectors

In what follows, only the case of a discrete random vector X = (X1, ..., X,,) where all the
random variables X; take their values in the same denumerable space E will be considered.
This restriction is not essential, but it simplifies the notation.
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The statistical behavior of X is described by its distribution { p(u); # € E™) where

p) = P(X) =u, ..., Xp = un),
and the expectation of g(X} is defined by
E[g(X)] =Y glw)pw) (4.9)
uEE®

as long as g is nonnegative or the sum in (4.9} is absolutely convergent.

Here again, as for the scalar case, the expectation so defined has the linearity and
monotonicity properties (see (3.13) and (3.14)), and the triangle inequality is true (see
(3.18)).

Example 4.1. The Multinomial Distribution

Consider k boxes By, ..., Bx and n balls, to be placed in the boxes independently of one
another, with the probability p; for a given ball to be assigned to box B;. Of course,
K
=1 (4.10)
i=1
After placing all the balls in the boxes, there are X; balls in box B;, where
K
> Xi=n. (4.11)
i=l
The probability distribution of the random vector X = (X, ..., X,) is the multinomial
distribution of size (n, K') and parameters py, ..., px
P(Xi=m,....Xg =mg)= o )'I—[p (4.12)
( 1 m;

wherem + - -- +mg =n.

To prove this, observe that there are n!/ ]_['K= +{m;)! distinct ways of placing » balls in
K boxes in such a manner that m, balis are in box By, m; are in B, etc., and that each of
these distinct ways occurs with the same probability, [T/, p!™. &

Exercise 4.4. First Coordinate of a Multinomial Vector
This is the continuation of Example 4.1, Show that X; is a binomial random variable of

size n and parameter p,.

Solution. Put together the boxes By, ..., Bg so that they form a single box. The whole
process is now one of placing » balls, independently of one another. A givenball is putinthe
first box B, with probability p;, nbox By+- - -+ B with probability po+- - -+ px = 1—p1.
But when K = 2, and therefore mo = n —my, p; = 1 — p1, (4.12) reduces to

n! _
P —py . S

PXi=m Xo=m)=PX,=m)= ———
ml(n —m)!
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4.3 Product Formula for Expectation

Let ¥ and Z be independent random vectors with the respective probability densities fy
and fz. Arguments similar to those leading to formula (4.7) give for the vector X = (Y, Z)
the probability density

frz{y, 2) = fr(y)fz(2). (4.13)
In particular, if g, : R — R and g; : R? — R are such that
E[lgi{¥)i] < 0o, E[|g2(Z)]] < c0, (4.14)
then
El51(Y)g2(2)] = E[g1(Y)]E[g2AZ)], (4.15)

as follows from Fubini’s theorem.

The analogous result holds when X and Z are discrete random vectors. It turns out that
(4.15) is true for any random vectors X and Z, as long as the integrability conditions (4.14)
are satisfied. Formula (4.15) is also true when the integrability conditions are replaced by
the hypothesis that g, and g are nonnegative.

5 Transforms of Probability Distributions

5.1 Generating Functions
Let D(0; 1) be the complex closed unit disk centered at 0.
Definition 5.1. Generating Function

Let X be an N-valued random variable. Its generating function (g.f) is the function
gx : D(0; 1) — C defined by

gx(2) = E[z*1=)_ P(X = k). (5.1)
k=0

Example 5.1. Binomial Random Variable.
For the binomial r.v. of size n and parameter p,

n

YN P(X=kF=) (Z)(zp)"(l -
k=0

k=0

and therefore
gx(z) =(1—p+ p2)". (5.2)
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Example 5.2, Poisson Random Variable
For the Poisson r.v. of mean 0,

o0 o< 9 k
gp(x = k)z* :e*ﬂz%,

k=0

and therefore
gx(z) = 7N, (5.3)

Exercise 5.1. Random Sums of I.i.d Random Variables

Let {¥,},>) be an i.i.d sequence of integer-valued random variables with the common gen-
erating function gy. Let 7 be another integer-valued random variable, independent of the
sequence {¥, },»1, and let g7 be its generating function. Compute the generating function

of
T
x=3 %,

=l
where by convention ZE:, = 0.
Solution.

T Ead T o Je
ZX = ZEH:| Y — Z [(ZZ" 1 ') (T= kl] Z ( Yt y") l{T:.H-
k=0 k=0

Therefore,

E[ZX] — iE[l{T:kl( n=l1 u):l iE l{T H f. |Yn],
k=0 k=0

where we have used independence of 7 and {¥,},>1. Now, E[l(7=)] = P(T = k), and
E[zZ01 Y] = gy(2)*, and therefore E[zX] = ¥, P(T = k)gy(z)*. That is, finally,

gx(2) = grigr(2)). (5.4)
a

The power series associated with the sequence {P(X = n)},-0 has a radius of conver-
gence R > 1,since ooy P(X = n) = 1 < co. Therefore, the domain of definition of gx
contains the open unit disk. Inside this open disk, differentiation term by term is possible,

for instance,
o0

gy@ =) nP(X =n)"", (5.5)

n=1
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gx(@) =) _nln — DP(X =m" 7. (5.6)
n=2
The right-hand side of (5.5) is well-defined at z = 1, being equal to 3, nP(X =n), a
nonnegative quantity, possibly infinite. The left-hand side of (5.5) is, however, not always
defined by formula (5.1) for z = 1. So we define g'(1) = Y, nP(X = n), that is,

g'(1) = E[X]. (5.7)

By Abel’s theorem (see Theorem 1.2 of the Appendix), the limit as the reql variable x
increases to 1 of ¥ oo, nP(X = mix"Lis 3.2, nP(X = n), and therefore gy, as a
function on the real interval [0, 1), can be extended to [0, 1] by (5.7), and this extension
preserves continuity. This is used as follows: Suppose E[X] is not known but that you
have an expression of gi(x} in [0, 1} for which you can compute lim g\ {x) as x increases
through real values to 1. Then you know that this limit equals E[X].

Similarly, starting from (5.6), and defining
gx(1) = E[X(X — 1)], (5.8)
we make gy (x) a continuous function on [0, 1].

Example 5.3.
This is a continuation of Exercise 5.1. The generating function of X = ¥, _, ¥, was found

to be gx(z) = grgr(z)). Therefore gy (x) = gr{gr(x))gi(x) forall x € [0, 1). Letting
x - 1, g5(1) = gr(gr(1)g, (1) = gr(1)gy(1), and therefore E[X] = E[T]IE[Y]. <

The generating function characterizes the distribution of a random variable. This means
the following. Suppose that, without knowing the distribution of X, you have been able
to compute its generating function g(z), and that, moreover, you are able to give its power
series expansion in a neighborhood of the origin:

g2) =) and.
n=0

Since g(z) is the generating function of Z,
o0
gy = P(X =nm)7"
n=0

and since the power series expansion around the origin is unique, the distribution of X is
identified as

P(X =n)=a,
for all n = 0. Similarly, if two N-valued random variables have the same g.f,, they have the
same distribution.
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Exercise 5.2, The Lottery

Let X5, Xa, X3, X4. X5, and X, be independent random variables uniformly distributed over
{0, 1,...,9). Compute the generating functionof ¥ = 27+ X+ Xo + X3 — Xy — X5~ Xs.
Use this to compute the probability that in a 6-digit lottery the sum of the first three digits
equals the sum of the last three digits.

Solution,
1 11-2"0
E[z¥]1 = —=( == .
] = pl+er - +2= 57
1 1 1 11—z 11120
E 7X, - — 1 —_ . —_ ="
=] 10( tot +z9) 01—z 1089 1—¢
3 &
BT = B[R {zz? [T HZX']
i=l i=4
3 ]
=[] Ez1]] Elz™).
i=l i=4
Therefore,
1 (1-29°
gr(z) = 00 (d=of

But P(X| + X2 + X3 = X4 + Xs + X¢) = P(Y = 27) is the factor of z¥7 in the power
series expansion of gy(z). Since

(e (e
oo (e (e (-
P =27 = 55 ((352) B (T) (252) N @(152)) ‘

Theorem 5.1. Graph of a Generating Function

{a) Let g : [0,1] — R be defined by g(x) = E [x*], where X is a nonnegative integer-
valued random variable. Then g is nondecreasing and convex. Moreover, if P(X = 0) < 1,
then g is strictly increasing, and if P(X < 1) < 1, it is strictly convex U.

and

we find that

(B) Suppose P(X < 1) < 1. If E[X] < |, the equation x = g(x) has a unique solution
x € [0,1], namely x = 1. If E[X] > 1, it has two solutions in [0, 1], x = 1 and
x =x5€(0, 1)
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Proof, Just observe that for x € [0, 1],
X
gx)=Y nP(X =n)x""' >0,

n=l1
and therefore g is nondecreasing, and

[o. 4]

g'x)= Zn(n —DPX — " >0,
n=2

and therefore g is convex U. For g'(x) to be null for some x € (0. 1), it is necessary
to have P(X = n) = 0 for all n = 1, and therefore P(X = 0) = 1. For g"{x) to be
null for some x € (0, 1), one must have P(X = n) = O forall n > 2, and therefore
PIX=0+PX=1D=1

P(X = 0)

P(X =0)

|
o

0 1 0 . 1
E[X] <1 E[X]> 1

Figure 1.5.1. Two aspects of the generating function

The graphof g : [0, 1] — R has, inthe strictly increasing strictly convex case P(X < 1),
the general shape shown in Figure 1.5.1, where we distinguish two cases: E[X]=¢g() <1,
and E[X] = g'(1) > 1. The rest of the proof is then easy. a

5.2 Characteristic Functions

Definition 5.2. Characteristic Function
The characteristic function (¢.f.) ¥y : B* — C of a real random vector X = (Xi, ..., X,)
is defined by )

Yx(u) = E[¢* ], (5.9)

Example 5.4. Gaussian and Exponential
One can check that the following formulas give the characteristic functions of the two main
continuous random variables:

(i) Gaussian
] 1 (x=m)

f)y = e o ) = e
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(ii) Exponential
A ‘ o
A—iu

flxy= he M liso < Yr(u) =

The characteristic function determines the distribution of a random vector, just as gen-
erating functions determine the distribution of integer-valued random variables. This will
be admitted without proof. However, for continuous random vectors it is an easy conse-
quence of the classical Fourier theory. Indeed, suppose that fx and f, are the probability
distribution functions of two random vectors X and ¥ on R” and suppose that their charac-
teristic functions are the same. Then fy — fy admits the Fourier transform ¥y — ¥y =0,
and therefore, by the Fourier inversion theorem, [ fx(x)dx = fc f{y)dy for all intervals
CcR"

The Fourier inversion formula gives, when try(u) is integrable,

1 —fu'x
JFxlx) = 2y fR e Wy (u)du

for the p.d.f. of X.

Exercise 5.3. Cauchy
Show that the characteristic function of the Cauchy random variable, with the p.d.f.

1
1+ x?

1
fx)=—
4
is Yy (u) = e ¥,

Solution. The Fourier transform of u — e~ is x — [7 e Me=*du = L5 = g(x).
Since g(x) 1s integrable, the Fourier inversion formula applies, and we get

1 +o0 ) +00 1 1 )
e M = *f g(x)e*dx = f ———e"Ydx
27 J_ I B

Theorem 5.2. Characteristic Function Independence Criterion
Suppose that ¥ and Z are two random vectors of respective dimensions p and g, and that
forallv € R?, w < RY, it holds that

E[V T D] = g (v)ga(w), (5.10)

where 1 (v) and ¥,(w) are the characteristic functions of some random vectors ¥ and Z of

appropriate dimensions. Then Y and Z are independent, ¥ has the same distribution as ¥,
and Z has the same distribution as Z.

Proof. Define X = (¥, Z) and u = (v, w), so that (5.10) reads

E[e™ X] = () = yi(v)¥a(w).
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If one can find a vector X = (¥, Z) such that V() = yr(u), then, since the c.f.
characterizes the c.d.f., X = (Y, Z) has the same c.d.f. as X = (¥, Z). Take Y distributed
as ¥, 7 distributed as Z, and ¥ and Z independent. Then, using the product formula,

E[eiu’;&'] — E[eiv’ ).’eiwrf] — E[eiv].‘?]E[eiwrj] — wl(v)¢2(w)-

Therefore, (¥, Z) has the same distribution as (¥, Z) and in particular, ¥ and Z are inde-
pendent. a

Theorem 5.3. Independence of an Event and of a Random Variable
Let A be an event and X a random variable such that for all u € R,
E[1.6%] = P(A)E[¢"X].
Then A and X are independent; that is, 14 and X are independent.
Proof. We must check that forall u, v € R,
E[er'uxeiv}’] — E[ef"X]E[ei"Y].

But ' _ '

e =1 — 14+ 1467 = 14 14 = 1),

and therefore o _ A _
E{eruXele] — E[me] + (elv _ I)E[lAemX]

and _ .
E[eruX]E[eiUY] — E[eiuX] + (eiu _ I)P(A)E[emx]

The hypothesis concludes the proof. O

Let A be some event of positive probability, and let P4 denote the probability P condi-

tioned by A, that s,
Ps(y= P(-1A).

Definition 5.3,
The random variables X and Y are said to be conditionally independent given A if they are

independent with respect to probability Pa.
By Theorem 5.2, a necessary and sufficient condition for this is that forall 4, v € R,
EA[e“Xe"] = Eq[e™¥)Eale""].
Observe that for an integrable ot nonnegative random variable Z,
P(AYEA[Z] = E[Z14].
The following result is then immediate. It is recorded for future reference.

Theorem 5.4.
Let A be an event of positive probability. The random variables X and Y are conditionally

independent given 4 if and only if forallu, v € R,
P(A)E[e“X 'Y 14] = E[*¥14]E[¢""" 1a].
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6 Transformations of Random Vectors

6.1 Smooth Change of Variables

Let X = (X)..... X,) be arandom vector with the p.d.f. fx, and define the random vector
Y =g(X) (6.1}

where g : B* — R". More explicitly,

Vi =gi(X1, ..., Xu)
- (6.2)

Yo =gn(X1. ..., X2)

Under smoothness assumptions on g, the random vector Y is absolutely continuous, and
its p.d.f. can be explicitly computed from g and the p.d.f. and fx. The precise result is
recalled below.

The function g is from an open set I/ C R” into R”,
g:.U—R" (6.3)

and the coordinate functions g; are continuously differentiable on U. Denote the Jacobian
matrix of the function g by

a .
TolErr o ) = 1 oo ey, ) (6.4)
dx; 15i.jxn

and assume that on {/,
|det Jp(xr, ..., x0) > O (6.5}

Then V = g(U)is an open subset of R”, and there exists an inverse g 'V > Rofg with
the same properties as g. In particular, on V,

[det Jo- 1 (31, ..., )l = 0.

Also,
Jg*‘ ()J) - Jg(g_] (y))_l .

Theorem 6.1. Smooth Change of Variables
Under the conditions just stated for X, g, and U/, and if moreover

P(XelU)y=1, (6.6)
then ¥ admits the density

fr(y) = fx(g7 )l det Jp(g O (). (6.7)
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Proof. The proof consists in checking that for any bounded function 2 : R — R,
EBO] = [ A)WO. 68)

where ¥ is the function on the right-hand side of (6.7). Indeed, taking i(y) = ljyza) =
Ly, <ar) -+ - Livy<a,)» (6.8) reads

i n
P(Ylsals"--ynfan):f f Y1 Ynddyn - dyn.
-0 -0

To prove that (6.8) holds with the appropriate r, one just uses the basic rule of change of
variables of calculus (see Rudin, 1976, §10.9):

f u(x)dx = f u(g~ ()] det Iy ()Idy.
i gll)

Indeed, using this rule
E[n(Y)] = E[h(g(X))]

fU hg(x) Fren)dx

= Lh(y)fx(g"(y'))l det Jo_1()ldy. =

Example 6.1. Invertible Affine Transformations.
Here I/ = R" and g is an affine function g(x) = Ax + b, where Aisan x n invertible
matrix and b € R", Then | det J-(y)| = |TelDT|' Therefore, the random vector

Y=AX+B (6.9)

admits the density
1

N=fx(AT Ny — b : 6.10
fr() = fx(A7( ))IdetAI (6.10)
<
6.2 Order Statistics

Let X{. ..., X, be independent random variables with the same p.d.f. f(x). It was shown
(see Exercise 4.1) that there is zero probability that two or more among X1. ..., X, take the
same value. Thus one can define unambiguously the random variables Z;, .. ., Z, obtained

by reordering X1, ..., X, in increasing order:

Z; e {Xi, ..., Xah,

{Z]<Zz<---<zn. (6'11)

In particular, Z; = min(X,, ..., X,)and Z, = max(X,, ..., X,)
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Theorem 6.2. Order Statistics Probability Density
The probability density of Z = (Z,, ..., Z,)} 1s

n
fz(zi o z) =t IH f(zj)} le(ziv .o ou2a), (6.12)
j=1
where
C={z....,z)eR 1< < <2yl (6.13)
Proof. Let o be the permutation of {1, ..., n) that orders X, ..., X,, in ascending order,
ie.,
Xow)y = Z;

{note that ¢ is a random permutation). For any set A C R",

P(ZeA)=P(ZcANC)=PX, e ANC)=)_ P(X,, e ANC,0 =07,),

UO

where the sum is over all permutations of {1, ..., n). Observing that X, € A N C implies
ag = dJa,,

P(X,, € ANC.0 =0,) = P(X,, € ACC)

and therefore since the probability distribution of X,, does not depend upon a fixed permu-
tation o, (here we use independence and equidistribution of the X;’s),

P(X, e ANCY=P(X € ANC).
Therefore,

P(ZeA)=ZP(XEAOC)_—_n!P(X€AﬂC)

Il

n! fe(x)dx = f n! fx () o(x)dx. o

ANC A

Example 6.2. Ordering Uniforms
Applying formula (6.12) to the situation where the X;’s are uniformly distributed over [a, b]

gives

!
fz(zi, . 2 = (Tf_';)_,,l[u.b]"(zla v Zatlelzin s 2e) (6.14)

In particular, since fg, fz(z)dz =1,

b b A\
ff IC(Z1,...,zn)d21--'dZn:(bnua)' (6.19)
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7 Conditional Expectation of Discrete Variables

7.1 Definition and Basic Properties

This section introduces the notion of conditional expectation for discrete random variables
and gives the results that are needed in the study of Markov chains with a countable state

space.

Definition 7.1. Conditional Expectation
Let X and ¥ be two discrete random variables taking their values in the denumerable sets
F and G, respectively, and let g : F x G — R be a nonnegative function. One defines the

function v : G — R by

V) =Y gx. PX =x|Y =y). (7.1)

xefl

For each y € G, ¥(y) is called the conditional expectation of g(X, Y)given Y = y,and is
denoted by E¥=¥[g(X, V)], or E[g(X, ¥)|Y = y]:

EY 7 [g(X. V)] = ¥(y). (7.2)

The random variable ¥ (¥) is called the conditional expectation of g(X, ) given ¥, and is
denoted by E¥{g(X, Y)] (or E[g(X. V)| Y]}

E'[g(X. )] = y(¥). (7.3)

Note that if g = 0 and E[g(X,Y)] < oo, then ¥(y) < o0 for all y € G such that
P(Y = y) > 0; that is to say, ¥(¥) < co almost surely. This follows from

S ()P(Y = y) = E[g(X. 1)] < co.

yeG

Therefore, if g : F x G — R is a function of arbitrary sign such that Eflg(X, Y)|] < o0,
one can define £Y=Y[g*(X, ¥)]. since both terms on the right-hand side are finite, in view
of the previous remark and of the fact that £ [gF(X, ¥)] < oc. One may then define

Ere(X, 7)) = Zg(x, VIP(X =x|Y =y)

X€EF

(call this ¥(3)). The conditional expectation of g(X, ¥) given ¥ is then defined by (7.3) as
for the nonnegative case.

Finally, for any event A, we have that P(A| Y} or PY(A), the probability of A given Y, is
equal by definition to E¥[14].
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Example 7.1.

Let X| and X be two independent Poisson random variables with respective means 8, > 0
and 4, > 0. We seek to compute EXTX:[X ], or EY[X] where X = X[, ¥ = X; + X>.
Following the instructions of Definition 7.1, we must first compute
PX=xY=y) PXi=x,X1+X:=y)

P(Y =) PX1+X2=y)

¥ 6 \'f 6 7T
= Liyzy-
X 6 + &1 6+ 6 ’

. _ 9!
Therefore, setting o = e

P(X=x|V=y)=

¥

v =E"7X]= Z"@“‘(l —ay ™ =ay.

=0

Finally, EY[X] = ¢(¥) = aV, that is,

&
EX+¥rx ] = ‘9 (X) + X). ©
2

o +
The first property of conditional expectation, linearity, is obvious from the definition:
Forall A1, 42 € R,
E'[agi(X, V) +ae(X. V)] = ME [@(X, V] + RE [g20X. V)] (74)
whenever the conditional expectations thereof are well-defined and do not produce oo — 0o
forms.
Monotonicity is equally obvious: if g, (x, ¥) < g2(x, ¥), then
E'{gi(X,Y)] < E¥[g2(X. V)], (7.5)

Next, we have
E[E"[g(X,Y)]] = E[g(X, )], (7.6)

since the left-hand side is 3. s VO)P(X = ¥) = } 6 2 er 8. MIP(X = x|Y =
WPY =y)=3 2 80, )PX =x,Y =)

Also,
E¥[w(1)] = w(Y), (7.7)

and more generally,
ET[w(Y)H(X, ¥)] = w(YIEV[A(X, ¥)]. (7.8)

This again follows from the definitions. Of course, we assume that the left-hand sides of
(7.7) and (7.8) are well-defined.

If X and Y are independent and if v : F — R is such that E[jv(X)|] < oo, then
E'[u(X)] = E[v(X)]. (7.9)
Indeed, EY=Y[v(X)] = Yo VEIPX =x|Y =y) =3 pv(x)P(X = x).
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7.2  Successive Conditioning

In the definition of conditional expectation, we assumed G to be denumerable but otherwise
arbitrary. Take G of the product from G = G| x G3, that is, Y = (¥, Y2), where ¥; and
Y, take their values in the denumerable sets G and G, respectively. In this situation, we
use the more developed notation

E¥[g(X, V)] = EV""[g(X, 1, 1. (7.10)

Theorem 7.1. Successive Conditioning
Under either one of the following conditions

(i) g(X.¥) >0, as,
(i) E[lg(X. V)] < o2,

we have
EN[EN Y [g(X, 11, Y2)]] = EZ[g(X, Y1, T2)]. (7.11)

Proof. Set
Wl Y2) = ENg(X, YL )]

We must show that
ER[y(Y,, o)) = EM[g(X. 11, Ta).

B
! YO ) = )& ¥, y)P(X =x |V =y, Y2 = y2)
and ’
EP=R[y(Y, )] = 3_ ¥ P =y 1 Y2 = »),
that is, i
EF=Riy (Y, Y] =) 3 80, yi y)P(X = x| Y1 =31, Y2 = y)P(¥y = 31 [ 12 = »2)
S
=33 ey yp)PX =x Y=y h =)
= EXn{g(X, 1, Y2l D

Exercise 7.1.
Let X, and X> be two independent identically distributed random variables with values in

the denumerable set E. Assume that E[|X,|] < oc. Show that

EX1+X2[X11 — X] ';_XZ

Solution. E¥1TX%[X,] = ¥(X; + X»), and by symmetry, EX*¥[X,] = ¥(X| + X3).
Therefore,

2U(Xy + Xa) = EXVR[X ]+ EXTHX] = EXPRIX + Xo) = Xo + X
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8 The Strong Law of Large Numbers

8.1 BorelCantelli Lemma

Consider a sequence of events { A, },»; where the index # can be, if one wishes, interpreted
as time. One is interested in the probability that A, occurs infinitely often, that is, the
probability of the event

{w; w € A, for an infinity of indices n}, (8.1}
denoted by {A, i.0.}, where i.0. means infinitely often.

Lemma 8.1. Borel-Cantelli Lemma
Let {A,},>1 be a sequence of events such that

3 P(Ay) < o0 (8.2)
n=1

Then
P(A, 10)=0. (8.3)

Proof. We first give a manageable expression for the event in (8.1). We have

o0

(A, 1.0} = ﬂ U A,

n=lk=zn

Indeed, if w belongs to the set on the right-hand side, then forali n > 1, w belongs to at least
one among A,, Ap+1, ..., which implies that w is in A, for an infinite number of indices n.
Conversely, if w is 1n A, for an infinite number of indices #, it is fora/l n > 1 in at least
one of the sets A, Anvgy . .

Let now B, be the set Uy, A, which decreases as n increases, so that by the sequential
continuity property of probability,

P(A, i0) = rl!iTn; P (U Ak) X

k>n

But by sub-o-additivity,

P (U Ak) < Y P(AY),

k=>n k=n

and by hypothesis (8.2), the right-hand side of this inequality goesto Oasn goestooc. O
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8.2 Almost-Sure Convergence

Definition 8.1. Almost-Sure Convergence
A sequence {Z,},»; of real random variables is said to converge P-almost surely (P-a.s.) to

the real random variable Z if
P(limZ,=7)=1. (8.4)
ntoo
(Paraphrasing: For all w ouside a set N of null probability, lim,+00 Z,(@w) = Z(w)).

The following is a first example of the usefulness of the Borel-Cantelli lemma.

Example 8.1.
Let [ X, }n>1 be an independent family of {0, 1}-valued random variables such that

i P(X, = 1) < o0. (8.5)
n=1

Then, in view of the Borel-Cantelli lemma, P(X, = 1 .0.} = 0. Butthe event {X, =110}
is exactly {w; limys00 Xo{w) = 0}, since the process takes only the values 0 or 1. Therefore,

(8.5) implies that lim, o X, = 0 almost surely. <

We now give conditions for almost-sure convergence, using the Borel-Cantelli lemma.

Let {€,}q>1 be a sequence of positive numbers converging to 0. If for a given w,
|Z(w) — Z(w)| < €, for all but a finite number of indices n, then limyqoo Zn(w) = Z{w).
Therefore, by the Borel-Cantelli lemma, we have the following theorem.

Theorem 8.1.
Let {Z,)n>; and Z be random variables. If

N P(Zy— Zl Z €n) < 00 (8.6)

n=l

for some sequence of positive numbers {€, },>) converging to 0, then the sequence {Z, },>1
converges P-a.s. to Z.

The next result is very similar, but this time we have a necessary and sufficient condition.

Theorem 8.2. Fundamental Criterion of Almosi-Sure Convergence
The sequence {Z, ). of real random variables converges P-a.s. to the real random variable

Z ifand only if forall € > 0,
P(Z,— Z| z€i10)=0. (8.7

Proof, For the necessity, observe that

{1Zs—Z| =z €10} C {w;AiTm Zy(w) = Z(w)},
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and therefore
PlZ, ~Z|=€i0) <] — P(liTm Z,=Z)=0.
nToS

For the sufficiency, let Ny be the last index # such that |Z, — Z| = % (set Ny = oo if
|Z, — Z| = { forall m > 1). By (8.7) with e = |, we have P(N; < oo} = 0. By
sub-a -additivity, P{U; [N, < oc}) = 0. Equivalently, P(¥, = oc, forallk = 1) =1,
which implies P(limytoc Z, = Z) = 1. '

A law of large numbers is a statement about the almost sure convergence of the empirical

average
Sn X1++sz

n

where {X,},- is an 1.i.d. (independent and identically distributed) sequence of random
variables.

Theorem 8.3. Kolmogorov's SLLN
Let {X,},»1 be aniid. sequence of random variables such that

E[lX,]] < oc. (8.8)
Then, P-a.s.
.S,
lim = = E[X,]. (8.9}
ntoc R

In other words, there exists a set N of probability 0 such that if w is not in ¥, then

)
lim ——=

ntoc n

= E[X)].

The empirical average is asymptotically equal to the probabilistic average. Such is the
“physical” content of Kolmogorov’s strong law of large numbers (1933) . Emile Borel
proved the strong law of large numbers (SLLN) in 1909 in the special case where X, = 0
or 1, with P(X,, = 1) = p, thus showing in particular that the average fraction of heads in
a fair game of coins should tend to % as the number of tosses increases indefinitely.

There are numerous versions of the SLLN extending Kolmogorov’s result to sifuations
where independence of the sequence {X,},>; is not required. As a matter of fact, the
ergodic theorem for irreducible positive recurrent Markov chains (see Chapter 3) is one of
these extensions.

We shall give the proof of Kolmogorov’s SLLN in the last subsection. Before that
we shall prove Borel’s SLLN. It is based on the Borel-Cantelli lemma and on Markov’s

inequality.
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8.3 Markov’s Inequality

Theorem 8.4. Markov's inequality
Let X be a random variable with values in R, f : R — R4, and @ > 0. We then have

P(f(X)>a) = ﬂf;(i)] (8.10)

Proof, From the inequality
FX) z aliponza

it follows by taking expectations that

E[fOO] = aE[Lifixy2a)] = aP(f(X) = a). o

Specializing Markov’s inequality to f(x) = (x — m)*, @ = €* > 0, we obtain Cheby-

shev’s inequality
2

PUX —miz 0<%, (8.11)
€

Example 8.2. Borel's SLLN

This is Kolmogorov’s SLLN when the X,’s are bounded, say without loss of generality by
1. We shall bound the probability that |3 — m| exceeds some € > 0 where m = E[X\].
For this we apply Markov’s inequality

o5y ) L

Sn
——m
n

Now,

and therefore

If we can prove that

" 4
E (Z(X,-—m)) < Kn? (8.12)

P S" e} < K
n =) 7 Rt
and in particular, with € = n-i,
( S, _1) K
P -_— - 2 n s = T3
n ni
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from which it follows that

1
=n 5)<oo.

m| converges P-a.s. to 0.

(S

n=1

Therefore, by Theorem 8.1, | & —

It remains to prove (8.12).

To simplify notation, call ¥; ther.v. X; —m, and remember that E[Y,] = 0. Also, in view
of the independence hypothesis, E[Y,Y>Y3¥4] = E[Y1]E[YL]E[Y1]E[Y4] = 0, E[Y] Y23] =
E[V]E [Y23] = 0, and the like. Finally, in the development

n 4 1
E {(Z y,-) ] = Y. ENYny,
i=1

ik t=1

only the terms of the form E[¥'] and E[¥?Y f](i # j) remain. There are n terms of the
first type and 3n{n — 1) terms of the second type. Therefore,

[(Zy) } = nE[Y{]+ 3n(n — WE[Y}VE],

which is smaller than K n? for some finite K . <

Example 8.3. Chernoff’s Bound
Let X be a real-valued random variable such that for allr € R, E[e'*]. < co. Set (¢) =
log E[e'X]. Observing that fort = 0,2 € R, X > a is equivalent to ¢'¥ > ', and using
Markov’s inequality, we find that

P(X >a)=P(* > ) = ——= [ IX] = exp{~{ar — ¥ (1)}
This being true for all ¢ > 0, it follows that
P(X >a) < e, (8.13)
where
hla) = fg}g{at —¥(@). (8.14)
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8.4 Proof of Kolmogorov’s SLLN

We shall assume without loss of generality that £[X] = 0.

Lemma 8.2. Kolmogorov's Inegquality
Let X|. ..., X, be independent random variables such that for all / € [1, n],

E[IX;*] <00, E[X;]=0. (8.15)

Then for all A > 0,
(8.16)

E(s?
P(max |5;| = A) = L"],

where S, = X+ ...+ X;.

Proof. Let T be the first (random) index £ € [1, n], such that |S;{ > A, with T = oc if
MaX|<i<n iS¢ < A. Fork = n,
E[S217=iy] = E [Lir=i; {(Sx — S0 + 255, — S + S}
= E[Lr—u [(Ss = $7 + S¢}] = Ellir=uSi),

where we used the fact that 1,7y, S; is a function of Xy, ..., X; and therefore independent
of 8, — Sy, so that E[I[T:HS;((SH -8 = E[1{7=k]Sk]E[S,, — 8] = 0. Therefore,

IV

ZE[llH ZEU[T wr’] _AZZP(T = k)

)LZP(T <n)= kzP(lmkax [Se] = A). ;i
<k=n

E[1S,1*]

The following corollary contains a proof of the SLLN when E{| X, 1*] < o0

Corollary 8.1.
Let {X,).>1 be a sequence of independent random variables such that foralln = 1,
E[1X4%] < 00, E[X,] = 0. (8.17)
If
E[X?
> [2"] < o0, (8.18)
n
n=1
then
lim — Zx;_o P-ass. (8.19)

nteo 1
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Proof. If 21 < n < 2* then ‘—% > ¢ implies z‘f—{ > ¢. Therefore, for all € = 0, and all
k=1,

S, . ' ' ' '
P (l i > ¢ for somen € {2*'.2*]) < P (IS, = €2*7! for somen € [2¢71, 2%])
H

< P (IS, = €2*~' for somen € [1, 2*])

: 4
=P ( max |S,| > 62‘—1) <

. ’)
| <p<2s = 2

n
n=1

where the last inequality follows from Kolmogorov’s inequality. But defining m = m(n)
by 27! < n < 2™, we have

Zw Zﬂm ZHMZQW,

n=| n=l1 f=m

which is bounded by

o0 s K
> B §$S§H&¢

n=1

for some fintte K. Therefore, by (8.18),

= [ Sl
ZP (t" >eforsomen: 2 < n < 2“') < o,

=l H

and by the Borel-Cantelli lemma,

3 .
P (—I| > € 1.0.) =0.
I

The result then follows from Theorem 8.2,

Having proved the corollary, it now remains to get rid of the assumption E[| X, ] < oo,
and the natural technique for this is truncation. Define

v X, f 1 X, <n,
"7 ] 0 otherwise.

Since E[|X|] < oc, we have by dominated convergence (see Theorem 3.2 of the Appendix)
that limrno E[X;1jx,2m] = E[X1]1 = 0. Since X, has the same distribution as X,

lim E[f(,,] = lim E[anl\X,,lfn]] = lim E[X] l[\Xl\Sﬂ}] = E[X{] =
ntoo ntoc ntoc
In particular (Cesaro’s Lemma, Lemma 1.5 of the Appendix),

1 < ~
lim —~ E[X,1=0.
fm 2 EIX
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Also,

X1 = 3 ENX (XD = 3 El LX)

n=4Q n=0
= 3 (PUX >~ PUXY > nt D)= ) PAXI] = ),
=0 n=|

In particular,

Y P(Xal =)= PXi] > m) < E[[X)]] < o,
n=1 n=1

and therefore, by the Borel-Cantelli lemma,
P(X, # X,1.0)= P(X,| > nio)=0.
Therefore. to prove the SLLN it suffices to show that

R -
lim — kg(xk — E[X:]) = 0.
In view of the preceding corollary, it suffices to prove that

= ELXs - ELGY]

n?

n=1

But _ R ~ )
E[(X, — E[X,))?] < E[X}] = E[X] lyx,j=m]

It is therefore enough to show that

The left-hand side of the above inequality is equal to

> 5 D EIX lpciaxza] = YUY 5 EX Lkt <ixusi):
n=1 n

k=1 \n=k

Using the fact that

=]

i1<1+[°°1d 1+1<2
< dr=——+-=<"
el A S S k2 ok Tk
(draw the graph of x — x™2), this is less than or equal to

x;
E[T Hm1 11 <k1 )

oc o0
=1

-
Z EE[X] 1[k—l<|X1\Sk|] =2
k=] k

1A

oc
2 Z ElX 1L g1<1x150]
=

2E[1X]] < o0,
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Problems

1.1.1. Prove and generalize the following identities:

P(AUB) = P(A) + P(B) — P(AN B);
P(AUBUC) = P(A)+ P(BY+ P(C)— P(ANB)— P(BNC) = P(CN A)
+ P(ANBNCO).

1.1.2. Prove that P(AU B) = | — P(AN B).

1.1.3. Give a probability model for threc successive tosses of an unbiased die. What is
the probability that one of these tosses results in a number that is the sum of the two other
numbers?

1.1.4. In the coin model (Examples 1.3, 1.6, and 1.9) show that U5, M= (X, = 1} is the
event “after some finite random time, af/ tosses result in heads” (recall that heads = [).

1.2.1. Consider the following probabilistic model: € = [0, 1}*, P{A) = arca of A. Thus
w = {x,y), where x, v € [0, |]. Define X(e) = x. ¥{w) = y. Show that X and Y are
independent random variables.

1.2.2. Consider the following probability model: £ = {(x,») € R, x> +3° < 1},
P(A) = %x (area of A). Thus w = (x,y) € Q is a point uniformly distributed inside
the unit disk. Defining X{w) = x and ¥{w) = x, show that X and ¥ are nor independent
random variables.

1.2.3. Give a simple example of a probability space (2, F, P) with three events Ay, Az, Az
that are pairwise independent, but not globally independent (i.e.. the family (A1, A, A3} is
not independent).

1.2.4. Showthatif {A;};-;isan ipdependent c_:ollection of events, then {A:, Jie 1 1s also, wbere,
igdep_endently foreachi € I, A; = A; or A; (for instance, with [ = N, 45 = Ag. A| =
Ay Ay = Az, L)

1.2.5. There are 3 cards. The first one has both faces red, the second one has both faces
white, and the third one is white on one face, red on the other. A card is drawn at random,
and the color of a randomly selected face of this card is announced. What is the winning
strategy if you must bet on the color of the other face?

1.2.6. In the School for Intellectual Apartheid, students have been separated into three
groups for pedagogical purposes. In group A, one finds students who individually have a
probability of passing equal to 0.95. In group B this probability is 0.75, and in group C only
0.65. What is the probability that a student passing the course comes from group A? B? C?

1.3.1. A given msect of a specific breed has the probability # of being a male. An ento-
mologist seeks to collect exactly M > 1 males, and therefore stops hunting as soon as she
captures M males. She has to capture an insect in order to determine its gender. What is
the distribution of X, the number of insects she must catch to collect exactly M males?
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1.3.2. Find the c¢.d.f. and the p.d.f. of ¥ = X?. where X is a Gaussian random variable
with mean 0 and variance o° > 0.

1.3.3. Let T be a geometric random variable. Show that for any integers &, kg > 1, we have
P(T =k +ko|T > ko) = P(T = k). Let X be an exponential random variable with mean
1/2. Show that forall 7,7 € Ri. we have P(X = ip + ¢ | X = fp) = P(X = 1).

1.3.4. Let X be a rcal valued random variable with a p.d.f. f{x) and let ¥ be an integer
valued random variable with the distribution P{(X = &) = pi, k > 0. Find the p.d.f. of
7Z = X + Y when X and ¥ are independent.

1.4.1. Let X;. i € [0, n]., be independent exponential random variables with the respective
parameters A, i € [0, n]. Define Z = inf (X...., X,) and let J be the (random) index
such that X, = Z (J/ is for almost all w ¢ €2 unambiguously defined in view of Exercise
4.1). Show that Z and J are independent, and give their respective distributions.

142, Let X = (Xy..... Xy )and ¥ = (¥..... Y} be two independent multinomial
random vectors (see Example 4.1) of sizes (n, K) and (i, K), respectively, and with the
same parameters py, . ... px. What is the distributionof Z = X + ¥?

1.4.3. Let {X,},>1 be an i.i.d scquence of exponential random variables with mean 1/8,
where 8 € (0, oc). Let {¥,},=1 be an i.i.d sequence with P(¥, = 1) = 1 — P(¥, = 0) =
p € (0, 1), independent of {X;},>1. Let Uy, U, ... be the successive indices n for which
¥, = l,and define ) = X, +- -+ Xy, Sy =X+ -+ X, S =Xy +-- 4+ X,
etc. Show that {5,},>: is an i.1.d sequence of exponential random variables with mean
1/(pf).

1.5.1. Compute the mean and variance of the binomial random variable from its generating
function. Do the same for the Poisson and the geometric random variables.

1.6.1. Find the probability distribution of the random variable Z;, the ith smallest among
Xi..... X, when the X,’s are independent [0, 1]-uniform random variables.

1.6.2. Let X and ¥ be two independent random variables with a common cxponential
distribution of mean 6. Give the p.d.f. of the vector (X/Y, ¥} and of the variable X/Y.

1.6.3. Consider a random segment of length I/ uniformly distributed on [0, 1]. and make of
it two random pieces of length X = UV, ¥ = U(1 — V), respectively, where V 1s uniformiy
distributed on [0. 1} and independent of /. Compute the p.d.f. of the length UV of the first

picce.

1.7.1. Let X, and X, be two independent random variables taking their values in (1. 2.
_... N}, and uniformly distributed, that is, P(X, = k) = P(Xa = k) = + (L <k < N),
Compute E|11afo|.X:)[X1]_

1.7.2. Let X and ¥ be two discrete random variables with values in N, and let # : N — Nbe

one-to-one and onto. Show that for all v : N — R such that E[[o(X)|] < oc. EM[v(X)] =
EZ[u(X)]. where Z = A(Y).



52 1. Probability Review

1.7.3. Let (X, ..., Xx) be a multinomial random vector (see (4.12)). Compute E¥1[X; +
-+ Xy _1]and EXW[XZI.

1.8.1. Let{S,}.»1 beani.id. sequence of real random variables such that P(S5) € (0, oc}) =

1and E[S)] < oo, andletforeachs > 0, N(r) = 3 .| Lo (T), where T, = S1+- -+ 5,

N(it) 1

Prove that lim, _, o = = s

1.8.2. Let X,, denote the position at time » of a “particle” moving on £ = {0, [,2,...}.
Suppose that at each time # > 0 there is a probability of eventually visiting “site” 0 € £
after time » that is bounded from below by r > 0. Show that the “process” {X,},>0 almost
surely visits site 0 infinitety often.
1.8.3. Let Xy, .., X, be i.i.drandom variables satisfying the same condition as X in Example
8.3 (Chernoft’s bound). Show that

P (Xl oot X a) < gmnhia),

n

Use this result to show that % converges to 0 almost surely.



CHAPTER2

Discrete-Time Markov Models

1 The Transition Matrix

1.1 Markov Property

Sequences of independent and identically distributed random variables are stochastic pro-
cesses, but they are not always interesting as stochastic models because they behave more or
less in the same way. In order to introduce more variability, one can altow for some depen-
dence on the past, in the manner of deterministic recurrence equations. Discrete-time homo-
geneous Markov chains possess the required feature, since they can always be represented—
at least distributionwise—by a stochastic recurrence equation X,.1 = f(X,, Z, 1), where
{Zn}a=1 s an 1id sequence, independent of the initial state Xg.

The probabilistic dependence on the past is only through the previous state, but this lim-
ited amount of memory suffices to produce a great diversity of behaviors. For this reason
Markov chains have found applications in many domains, including biology, physics, soci-
ology. operations rescarch, and engineering, where they provide qualitative and quantitative
answers as well as precious insights for systems design.

This chapter gives the basic definitions concerning discrete-time homogeneous Markov
chains and the classical examples that will illustrate the theory of the next chapters.

A sequence { X, },;-q of random variables with values in a set E is called a discrete-time
stochastic process with state space E. In this book, the state space is countable, and its
elements are denoted by i, j, k....If X, = i, the process is said to be in state / at time n, or

to visit state / at time n.

Definition 1.1, Homogeneous Markov Chain
Let {X,},=¢ be a discrete-time stochastic process with countable state space E. If for all

53
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integers n > 0 and all states ip, i1, ..., ip—1. 1. J,
PXpm=JjlXu=iXp =i, Xo=h)=PXor1 = Xn=1) (L.D)

whenever both sides are well-defined, this stochastic process is called a Muarkov chain. Tt
is called a homogeneous Markov chain (HMC) if in addition, the right-hand side of (1.1) is
independent of n.

Property (1.1) is the Markov property. The matrix P = {p;;}i jc£, where
pij = P(Xppr = j1 Xp = 0), (1.2)

is the transition matrix of the HMC. Since its entries are probabilities, and since a transition
from any state [ must be to some state, it follows that

pij = O»Zpik =1
kel

for all states /, j. A matrix P indexed by FE and satisfying the above properties is called a
stochastic matrix. The state space may be infinite, and therefore such a matrix is in general
not of the kind studied in linear algebra. However, the basic operations of addition and
multiplication will be defined by the same formal rules. For instance, with A = {a;;}; jee
and B = {b,’j},‘_jgg, the pl'OdUCt C = AR is the matrix [ij}!'_jEE, where Cij = ZKEE a;;(bkj.
The notation x = [x;};c¢ formally represents a column vector, and xT is a row vector, the
transpose of x. Forinstance, y = {¥;}icg givenby y7 = x7T Aisdefinedby y; = 3, 5 xcaxi-
Similarly, z = {z;}iee givenby z = Ax isdefined by z; = ), _p @i -

Proving the Markov property is not, in general, a difficult task, and Thcorems 2.1 and
2.2 below will suffice in most situations. However, there are cases outside their scope, and
the following one is quite important, both in theory and in applications.

Example 1.1. Machine Replacement

Let {U/,},>) be a sequence of i.i.d random variables taking their values in {1, 2, ..., +oc}.
The random variable U/, can be interpreted as the lifetime of some machine, the nth one,
which is replaced by the (n -+ 1)st one upon failure. Thus at time 0, machine 1 is put in
service until it breaks down at time €/, whereupon it is immediately replaced by machine
2, which breaks down at time U; + Us, and so on. The elapsed time in service of the current
machine at time # is denoted by X,,. Thus, the process {X,},»0 takes its values in £ = N
and increases linearly from 0 at time R, = Zf:] UitoUy; — lattime Ry — 1.

The sequence { Ry }x>o defined in this way, with Ry = 0, is called a renewal sequence,
and X, is called the backward recurrence time at time n (see Fig. 2.1.1). There is a rich
and useful theory associated with renewal sequences, the so-called renewal theory. It will
be developed in Chapter 4.

The process {X,},-0 18 an HMC with state space £ = N, and the nonnull entries of its
transition matrix are of the form p;; .1 and p; 0 = 1 — p; ;+1, where
PU, >i+1)

. . 13
Piitl P > 1) (1.3)
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Xn
i
U] P U5
A | 4
. - 1 U4 L0
| | A |
| 1 ,/ ] |
| I | |
| | U3 | 1
b *—v - » n
Ry=0 R R Ry R: Rs
Figure 2.1.1. Backward recurrence time
To prove this, one must first verify (1.1), that ts, writing 8 = [Xo =i, .... Xpo1 = s}l
P(Xn+1 :js X, =1, B) _ P(Xn+l :j, Xn :i)
P(X, =1 B) P(X,=1)
for sequences iy, ..., iq_1.i, j such that P(B, X, = i, X,;1 = j) > 0. In particular,

j=i+lorQandi,y  =i—-1,...,ip; =0
Let v(n) be the number of renewal times Ry in the interval [, n]. Taking, for instance,
j=1i4+1,and writing D = {X, ;) = ip—i—1...., Xo = ip}, we have
P(Xor1 = /4 X, =46 8)
= PXp =i+ 1. X, =i, Xp 1=i—1,.... Xy =0,D)
[ o]
=N PXp =it b Xy =i, Xo i =i—1... Xpy = 0.D,v(m) = k).
k=0

The general term in the latter sum equals P({pq > i + 1, Ro=n—1iD)y=PU, >
i+ DP(Ry =n—i, D)= P » i+ 1)P(Ry = n—i, D). The independence of {{/, }uz1
has been used for the first equality, and the identity of the distributions of U/, and U, for
the second one. Therefore,

o
P(Xy=i+1,X, =i B)= P(U, >i+l)(2P(Rk:n—i,D)).
k=0

Similar computations vield

k=0

P(anivB)—P(Ul>f)(iP(Rk =n*i,D)),
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so that P N
> [+
PXpo1 =i+ 1|X, =i B)= ———— %
{(Xnt : | X, i, B) PUL > 1)
The same calculations lead to the same evaluation for P(X,,, = i+ 1|X, = i). This
proves the announced results. O
<

The above example is atypical. Proving the Markov property and computing the tran-
sition probabilities are usually much easier. Most of the time, a representation of the state
process in terms of a recurrence equation makes things easy (sec Theorem 2.1 below),
Nevertheless, there are a few tough cases.

Transition Graph

A transition matrix P is sometimes represented by its sransition graph G, a graph having
for nodes (or vertices) the states of £. This graph has an oriented edge from / to j if and
only if p;; > 0, in which case this edge is adorned with the label p;;.

The transition graph of the Markov chain of Example 1.1 is shown in Figure 2.1.2, where

 PUI=itD)
Py - 0

Figure 2.1.2, Transition graph of the backward recurrence chain

1.2 Distribution of an HMC

The random variable X is called the initial state, and its probability distribution v,
v(iy = P(Xg = i), (1.4)

is the initial distribution. From Bayes’s sequential rule, P(Xo = io, X1 = 41,..., Xi =
i) = P(Xo = ig)P(Xy = 01| Xo = i) P(Xg = ix | Xoy = ig-1,..., Xo = ip), and
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therefore, in view of the homogencous Markov property and the definition of the transition

matrix.,
P(Xo=1do, X1 =i ... Xy = i} = v} Pisi, +** Piryic- (1.5)

The data (1.5) for all ¥ = 0, all states io,{|, ..., iy, constitute the probability law, or
distribution of the HMC, Therefore we have the following result.

Theorem 1.1. Distribution of an HMC
The distribution of a discrete-time HMC is determined by its initial distribution and its

transition matrix.

The distribution at time # of the chain is the vector v,, where
voli) = P(X, = i). (1.6)

fFrom Bayes’s rule of exclusive and exhaustive causes., vy, 1(j} = 3, Un{i)p;, that is, in
matrix form, v/, = v/ P. Iteration of this equality yiclds
vl =l P (1.7)

L

The matrix P” is called the n-step transition matrix because its general term is
piim) = P(Xpim = J| Xn = 1). (1.8)
Indeed. using Bayes’s sequential rule and the Markov property, one finds for the right-hand

side of the latter cquality
Z Pii, Pivio = Piy_yjs

o €F

and this is the general term of the mth power of P,
The Markov property {1.1) extends to
P(Xpor = J1. s Kove = Jel Xo =1 Xy = ino1s .o, Xo = o)
=P(X,0t = J1.. s X =1 Xy =1)

for all iy, .. .. fu_tviy J1+. .., jr such that both sides of the equality are defined (Problem
2.1.2). Writing

A= {XrH-I = J'.la R XJH-R = J'lk}s B = {XO = 1‘0, S Xn—l = infl}s
the last equality reads P(A | X, =i, B) = P(A| X, = i), which is in turn equivalent to
PIANB|X, =)= P(A| X, = DP(B| X, = i). (1.9)

In words: The future at titne n and the past at time » are conditionally independent given
the present state X, = i. This shows in particular that the Markov property is independent
of the direction of time.

Notation We shall abbreviate P(A| Xy = {) as P,(A). If u is a probability distribution
on E, then P,(A)y = Y ., u(i)P{A} is the probability of A given that the initial state is
distributed according to .
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2 Markov Recurrences

2.1 A Canonical Representation

Many HMCs receive a natural description in terms of a recurrence equation driven by white
noise.

Theorem 2.1. HMCs Driven by White Noise.

Let {Z,},> be an i.i.d sequence of random variables with values in an arbitrary space F.
Let E be a countable space, and f : £ x F — E be some function. Let X be a random
variable with values in E. independent of {Z,},>|. The recurrence equation

Xot :f(Xn,Z,,+1) (2-1)

then defines an HMC.

(The phrase white noise comes from signal theory and refers to the dniving sequence

[Zn]nzi-)

Proof. Iteration of recurrence (2.1) shows that foralln > 1, there isa function g, such that
Xn = gn( X0, Z1. ..., Z,), and therefore P(X, .1 = j 1 Xy = L Xpoi =ity X0 =
i) = P(fli. Zoy) = j1 Xn = is Xpoy = ints oo, Ko = lo) = P(f(i, Zyyr) = J), since
the event {Xg = ig. ...+ Xnt =in_1, Xn = ilisexpressibleintermsof Xo. Z1, ..., Z, and

is therefore independent of Z,.4. Similarly, P(Xp41 = P Xn == P(f. Zns1)=J)
We therefore have a Markov chain, and it is homogeneous, since the right-hand side of the
last equality does not depend on n. Explicitly

pi; =P Z)y=)) (2.2)

O

Not all homogeneous Markov chains are naturally described by the model of Theorem
2.1. A slight modification of Theorem 2.1, however, considerably enlarges its scope.

Theorem 2.2.

Let things be as in Theorem 2.1 except for the statistics of Xo, Z1. Z2, . . .. Suppose instead
that for all # > 0. Z,. is conditionally independent of Z,,, ..., Z1, Xu—1. - -, X given
X, that 1s, for all &, ki,....kn € F.iy i1, g1, i € E,

P(Zoir = ki Xy =i, Xyt = inets ooy Xo =0, Zn =kn,.... 21 =k1)

- P(ZM-H :k|X,, :I),

where the latter quantity is independent of n. Then {X,}1nz0 is an HMC, with transition

matrix P given by
piy = P, Z) = j1 Xe = i)
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Proof. The proof is analogous to that of Theorem 2.1 (Problem 2.2.6). O

Remark 2.1. Not all homogeneous Markov chains receive a “natural” description of the
type featured in Theorems 2.1 and 2.2, as Example 1.1 (machine replacement) shows.
However, for any transition matrix P on £, there exists a homogeneous Markov chain
{ X, }n=0 with this transition matrix and with a representation suchas in Theorem 2.1, namely,

J-1 g
Xppr=JjiHZpy € [Z PX. ZPX,,A—]-
k=0 k=0

where {Z,},-1 1s i.i.d, uniform on [0, 1]. We can apply Theorem 2.1, and check that
this HMC has the announced transition matrix. This artificial representation is useful for
simulating small Markov chains and can also be helpful for the theory. <

2.2 A Few Famous Examples
The examples below will often be used to itlustrate the theory.

Example 2.1, [-D Random Walk
Let X, be a random variable with values in Z. Let {Z,},> be a sequence of i.i.d ran-
dom variables, independent of Xy, taking the values +1 or —1, and with the probability
distribution

P(Z, = +1) = p,
where p € (0, 1). The process {X,},» defined by

Xog1 = X+ Zun (2.3)

is, in view of Theorem 2.1, an HMC, called the random walk on Z. <&

Example 2.2. Repair Shop

During day #, Z,.; machincs break down. and they enter the repair shop on day n + 1.
Every day one machinc among those waiting for service is repaired. Therefore, denoting
by X, the number of machines in the shop on day n,

Xoo = (X0 — 1)+ Zysy, (2.4)

where at = max{a, 0). In particular, if {Z,},> is an i.i.d sequence independent of the
initial state X, then { X, },=0 is a homogeneous Markov chain. In terms of the probability
distribution

P(Zy=ky=a;, k=0, (2.5)
its transition matrix 1s
dg oy dz ay -
dp @y az az -
0 agayax -~ | (2.6)

0 0avay -
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Indeed, from (2.2) and (2.5),

pi=P - +Zi=p=PZi=j—(-D)=a; ¢ ©

Example 2.3. Inventory

A given commodity is stocked in order to statisfy a continuing demand. The aggregated
demand between time n and time # + 1 is Z,.,, units, and it is assumed that {Z,} > is L.1.d,
and independent of the initial value X of the stock. Replenishment of the stock takes place
at times n + O (that is to say, immediately after time n) forall z = L.

§=5
Xo=4 9
X
3 ;
522 i
1 ;
0
; X
F

Figure 2.2.1. A sample path of the inventory Markov chain

A popular management strategy is the so-called (s, §)-strategy, where s and § arc integers
such that 0 < s < §. Under this inventory policy. if the level of the stock at time n is found
not larger than s, then it is brought to level § at time n 4- 0. Otherwise, nothing is done.
The initial stock X is assumed not greater than §, and therefore (X}, takes its value in
E=1{S55-1,8§-2,...}. (SeeFig. 2.2.1.) Negative values of the stock are allowed, with
the interpretation that an unfilled demand is immediately satistied upon restocking. With
the above rules of operation, the evolution of the stock is governed by the dynamic equation

Xn - Z.'i+| ifs < Xn =< S,

Xosr = { §—Zp ifX, <s. 27

In view of (2.7) and Theorem 2.1, {X,),>1 is a homogeneous Markov chain. &

Example 2.4, Branching Process _
In this model Z, = (Z{", Z{?, ...), where the random variables [Zf,”},e]_jzl are i.i.d and
integer valued. The recurrence equation

X,
sz+l = Z Z:?_lq (28)
k=1
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with the convention X,.; = 0 if X, = 0, receives the following interpretation: X, is the
number of individuals in the nth generation of a given population (humans, particles, etc.).
Individual number k of the nth generation gives birth to Z, l, descendents, and this accounts
for (2.8).

If the number Xy of ancestors is independent of {Z,},=;, then according to Theorem
2.1, {Xs}n=0 1 @ homogeneous Markov chain, cailed a branching process because of the
genealogical tree that it generates (see Figure 2.2.2). The branching process is also known
as the Galron—Watson process.

Figure 2.2.2. Sample tree of a branching process

We seck to obtain the probability of extinction of the population. For this we shall
introduce g, the common generating function of the variables Z{¥). The recurrence equation
{2.8) provides a recurrent equation for the generating function of the number of individuals

in the nth generation,

Val(z) = E[z%]. (2.9

Indeed,

n

Ynia(2) = B[] = B[54 2,

where foll was denoted by Z® for simplicity. Since X, is a functional of Xq, Z\. ..., Z,.
it is independent of Z,,, and therefore, in the latter equality, X, is independent of Z*),
From a computation made in Chapter 1, Exercise 5.1,

E[2554] = yuie@).

Therefore,

Vra1(2) = ¥nlg(z)).

[terating this equality, we oblain

Vs 1(2) = Yolg" (D)),
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where g™ is the ath iterate of g. If there is only one ancestor, then yro(z) = z, and therefore
Yoy 1(2) = g"N(2) = 2(g™(2)). that s,

Yns1(2) = g(¥n(2)). (2.10)
In particular, since ¥,{0) = P(X, = 0), we have
P(X, . =0)=g(P(Xy =0)) (2.11)

an equality that we shall use to discuss extinction. The event £ = “an extinction occurs™ is
just “at least one generation is empty.” that is,

£=U%, (X, =0}

Also. since X, = 0 implies X,+1 = 0, the family {X, = 0} is nondecreasing, and by
monotone sequential continuity,

P(£) = lim P(X, = 0). (2.12)

The generating function g is continuous, and therefore from(2.11)and (2.12), the probability
of extinction necessarily satisfies equation

P(&) = g(P(E)). (2.13)

Let Z be any of the random variables Z%_ 1t was shown in Chapter 1, Theerem 5.1, that
excluding the trivial cases where P(Z = 0) = lor P(Z=>2)=0,

(@) if E{Z] < 1, the only solution of x = g(x)in [0, 1] is 1, and therefore P(&EYy=1.
The branching process eventually becomes extinct.

(8) if E{Z] > 1, there are two solutions of x = g(x)in [0, 1], 1 and xo such that
0 < xp < 1. From the strict convexity of f : [0, 1] — [0, 1], it follows that the sequence
v, = P(X, = 0) that satisfies yp = 0 and yp+1 = g{¥.) converges to xg. Therefore, when
the mean number of descendants £[Z} is strictly larger than 1, then P(£) € (0, 1), and in
particular, there is a nonnull probability of extinction.

Here is a small example. Suppose that

2

rd
Lo

z+

I | -
ra | —

1
g(z) = i
that is, the probabilities of having 0, 1, or 2 sons are respectively %, %, and % In particular,
E[Z] = 1.25 > 1, and P(£) is the solution strictly between 0 and 1 of

U
=gty

that is, P(£) =

[T
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Example 2.5. Stochastic Automata

A finite automaton (£, A, f) can read sequences of letters from a finite alphabet A written
on some infinite tape. It can be in any state of a finite set £, and its evolution is governed
by a function f : E x A — E, as follows. When the automaton is in state i € £ and reads
letter a € A, it switches from state i to state j = (i, a) and then reads on the tape the next
letter to the right.

c
Figure 2.2.3. The automaton: the recognition process and the Markov chain
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An automaton can be represented by its transition graph G having for nodes the states of
E. There is an oriented edge from the node (state) i to the node j if and only if there exists
a € Asuchthat j = f(i, a), and this edge then receives label a. If j = f(i, @) = f(i, az)
fora, # a», then there are two edges from i to j with labels @) and a2, or, more economically,
one such edge with label (a), az). More generally, a given oriented edge can have multiple
labels of any order.

Consider, for instance, the automaton with alphabet A = {0, 1} corresponding to the
transition graph of Figure 2.2.3a. As the automaton, initialized in state 0, reads the sequence
of Figure 2.2.3b from left to right, it passes successively through the states (including the
initial state 0)

0100123100123123010.

Rewriting the sequence of states below the sequence of letters, it appears that the automaton
is in state 3 after it has seen three consecutive 1’s. This automaton is therefore able to
recognize and count such blocks of 1's. However, it does not take into account overlapping
blocks (see Fig. 2.2.3b).

If the sequence of letters read by the automaton is { Z, }.-.1, the sequence of states { X, }r=0
is then given by the recurrence equation X, = f(X,. Z.+1) and therefore, if {Z,},>1 is
i.i.d and independent of the initial state Xo, then {X,}.» is, according to Theorem 2.1 an

HMC. <

Example 2.6. The Urn of Ehrenfest

This simplified model of diffusion through a porous membrane was proposed in 1907 by the
Austrian physicists Tatiana and Paul Ehrenfest to describe in terms of statistical mechanics
the exchange of heat between two systems at different temperatures. Their model also
considerably helped our understanding of thermodynamic irreversibility (we shall discuss
this in Section 2.3 of Chapter 4).

There are N particles that can be either in compartment A or in compartment 8. Suppose
that at time n > 0, X, = i particles are in A. One then chooses a particle at random, and
this particle is moved at time 7 + 1 from where it is to the other compartment. Thus, the
next state X, is either i — | (the displaced particle was found in compartment A) with
probability £ or i + 1 (it was found in B) with probability AL

This model pertains to Theorem 2.2. Forall n = 0,

Xn+] — Xn + Z,H.], (214)
where Z, ¢ {—1.+1} and P(Z,,; = —11X, = i} = +. The nonzero entries of the
transition matrix are therefore

N—1i i
Puitl =~ Pii-1 = & (2.15)

<
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3 First-Step Analysis

3.1 Absorption Probability

Many functionals of homogeneous Markov chains, in particular probabilities of absorption
by a closed set (A is called closed if 3 jeaPij =1 foralli € A) and average times before
absorption, can be evaluated by a technique called first-szep analysis. This technique, which
is the motor of most computations in Markov chain theory, is best illustrated by the following

example.

Example 3.1. Gambler’s Ruin

Two players A and B play “heads or tails™, where heads occur with probability p € (0, 1),
and the successive outcomes form an i.i.d sequence. Calling X, the fortune in dollars of
player A at time n. then X1 = X, + Z,y1, where Z,; = +1 (resp., — 1) with probability
p(resp..q = 1 — p),and (Z, ), is i.L.d. In other words, A bets $1 on heads at each toss,
and B bets $1 on tails. The respective initial fortunes of A and B are @ and b. The game ends
when a player is ruined, and therefore the process {X,}n> is a random walk as described
in Exampie 2.1, except that it is restricted to £ = {0....,a,a+ 1,....a+ b = c}. The
duration of the game is 7, the first time # at which X, = 0 or ¢, and the probability of
winning for A is u{a) = P(Xr =c| Xy = a).

A wins

c—a+b

Figure 2.3.1. The basic random walk and the gambler’s ruin

Instead of computing «(a) alone, first-step analysis computes
wY=PXr=clXg=1)

for all states { € [0, ¢], and for this, it first generates a recurrence equation for the u(i)’s by
breaking down event “A wins” according to what can happen after the first step (the first
toss} and using the rule of exclusive and exhaustive causes. If Xo =i € [1,c — 1}, then
X; =i+ 1(resp., X, =i — 1) with probability p (resp., ¢}, and the probability of ruin of
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B starting with A’s initial fortune i 4+ 1 (resp.,i — isu(i + 1) (resp., u(i — 1)). Therefore,
fori € [1, c — li(sce, however. & rigorous proof at the close of the example),

u(i):pu(i+1)+qu(i—l), 3.0

with the boundary conditions
u(0y =0, u(c) = 1.

The characteristic equation associated with this linear recurrence equation is pri—r+
— 0. It has two distinct roots, ry = land r; = %, if p # g. and a double root, ry = 1.

; : i
iftp=g= % Therefore. the general solution is u(i) = Arp Ay = A+ (%) when
p # q.and u(i) = irj + pirl = A+ pi whenp =g = 1. Taking into account the
boundary conditions, one can determine the values of & and g The result is, for p # q.

-
ui) = 7= (o (3.2)
p

and for p = ¢ = 1.

(i) = - (3.3)
¢

inthe case p = ¢ = % the probability v(i) that B wins when the initial forrune of B
is ¢ _ i is obtained by replacing i by ¢ — i in expression (3.3): v(i) = 5(1'- =1- *: One
checks that u(i}+-v(i) = 1, which means in particular that the probability that the game lasts
forever is null. The reader is invited to cheek that the same is true in the case p # g. <

A justification of the use of the rule of exclusive and exhaustive causes in the obtention
of the recurrence equation {3.1) will be given, since we are not exactly in the standard
framework of application. The same kind of proof can be performed for every instance of
first-step analysis. However, needless to say. one should not go through it every time.

Let ¥ = {¥,).>p denote the Markov chain obtained by delaying X = {Xu}a=0 by one
time unit: ¥, = X,1. When X € [L.c— 11, the events “X is absorbed by 0 and “Y is

absorbed by (” are identical, and therefore
P(X is absorbed by 0, Xy = P+1, Xy =16}
= P(Y is absorbed by 0, Xy = +1, Xy =1)
Since { ¥, }n=0 and X are independent given X, the right-hand side of the above equality

is equal to
PXg=i,X1=1= 1)P(Y is absorbed by 0| ¥ = it 1)

The two chains have the same transition matrix, and therefore when they have the same
initial state, they have the same distributions. Hence

P(Y is absorbed by 0| Yo = i+ ) =ul 1)

The rest of the proof is left for the reader.
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Example 3.2, Cat Eats Mouse Eats Cheese

A merry mouse moves in a maze. If it is at time n in a room with £ adjacent rooms, it
will be at time # + 1 in one of the & adjacent rooms, choosing one at random, each with
probability % A fat lazy cat remains all the time in a given room, and a piece of cheese
waits for the mouse in another room. (See Fig. 2.3.2.) The cat is not completely lazy: If
the mouse enters the room inhabited by the cat, the cat will eat it. What is the probability
that the mouse ever gets to eat the cheese when starting from room 1, the cat and the cheese
being in rooms 3 and 5, respectively?

CAT

MOUSE CHEESE

Figure 2.3.2. Maze, mouse, and murder

To apply first-step analysis, call (/) the probability that the mouse initially in room i
reaches the cheese without being murdered by the cat. The boundary conditions

w(3) =0andu(5) =1

are clear. If the mouse is in room 1, its first move will take it to room 2 (resp., 4) with
probability % and its chance of tasting the cheese will then be u(2) (resp., u(4)). Therefore,

1 1
u(l) = Eu(Z) + 5u(4).
Simitarly,

u(2) = %u(l) + rl—u(3) = lu(l),

2 2
1 1 1 1 !
u(4) = gu(l) + gu(?&) + gu(S) = gu(l) + 3

The solution is u(1) = % &
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Example 3.3. Tennis
Ignoring tie-breaks. a game in tennis can be modeled as a Markov chain with the transition

graph of Figure 2.3.3a. where p is the probability that the server A wins the point, and
g=1—-p.

We want to compute the probability that B wins the game. Clearly, from Figure 2.3.3a,
a game can be decomposed into two stages: it first reaches the five upper states of the graph,
and it then evolves in the upper states until absorption in “game A” or “game B.” With an
appropriate change of the labels of the upper states, one obtains the transition graph of the
Markov chain corresponding to the second stage (Fig. 2.3.3.b}.

This is a familiar picture already encountered in the gambler’s ruin problem of Example
3.1. However, a direct first-step analysis gives for b;, the probability that B wins given that
the game starts from upper state 1,

b]:l,bszo
and
by = g+ pbs.
by = gby + pby,
b4:qb3.
For p # g.
l-pg & g
by, br. bs by bsy = 1, , . .0]).
(br. b s ba. b3) ( T 2pq" 1—2pg" 1-2pg

Starting from state 0 — 0. the probability that B wins is ZLI p(i)b;. where p(i} is the
probability that the first upper state reached is i. A simple enumeration of the paths from
0 — 0 to upper state 1 gives p(1) = ¢° + ¢ pg + ¢” pg* + qpq’ + pq*. that s,

p(1)=g*(1 +4p).
Similar calculations give
p(2) = 4g°p*. p(3) = 6p7a". p(d) =4p’q". p(5) = p*(1 + 4q).
Putting everything together. we find that the probability for B to win is

g* (1 +2p)1 +4p%) o
I —2pq '

3.2 Mean Time to Absorption

Examples 3.1, 3.2, and 3.3 deal with basically the same problem, that of computing the
probability of rcaching a state before another state is visited. First-step analysis can also be
used to compute average times before absorption.
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a
q q q
G oC e e ad:
P r Iy
b

Figure 2.3.3. Is this tennis?
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Example 3.4. Gambler’s Ruin
This example continues Example 3.1. The average duration m(i) = E[T | Xo = i] of the

game when the initial fortune of player A is i satisfies the recurrence equation
mliy=1+ pm(i + )+ gm{i — 1) (3.4)

fori € {1, c — 1]. Indeed, the coin will be tossed at least once, and then with probability p
(resp., ¢) the fortune of player A will be i + 1 {resp., i — 1), and therefore m{i + 1) (resp.,
m(i — 1)) more tosses will be needed on average before one of the players goes broke. The

boundary conditions are

m(0) =0, m{c) = 0. 3.5
In order to solve (3.4) with the boundary conditions (3.5), write (3.4) in the form —1 =
pim(i 4+ 1} — m(i)) — g(m(i) — m(i — 1)). Defining

v, =m(iy—m(i — 1),
we have, fori = [1,¢ — 1],
— 1= pyis1 — gy (3.6)

and
m{i)y=y+y2+- -+ ¥ (3.7

We now solve (3.6) with p = ¢ = §. From (3.6),

1 1

-] = =-y3 — =¥ s
2)2 2}1
RN
= 2)3 2}2,
{ 1 ‘ 1
- 2}.' 2}1—}1

and therefore, summing up,

(-1=g0 -3
! —2}r 2}1,

that is, for i € [1, ¢,
yi=yn—2-1).

Reporting this expression in (3.7), and observing that y, = m(1), we obtain
m@)=im(H)=2[1+2+---+( - D]=im(1) —i(i — 1),
The boundary condition m(c) = 0 gives cm(1) = ¢{c — 1) and therefore, finally,

m(i) = i(c —i). (3.8)
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First-step analysis leads to necessary conditions in the form of a system of linear equa-
tions. In the above examples, it turns out that the system in question has a unique solution,
a situation that prevails when the state space is finite but that is not the general case with
an infinite state space. The issue of uniqueness, and of which solution to choose in case of
nonuniqueness, is addressed in Chapter 4, where absorption is studied in more detail.

4 Topology of the Transition Matrix

4.1 Communication

All the properties defined in the present section are topological in the sense that they concern
only the naked transition graph (without the labels).

Definition 4.1. Communication

State j is said to be accessibie from state i if there exists M = 0 such that p;;(M) > 0. In
particular, a state / is always accessible from itself, since p;;(0) = 1. States: and j are said
to communicate if [ is accessible from j and j is accessible from /, and this is denoted by

i~ J.

For M = I, p;j(M) = Zf:-----f.‘wq Pii,* Piw_, j» and therefore p;;(M) > 0 if and only
if there exists at least one path i, iy, ..., iy—1. j fromi to j such that

Piin Piriz = Piyoaj = 0’
or, equivalently, if there is an oriented path from ¢ to j in the transition graph &. Clearly,

i« (reflexivity),
i< j= j< ! (symmetry),
i j,jok=iok (transivity).

Therefore, the communication relation (<) is an equivalence relation, and it generates a
partition of the state space E into disjoint equivalence classes called communication classes.

Definition 4.2. Closed Sets
A state / such that py; = 1 is called closed. More generally, a set C of states such that for

alli € C, ZjeC pi; = 1is called closed.

Example 4.1,
The transition graph of Figure 2.4.1 has 3 communication classes: {1, 2, 3, 4}, {5, 7, 8}, and

{6}. State 6 is closed. The communication class {5, 7, 8} is not closed, but the set {5, 6, 7, 8}
is. &

Observe in this example that there may exist oriented edges linking two different com-
munication classes £; and £;. However, all the oriented edges between two communication
classes have the same orientation (all from E; to E, or all from E; to E;). Why?
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®\\@/
AN

© (©

Figure 2. 4.1. A transition graph with 3 communication classes

Definition 4.3. [rreducibility
If there exists only one communication class, then the chain, its transition matrix, and its

transition graph, are said to be irreducible.

4,2 Period

Consider the random walk on Z (Example 2.1). Since p € (0, 1), it is irreducible. Observe
that E = Cp + C,, where Cy and C, the set of even and odd relative integers respectively,
have the following property. If you start from i € Cy {resp., C|), then in one step you can
go only to a state j € Cy (resp., Cp). The chain [X,} passes alternately from one class to
the other. In this sense, the chain has a periodic behavior, corresponding to the period 2.
More generally, we have the following.

Theorem 4.1. Cyclic Structure
For any irreducible Markov chain, one can find a unique partition of E into d classes Cp,

C\...., Cy_y suchthat forall &, i € Cy,

Y =1

JE€CkL
where by convention C; = Cg. and where d is maximal (that is, there is no other such
partition Cg, C1, ..., C)_, withd' > d}.

Proof. A direct consequence of Theorem 4.3 below. o

The number & > 1 is called the period of the chain (resp., of the transition matrix, of the
transition graph). The classes Cg, Cy, ..., Cy_y are called the cyclic classes.

The chain therefore moves from one class to the other at each transition, and this cyclically,
as shown in Figure 2.4.2.
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Co C Cas Cy_1

Figure 2.4.2. Cycles

Example 4.2.
The chain with the transition graph depicted in Figure 2.4.3 is irreducible and has period

d = 3, with the cyclic classes Cp = {1, 2}, Cy = {4, 7}. C3 = {3, 5. 6}. &

Figure 2.4.3. An irreducible transition graph with period 3

Consider now an irreducible chain of period & with the cyclic classes Cp, C. ..., Cy.
Renumbering the states of E if necessary, the transition matrix has the block structure below
(where d = 4, to be explicir),

Co C G G
Co/ 0 Ay O
G 0o 0 A 0
C;1 0 0 0 A |
Cy\A4A; O 0 0

P =
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and therefore P2. P*. and P* also have a block structure corresponding to Co, C1, €2, 'ory

0 0 By 0 0 0 0 Do Eo 0 0 0
pr_| 00 0B | b D, 0 0 0 pi_ | O E 00
B0 0 0| 0 D0 0 |- 0 0 E, O
0 B, 0 0 0 0 Dy O 0 0 0 E;

We observe two phenomena: block-shifting and the block-diagonal form of P*. This
is. of course. general: P has a block-diagonal form corresponding to the cyclic classes
C()._ C] ..... C(,',1 :

Co C - Cyo
Co Eq 0
J C £
P = . : (4.1)
Ciai \ O Eq

The d-step transition matrix P¥ is also a stochastic matrix, and obviously the P-cyclic
classes Cy. Cr. ... C,_, are all in different P¢-communication classes, as the diagonal

block structure shows.

The question is this: Is there, in Cy for instance, more than one PY-communication
class? The answer is no, and therefore matrix Eg in (4.1) is an irreducible stochastic matrix.
To see this, take two different states 1, j € Co. Since they P-communicate (P was assumed
irreducible), there exist m > 0 and n > 0 such that p;;(m) > 0 and p;(n} > 0. But since
P has period ¢, necessarily m = Md.n = Nd for some M > 0 and N > 0. Therefore,
pii{Md) > 0and p;i{Nd) > 0. But pi(Md)is the (i, j) term of (PYY¥  and similarly for
pi(Nd). We thercfore have proven thati and f P9 _communicate.

Also (Problem 2.4.7), the restriction of PY to any cyclic class is aperiodic.

For an arbitrary transition matrix. not necessarily irreducible, the formal notion of period
1s the following.

Definition 4.4, Arithmetic Definition of Period
The period d; of state i € E is, by definition,

d; = ged{n = 1; pi(n) > 0}, (4.2)

with the convention d; = +oc if there is no n > 1 with p;;(n) > 0. Ifd; = 1, the state [ is
called aperiodic .

Theorem 4.2. Period Is a Class Property
If states i and j communicate they have the same period.

Proof. Asi and j communicate, there exist integers N and M such that p;;(M) > 0 and
p;i(N) >0 Foranyk > I,

pi(M 4 nk + N) = p (MY py (k)Y pji(N)
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(indeed, the path Xp = i. X = j. Xpra = Jo oo Xtk = Jo Xatpnkyn =1 is just one
way of going from i to i in M + nk + N sicps).

Therefore, for any k > 1 such that p,;(k} > 0. we have p;;(M +nk + N) > 0 for all
n > 1. Therefore, d; divides M + nk + N forall n > 1, and in particular, &; divides k. We
have therefore shown that o; divides all & such that p;;(k) > 0, and in particular. &; divides
d;. By symmetry, d; divides d;, and therefore, finally, 4; = 4,;. U

We can therefore speak of the period of a communication class or of an irreducible cham.

The important result concerning periodicity is the following.

Theorem 4.3. Lattice Theorem
Let P be an irreducible stochastic matrix with period . Then for all states {, j there exist
m > 0 and ng > 0 (m and ng possibly depending on i, j) such that

pij(m + nd) > 0, ¥n = ny. {4.3)

Proof, First observe that it suffices to prove this for i = j. Indeed. there exists m such that
pij(m) > 0. because j is accessible from i, the chain being irreducible, and therefore. if for
some ng > 0 we have p,;(nd) > 0 forall n > ny, then p,;j(m + nd) = pij(m)p;ind) > 0
for ali n > ng. The ged of the set A = {k > 1; p;;(k) > 0} is d. and A is closed under
addition. The set A therefore contains all but a finite number of the positive multiples of ¢
(see Theorem 1.1 of the Appendix). In other words, there exists ng such thatn > no implies

p;i(nd) > 0. d

5 Steady State

5.1 Stationarity

We now introduce the central notion of the stability theory of discrete-time HMCs.

Definition 5.1. Srationary Distribution
A probability distribution 7 satisfying

al=na'P (5.1)
is called a stationary distribution of the transition matrix P, or of the corresponding HMC.

The global balance equation (5.1) says that for all states ..

n(iy=) 72(iHpji (5.2)

Jek
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Iteration of (5.1) gives m” = n " P” forall n > 0, and therefore, in view of (1.7), if the initial
distribution v = 7, then v, = = for all n = (). Thus, 1f a chain is started with a stationary
distribution, it keeps the same distribution forever. But there is more, because then,

P(Xy=io, Xovry =i, Xope =1) = 7U0) Pigiy - - - Pir 1 (5.3)

does not depend on n. In this sense the chain is stationary. One also says that the chain is
in a stationary regime, or in equilibrium, or in steady state. In summary:

Theorem 5.1, Steady State
A chain started with a stationary distribution is stationary.

Remark 5.1. The balance equation 77 P = n7, together with the requirement that 7 be a
probability vector, i.e., 771 = 1 {where 1 is a column vector with all its entries equal to 1),
constitute when F is finite, |E| + | equations for | £| unknown variables. One of the | £
equations in 77 P = 77 is superfluous given the constraint 771 = 1. Indeed, summing up
all equalities of 7" P = 77 yields the equality 77 P1 = 771, thatis, 771 = 1. )

5.2 Examples

Example 5.1. Two-State Markov Chain
Take £ = {1, 2} and define the transition matrix

1 2
l1{]l—« o
p:z( ; lﬁ),

where o, 8 € (0, 1). The global balance equations are

a(l)y = a(1)(1 —a}+7(2)8,
7(2) = w(De + 7(2)(1 — B).

This is a dependent system which reduces to the single equation 7 (1o = 7 (2)8, to which
must be added 7({1) + 7(2) = | expressing that 7 is a probability vector. We obtain

B o
a(ly= ——, n(2)= ——. &
M=t 0=
Example 5.2. The Urn of Ehrenfest
The corresponding HMC was described in Example 2.6. The global balance equations are,

fori e [1, N — 1],

Jr(i)::r(i—l)(l——i;1)+x(i+l)%
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and, for the boundary states,
©) =75, 7(N) = 7N - D)=
T =T -, T = — —
N d N
Leaving 7(0) undetermined, one can solve the balance equations fori = 0,1,..., N

successively, to obtain
. N
a(iy=a{M| . |.
i

The value of 7(0) is then determined by writing that 7 is a probability vector:

N N N
1= 7i)=70)) (i ) = 7(0)2V.
i=0 i=0

This gives for 7 the binomial distribution of size N and parameter %

_ 1 (N
This is the distribution one would obtain by placing independently each particle in the
compartments, with probability % for each compartment. &

Example 5.3, Symmetric Random Walk
A symmetric random walk on Z cannot have a stationary distribution. Indeed, the solution

of the balance equation
1 l
a(i) = En(f -+ En(i +1)

for i > 0. with initial data 7{0) and m{1), is
(i) = m(+ (7w (1) — 7(0)) .

Since 7(:) € [0, 1], necessarily (1} — #(0) = 0. Therefore, 7(i) is a constant, necessarily
0 because the total mass of 7 is finite. Thus for all i = 0, and therefore, in view of the
global balance equation, for all i, (i) = 0, a contradiction if we want 7 to be a probability

distribution. <&

Example 5.4. Stationary Distributions May Be Many
Take the identity as transition matrix. Then any probability distribution on the state space
is a stationary distribution. &

Recurrence equations can be used to obtain the stationary distribution when the latter
exists and is unique. Generating functions sometimes usefully exploit the dynamics.
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Example 5.5. Repair Shop
This example continues Example 2.2. For any complex number z with modulus not larger

than 1, it follows from the recurrence equation (2.4) that
i AR (,(X.,~1>*+1) PP

= (ZX” 1{X,,>0} + Zl{x”:m) ZZ““

“ 2Za
= (ZX — Lix,=0 +21gx,,=0])‘. o,

and therefore

A A G Y [P AE s
From the independence of X, and Z,.,, E[z¥z%+] = E[z%]gz(z). where gz(z) is the
generating function of Z,.,, and E[1;y, 027+ ] = m(0)gz(2), where m(0) = P(X,, = 0).
Therefore,

ZE[z5] — g2(0)E[z] = (z — Dr(0)g2(2).

But in steady state, E[z¥~'} = E[z%"] = gx(z), and therefore

gx(2)(z — gz(2)) = m(O)(z — Dgz(2). (5.5)
This gives the generating function gx{z) = 3 /-, w(i)z', as long as 7 (0) is available. To
obtain m(0), differentiate (5.5):

25(2)(z — g2(2) + gx(2) (1 — g2(2)) = m(0) (g2(2) + (z ~ 1)g(D)} ,

and let z = 1, to obtain, taking into account the equalities gx(1) = gz(1) = 1 and
gz(1) = E[Z],
a0)=1- E[Z]. (5.6

Since {0) must be nonnegative, this immediately gives the necessary condition E[Z] < 1.
Actually, one must have, if the trivial case Z,,, = 1 is excluded,

E[Z] < 1. (5.7}
Indeed, if E[Z] = 1, implying 7 {0) = 0, it follows from (5.5) that
gx(x}(x — gz(x)} =0

for all x € [0, 1]. But excluding the case Z,,, = [ (that is, gz(x) = x), the equation
x — gz(x) = 0 has only x = 1 for a solution when g5(1) = E[Z] < 1 (see Chapter I,
Theorem 5.1). Therefore, gy(x) = 0 for all x € [0, 1), and consequently gx{z) = 0 on
{Iz] = 1}. This leads to a contradiction, since the generating function of an mteger-valued

random variable cannot be identically null.

We shall prove later that E[Z] < 1 is also a sufficient condition for the existence of
a steady state. For the time being, we learn from (5.5) and (5.6) that, if the stationary
distribution exists, then its generating function is given by the formula

(Z B l)gZ(Z) (58)

NV =(1— E[Z .
gnm (- ElZ)— >

&
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Example 5.6. Birth and Death with Two Reflecting Barriers
The Ehrenfest model is a special case of a birth-and-death HMC with reflecting barriers at

0and N. The state space of such a chainis E = {0, 1, ..., N}, and its transition matrix is
0
g 1 P
q2 2 P2
P= ' X
q: ri P
qu—1 Fn-1 PN-1

1 0

where p; > 0,4; > 0,and p; +¢; +r; = 1 forall statesi € [1, N — 1]. The global balance
equations for the states f € [1, N — 1] are

a(iy= pimin(i = D+ rim(i)+ qipz@ + 1),
and for the boundary states,
70y =n(l)gi, 7(N)=7a(N — D)py_1.

Of course, 7r must be a probability, whence

N
Zn(s) =1
n=>0
Writing r; = 1 — p; + g; and regrouping terms gives fori € [2, N — 1],
(i + Dgiwr —m(i)pi = w(i)gi — (i — 1)pio
and
(g —7(0) =0,
7(2g2 —w(Hpr = 7(l)g: — z(0).
Therefore, m{1)g; = 7 (0), and fori € [2, N — 1],
m(i)g =m(i — Dpiar-
This gives
1
a1} = 7(0)—,
1
and fori € [2, N,

PIPZ'"Pi—l. (5.9)

7{i) = n(0)
qrdr- - i
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The unknown 7(0) is obtained by 7 o 7w(i) = 1, that s,

1 e P
a1+ —+ g +M -1 (5.10)
41 Q192 qigq2 - gN-1gN

Example 5.7. Birth and Death with One Reflecting Barrier

The model is the same as above, except that the state space is £ = N, and therefore the
upper barrier is at infinity. The same computations as above lead to the expression (5.9) for
the general solution of 7" P = 7, which depends on the initial condition 7(0). For this
solution to be a probability, we must have 7(0) > 0. Also, writing > o, (i} = 1.

7(0) 1+—+ZM -1 (5.11)
71 qid2 G+l

Thus a stationary distribution exists if and only if

Z NV A TENY (5.12)
- 192 q;+l

Inthis case (i } is given by the expressions in (5.9), where 7 (0) is determuned by (5.1 . ¢

6 Time Reversal

6.1 Reversed Chain

The notions of time-reversal and time-reversibility are very productive, in particular in the
theory of Markov chains, and especially in Monte Carlo simulation (Chapter 7) and queuing

theory (Chapter 9).

Let { X, }x=0 be an HMC with transition matrix P and admitting a stationary distribution
a such that

a(i) =0 (6.1}
for all states {. Define the matrix Q, indexed by E, by
m(i)gi; = 7(/}pji- (6.2)

This matrix is stochastic, since
71’(1) 7(i)
qij = j (.])P::le,
; / Jez,; *r(l) (t) ; A

where the third equality uses the balance equations. Its interpretation is the foliowing:
Suppose that the initial distribution of {X,,) is 7, in which case foralln > 0,alli € E,

P(X, = i) = 7li). (6.3)
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Then, from Bayes’s retrodiction formula,

. , P(Xyet =11 Xy = JIP(Xy =)
P(Xy = 1 Xy = i) = et P(XI]_?) A3
1 —
that is. in view of (6.2} and (6.3),
PXy=Jl Xur =1) =¢qji. (6.4)

We see that Q is the transition matrix of the initial chain when time is reversed.

The following is a very simple observation that will be promoted to the rank of a thcorem
in view of its usefulness and also for the sake of easy reference.

Theorem 6.1. Reversal Test
Let P be a stochastic matrix indexed by a countable set £, and let = be a probability
distribution on E. Let Q be a stochastic matrix indexed by E such that for all /, j € E.

(g = TP (6.5)
Then 7 is a stationary distribution of P.
Proof. For fixed i € E, sum equalities (6.5) with respectto j € £ to obtain
> wlidg; =y -
jeE J€E
But the left-hand side is equal to (i) Zjesq,j = (i), and therefore, foralli € £,

(i)=Y w(Dpji m

JjEE

Example 6.1. Extension of a Stationary Chain to Negative Times

Time reversal can also be used to extend to negative times a chain {X,},»o 1n steady state
corresponding to a stationary distribution 7 such that (i) > 0 foralli € E. Sece Problem
2.6.2. &

6.2 Time Reversibility

Definition 6.1. Reversible Chain
One calls reversible a stationary Markov chain with initial distribution 7 (a stationary
distribution) assumed positive if for all 7, j € E,

m(iyp; =7 (6.6)

Inthiscase, g;; = p;;. and therefore the chainand the time-reversed chain are statistically
the same, since the distribution of a homogeneous Markov chain is entirely determined by
its initial distribution and its transition matrix (Theorem 1.1). Equations (6.6) arc called the
detailed balance equations. The following is an immediate corollary of Theorem 6.1.
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Corollary 6.1. Detailed Balance Test

Let P be a transition matrix on the countable state space E, and let @ be some probability
distribution on E. If for all i, j € E, the detailed balance equations (6.6) are satisfied, then
7 is a stationary distribution of P.

Example 6.2. The Urn of Ehrenfest
This example continues Examples 2.6 and 5.2. Recall that we obtained the expression

=5(7)
fr(r)—zw ;

for the stationary distribution. Checking the detailed balance equations
T(piitt = 70+ Dpigi

i1s immediate. <&

Example 6.3. The Generalized Mouse

The reason for the title of this example is that it is an abstract form of the motion of a mouse
in a maze; see Example 3.2. However, the professionals call this a random walk on a graph.
Constder a finite nonoriented graph and call E the set of vertices, or nodes, of this graph.
Call d; the number of edges “adjacent” to node {. Transform this graph into an oriented
graph by splitting each edge into two oriented edges of opposite directions, and make it a
transition graph by associating to the oriented edge from / to j the transition probability dl
(see Fig. 2.6.1).

o 4
O

Figure 2.6.1. A random walk on a graph

It will be assumed, as is the case in Figure 2.6.1, that d; > O for all statesi. A stationary
distribution {in facl, the stationary distribution, as we shall see later, in Chapter 3) is given

by
d;

ZjGE df-

(i) =



7 Regeneration 83

For this, we can use Corollary 6.1, making the insider’s guess that the chain is reversible.
We just have to check that

] L
m{i)y—=n{J)}—-
(i) 7 (J} 7
Hence we have obtained the stationary distribution and proved the reversibility of the
chain. <&

Example 6.4. Birth and Death
One verifies that for both Examples 5.6 and 5.7, when the stationary distribution 7 exists,

the detailed balance equations 7 (i)p; = 7(i + 1)g;+; hold foralli € E. <

7 Regeneration

7.1 Strong Markov Property

Definition 7.1. Stopping Times

A stopping time with respect to a stochastic process {X,}n=0 is. by definition, a random
variable T taking its values in N U {+o0} and such that for all integers m > 0, the event
It = m} can be expressed in terms of Xy, Xy, .... X,

The latter property is symbolized by the notation

{t =m)e Xy (7.1)

When the state space is countable, (7.1) means that
l{r:m] = II/,H(X(), DRI Xm)‘
for some function v, with values in {0, 1}.

Example 7.1. Return Times
In the theory of Markov chains, a typical and most important stopping time 1s the refurn

fimetostate i € E,

T,=infin=1; X, =i}, (7.2)
where T; =— oo if X, # i forall n > 1. Itis indeed a stopping time. Do a direct proof, or
wait for Example 7.5. &

Observe that 7} > 1, and in particular, Xo = i does not imply T; = 0. This is why 7; is
called the return time to i, and not the hitting time of i. The latteris §; = T; if Xo # 1, and
§. = 0if X = i. It is also a stopping time.

Example 7.2. Deterministic Times
A constant time is a stopping time (check this). <
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Example 7.3. Delayed Stopping Times
If 7 is a stopping time and 1y a nonnegative deterministic time, then 7 +ny is a stopping time.
Indeed, {v +ng = m} = {t = m —ng} isexpressible in terms of Xo, X1, ... Xowppe ©

For a given stopping time 7, one can decide whether T = m just by observing Xo, X1,
..., X,,. This is why stopping times are said to be nonanticipative.

Example 7.4. Counterexample
The random time
= inf{n>0 X, =i},

where T = o0 if X, # i for all n > 0, is anticipative because {t = m} = {X, #
iy Xy # 0. Xpmer = i) forall m > 0. Knowledge of this random time provides
information about the value of the process just after it. It is not a stopping time. <

Example 7.5. Successive Returns
Let 1y = 7;. 72, ... be the successive return times to state {. If there are only r returns to
state i, let 1,1 = 7,47 = - - - = 00. These random times are stopping times with respect to

{ X, }n=0. since forany m > 1,
m
(=m=1> Loy =k Xp=i
n=1
is indeed expressible in terms of Xg, ..., X, &

Let 7 be a random time taking its values in N U {+oc}, and let { X, },=0 be a stochastic
process with values in the countable set E. In order to define X, when v = o<, one must
decide how to define X.. This is done by taking some arbitrary element A not in £, and

setting
X = A

By definition, the “process (X ,} after 77 is the stochastic process
{Xntzln=0

The “process { X, } before 1. or the “process {X,} stopped at time 7.” is the process
{X nAtT }nz()!

which freezes at time 7 at the value X,.

The main result of the present section roughly says that the Markov property, i.e. the
independence of past and future given the present state, extends to the sifuation where the
present time is a stopping time. More precisely:
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Theorem 7.1. Strong Markov Property

Let {X,},>0 be an HMC with countable state space £ and transition matrix P. Let T be a
stopping time with respect to this chain. Then for any state / € E, given that X, =i (in
particular, T < 0¢, since i # A), the following hold:

() The process after T and the process before ¢ are independent.
(B) The process after t is an HMC with transition matrix P.
Proof. () One must show that for all times £ > 1,n = 0, and all states i, ..., ino i,
Juseees Jis
P(Xeoi = jloee Xerio = x| Xe =i, Xono = do o Koo = i)
= P(Xeq1 = jiaooon X = Ju | Xo = ). (7.3)
We shall prove a simplified version of the above equality, namely
P(Xepp = j | Xe =i, Xenn = i) = P(Xoqu = j | X: =0} (7.4)

(The general case would be obtained by similar arguments.) The left-hand side of the above

equality is equal to
P(Xr+k = j’ XT - i° X!’An = l”)

P(X: =1, Xenn =in)

The numerator of the above expression can be developed as

S PE=r Xk = j X, =4 X = ). (7.5)

r=0

But Pt =r. Xopi = j, Xr =i. Xonn =ln)= P(Xek = J | X, =i, Xepn = lp.T=7)
Pt =r. Xpnn = in, X, = i), and since r An < r and {r = r} € Xj. the event
B = {X,nn = in, T = r}is in X]. Therefore, by the Markov property, P X, =JI1X =
i Xong = in, T =1} = P(X,4x = j| X, = i) = pi;(k). Finally, expression (7.5) reduces
1o

> PP =1, Xean = iny Xp = 1) = iR PXeais Xenn = in)-

rz0
Therefore, the left-hand side of (7.4) is just p;;(k). Similar computations show that the
right-hand side of (7.4) is also p;;(k), so that (@) is proven.

(8) We must show that for all states i, j, k, in-1, ... 01,
P(Xr+rt+1 =k 1 Xr+n - j9 Xr+n—] = l.n_[, N Xf = l)
= P(Xiint =k| X = ]) = Pjk-

But the first equality follows from the fact proven in («) that for the stopping time ' =1+n,
the processes before and after t’ are independent given X, = J. The second equality is
obtained by calculations similar to those in the proof of («). ]
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7.2 Regenerative Cycles

Let the number of visits to state / strictly after time 0 be denoted by

Ny =Y lix, =i (7.6)

n>l

Theorem 7.2, Fisits to a State
The distribution of N; given X = j is

v VN = fiy forr = L
PilNi=r)= 1— fi forr =0, (7.7
where
fii = Pi(Ti < ) (7.8)

and 7; is the return time to i.

Proof. Forr = 0, this is just the definition of fj;. Now letr > 1, and assume (7.7) to be
true for all & < [1, r}. In particular,

PiN:i>r)=1- Z PiN, =k)= fufi
k=0
Denoting by 7, the rth return time to state /,
PJ,‘(NI' =r -+ 1) = PJ(N,' =r+ 1, ,Xl—,_1 = i)

Pt — T =00, Xy, = i)
Pty — T4 =00 | Xy, = DPH(X,,, = i)

But

Pi(trs2 — T4 =0 | Xy, =) = P(tr2— T =00 | X, =i, Xo =)
=P -t =00 Xe, =)

by the strong Markov property. Since 7,42 — 7,4 is the return time to { of the process after
7,41, the strong Markov property gives

P(t2 = Tyt = 00| Xo., = 1) = P(T; = 50| Xo = ).

Also,
PJ,'(XI-‘__l = l) = P_',(N, > r)

(f N; =r,then X, = X, = A € E). Therefore,
PAN; =1+ 1y = P(T; = 00} Pi(N; > r) = (1 — fi) fi fi:-

The result is therefore proven, by induction. o
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The distribution of N; given Xo = j and given N; > 1 is geometric (exercise). This has
two main consequences. Firstly,

PAT; < 30} =1 & P(N; = ) = L.

In words: if starting from i you almost surely return to i, then you will visit i infinitely
often. Secondly, we have

EN] =Y rPWN;=n=) rfil—fi)= l—f—f

r=1 r—1

In particular,
P(T, <o0) < | & E|[N:] < 2.

We collect these results for future reference.

Theorem 7.3. Recurrence
For any state i € E,
PAT;, <o0) =1« PN, =00) =1, (7.9

and
PAT: < 50) < 1 & P{N; = o) = 0 & Ej[Ni] < 0. (7.10)

In particular, the event {N; = oc} has P;-probability O or 1.

Consider a Markov chain with a state conventionally denoted by 0 such that Py(Ty <
o) = 1. In view of the last theorem, the chain starting from state 0 will return infinitely
often to this state. Let 7y = 7o, 7z, . . . be the successive return times to 0, and set tp = 0.

By the strong Markov property, for any & > 1., the process after 7; is independent of the
process before 7, (observe that condition X, = 0 is always satisfied), and the process after
7 is a Markov chain with the same transition matrix as the original chain, and with initial
state 0, by construction. Therefore, we have the following

Theorem 7.4. Regenerative Cycle Theorem
Let {X,]n50 be an HMC with an initial state O that is almost surely visited infinitely often.
Denoting by 7o = 0, 7y, T2, . . . the successive times of visit to 0, the pieces of trajectory

{Xru Xl'*+la s an—l]!k =0,

are independent and identically distributed.

Such pieces are called the regenerative cycles of the chain between visits to state 0.
Each random time 1; is a regeneration time, in the sense that {X;, i }n>0 is independent of
the past Xg. ..., X¢ and has the same distribution as { X, },>¢. In particular, the sequence
{l’k — Ti—] ]kzl is Lid.
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Example 7.6. Returns to Zero of the 1-D Symmetric Walk

Let 1y = Tp, 7o, . . . be the successive return times to state 0 of the random walk on Z of
Example 2.1 with p = % We shall admit that Po(Ty < oc) = 1, a fact that will be proven
in the next chapter, and obtain the probability distribution of T given X = 0.

Observe that forn > 1,

Po(Xan =0} =Y Polti = 2n),
k=1

and therefore, for all z € C such that |z] < I,
D P(Xow = 02" =Y Py(me = 2n) = Y Eofz®].
n=l k=1 n>] k=1

Butr, = 71 +(ro — 1)+ - -+ (1x — 1z, ) and therefore, in view of Theorem 7.4, and since
T = TU.
Epfz™] = (Eo[z"].

In particular,
1

Po(Xow = 02" = ————r
Z O( 2 )Z I—E{)[ZTO}

n=>0

{note that the latter sum includes the term for n = 0, that is, 1). Direct evaluation of the

left-hand side yields
1 2n)! 5, 1
Z 20 inl < T

n=0 -z

Therefore, the generating function of the return time to 0 given Xop = 0 is
Eolz")=1-+v1-2%

z
Vi=22
tends to oc as z — 1 from below via real values. Therefore, by Abel’s theorem (see Theorem
[.2 of the Appendix),

Its first derivative

Eo[Tp] = o0.
We see that although given Xy = 0 the return time is almost surely finite, it has an infinite
expectation. <
Problems

2.1.1 An HMC {X,},-o with state space E = {0, I, 2} has the following transition matrix:

0 1 2

0702 05 03
P=1101 01 08
2305 02 03
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Draw its transition graph and “read” from it P(X5 = 11 Xo = 1)and P(X7 =2 X4 =0).

2.1.2 For an HMC {X,}.»o with state space E, prove that for all n € N, and all states
foy i1y v dn—12 i 1. 2 € E,

P(Xym2 = j21 X1 = jl |Xn =i Xp1 = bnlyvees XD = iy)

= P(Xp42 = j2, Xngt = Ju| Xn = D),
whenever both sides are well-defined.

2.1.3 The Markov property does not imply that the past and the future are independent given
any information concerning the present. Find a simple example of an HMC {X,;}.>0 with
state space E == {1, 2, 3, 4, 5, 6} such that

P(X,=6|X,€{3.4),Xog=2)# P(Xz: =6|X, € {3,4}.

2.1.4 Consider N balls numbered from 1 to N and placed in two urns A and B. Suppose
that at stage n, urn A contains X, balls. One then chooses a ball among the N balls at
random (we may suppose that the balls are numbered and that a lottery gives the number of
the selected ball, which can be in either of the two urns}, and then chooses an urn, A with
probability p, B with probability ¢ = 1 — p. The selected ball is then placed in the selected
urn, and the number of balls in urn A is now X, ;1. Show that {X,}x>0 is an HMC, and give
its transition matrix.

2.1.5 Let (X, }n»0 be an HMC with state space E and transition matrix P. Let t be the
first time 1 for which X, # Xg, where T = +o0 if X, = Xo for alln > 0. Compute
Elr| Xg = i]in terms of p;;.

2.1.6 Let {X,}x>0 be an HMC with state space £ and transition matrix P, and let £ =
3 oo, Ag be apartition of E. Define the process {f{n]nzg with state space E= {i, 2,..1 by
X, = k if and onty if X, € A,. Show that a necessary and sufficient condition for {i’n}nzo
to be an HMC for any initial distribution yt of {X,}s»0 is that 3 ;_,, pi; be independent of
i € Ay for all £, £, and that in this case, ﬁﬁ = Z‘,EA? pij(anyi € Ay) is the general entry

of the transition matrix P of {fi’,, }uzo

2.2.1 Give the transition matrix of the HMC in Example 2.3 (Inventory} with the parameters
s =2, 8 = 5, and the following probability distribution for the demand: P(Z = i) = é for
alli € [0, 4].

2.2.2 In Example 2.4 {Branching Process), let gz(z) be the generating function of any one
of the i.i.d random variables {Z,{;')]nzl_jzl. Show that the (f, /)th entry p;; of the transition
matrix of { X, }n»o is the coefficient of z/ in (gz(2)) .

2.2.3 Let {Z,},»| be an i.i.d sequence of geometric random variables: For k = 0, P(Z, =
k) = (1 — p)p, where p € (0, 1). Let X,, = max(Xo, Zy, ..., Z,) be the record value
at time #, and suppose Xo is an N-valved random variable independent of the sequence
{Zy)}p>1- Show that {X,}.z0 is an HMC and give its transition matrix.
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2.2.4 Let {X,},=0 be an HMC with state space E and transition matrix P. Define for L >
1.¥, =(X,, Xpstv ..., Xyer). Theprocess {¥, ), takes its valuesin F' = {{iy, .. ., i) e
EYY: pii iy - Piy i, > 0} Prove that {¥,,},>0 is an HMC and give the general entry of
its transition matrix. (The chain { Y}, -0 is called the snake chain of length L + 1 associated
with {X,},-0.) This problem is continued in Problems 2.4.6 and 2.5.2.

2.2.5 In certain digital communication systems, a sequence of 0’s and 1’s (bits) is encoded
into a sequence of 0°s, +17s, and —17s as follows. If the input sequence contains a 0, the
output sequence contains a 0 at the same place. If the input sequence contains a 1. then the
output scquence will have a —1 or a +1. The choice between — | and +1 is made in such a
way that —1’s and + 1’s alternate in the output sequence. The first | is encoded as +1. For
instance. 011101 becomes 0, +1, —1, +1, 0, —1. Find an automaton with four states +1,
-1, 0., and O_ for which the sequence of visited states, not counting the initial state (.,
is exactly the encoded sequence (where 0, and 0_ are rewritten as 0) when it is fed by the
input sequence.

Suppose that the input sequence is i.i.d. with 0 and 1 equiprobable. The sequence
of states visited by the automaton is then an HMC. Compute its transition matrix P, its
stationary distribution 7, and its iterates P". Call [¥,},»o the output sequence (taking its
values in {0, —1, +1)). Compute lm, oo { E[ Vs ¥usx] — E[Ya]E{Vase]} forall &k = 0.

2.2.6 Prove Theorem 2.2.

2.3.1 Rat and Cat move between two rooms, using different paths. Their motions are
independent, governed by their respective transition matrices

1 2 1 2
1 /02 08 1 /03 0.7
2V08 02) 2\06 04)
Cat starts from room 1, Rat from room 2. If they are ever in the same room, Cat eats Rat
How long will Rat survive on the average?

2.3.2 Give a Markovian model of a rie-break between two tennis players with the respective
probabilities o and 8 of winning a point on their own service. Compute the probability that
A wins when he starts serving. How long will the tie-break last on average when A starts
serving? (Recall the rules of a tie-break when A starts serving: A has one service then 8
has two; A has two, etc. The first player with 7 points and at least 2 points ahead wins. If a
player reaches 7 points with only a 1-point advantage, the tie-break continues until one of
the players makes a break of 2 pomnts.)

2.3.3 Three characters, A, 8, and C, armed with guns, suddenly meet at the corner of a
Washington, D.C., street, whereupon they naturally start shooting at one another. Each
street-gang kid shoots every tenth second, as long as he is still alive. The probability of
a hit for A, B, and C are o, 8, and y respectively. A is the most hated, and therefore, as
long as he is alive, B and C ignore each other and shoot at A. For historical reasons not
developed here, A cannot stand B, and therefore he shoots only at B while the latter is still
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alive. Lucky C is shot at if and only if he is in the presence of A alone or B alone. What
are the survival probabilities of A, B. and C, respectively?

2.3.4 Let (X, },»¢ be a homogeneous MC with state space £ = {1, 2,3, 4} and transition

matrix
1 2 3 4

1/02 03 05 0
2 0 02 03 05
=3]05 0 02 03

4003 05 0 02

What is the probability that when starting from state 1, the chain hits state 3 before it hits
state 47

P

2.3.5 Compute the mean duration of the game in Example 3.3.

2.4.1 Consider the chain of Example 1.1 (Machine Replacement) and suppose that P(U <
oc) = 1. Show that it is irreducible and that its period is d = ged{n = 1, P(U, =n) > 0}

2.4.2 Show that a necessary and sufficient condition of irreducibility of the chain of Example
2.2 (Repair Shop) is that P(Z, = 0) > 0 and P(Z, > 2} > 0.

2.4.3 Show that the transition graph in Figure P 2.4.3 is irreducible. Find its period and its

cyclic classes.

T
0! ;

Figure P 2.4.3

24.4 Let P be an irreducible transition matrix on the finite state space E. Show that a
necessary and sufficient condition for P to be aperiodic is the existence of an integer m such
that P has all its entries positive.

2.4.5 Show that an irreducible transition matrix P with at least one state { € E such that
pii > 0 is aperiodic.

2.4.6 Consider the snake chain of Problem 2.2.4. Show that if { X, },>¢ is irreducible, then
50 is {¥,}a=0. Compare the periods of these two chains in the irreducible case.

2.4.7 Let P be an irreducible transition matrix on the countable state space E. Letd be its
period. Show that the restriction of P¢ 1o any cyclic class is aperiodic.
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2.5.1 Give the stationary distribution of the HMC with state space £ = {1, 2, 3} and tran-
sition matrix

I 2 3

1 /] —« o 0

P=2 0 1-5 B
3 y 0 1 —y

wherc o, 8.y € (0, 1),

2.5.2 Consider the snake chain of Problems 2.2.4 and 2.4.6. Show that if {X,},.¢ has a
stationary distribution 7, then {¥,},-¢ also has a stationary distribution. Which one?

2.5.3 Prove that the HMC of Problem 2.2.3 cannot have a stationary distribution.

2.6.1 Consider the following process { X, },>0 taking its values in M. It is constructed from a
sequence {{/,),= of 1.i.d random variables taking their values in N* = {1, 2, ...} and from
the initial state X;, a random variable taking its values in N, and independent of {{/,},>;.
The process { X },-0 decreases by 1 every unit of time, except when it has reached statc 0.
Then, if it is the kth time it has reached 0. it jumps to the value U, — 1. Prove that this s
an trreducible HMC and give its transition matrix. Show that it admits a unique stationary
distribution 7 iff £[{/;] < o0, and give an expression for 7 in terms of the distribution of
{/;. In this case, what is the reversed chain? Do you recognize it?

2.6.2 Let {X,}),>0 be an HMC on the state space £ with transition matrix P, and suppose
that P(Xq = i) = ={i) > O foralli € E, where 7 is a stationary distribution. Define the

matrix Q = {qi;}; jer by 7({)q:; = m(j)pj;- Construct (X _,],= by
PX_ =i Xx=in ... X =i | Xo=0X1=j1,....Xu=j»)
= P(X 1= f]. X,g = i] ..... X,;; = ik | X(] = 1) = Qf!'\q!'\h - --q," i
forallk = l,n > 1,i,4,.... {ey J1a ooy Jn € E. Show that {X,}iez 18 an HMC with
transition matrix P and that P(X, = i) = a({), foralli € E,alln € Z.
2.6.3 Is the HMC of Problem 2.5.1 reversible?

2.6.4 Let P be a transition matrix on the countable state space £, with the positive stationary
distribution 7. Let A be a subset of the state space, and define the truncation of P on A to
be the transition matrix Q indexed by A and given by

qij = Pij lflj € A, i #‘],

i = Pii + ZPM-

keA

Show that if (P, ) is reversible, then so is (Q, ﬁ)

2.7.1 Let {X,},>0 be an HMC on the state space E with transition matrix P. Define the
sequence {7y }x=o recursively by rp = O and fork > 0,

Ty = inf{n >+ L X, # X(n)}
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(= +ocif iy = corif X, = X(n) foralln > o + 1). Show that forallk > 0, 7y isa
stopping time of {X,},»0. Define foralln > 0, ¥, = X(1,) (= A ¢ Eifr, =oc). Show
that (¥, }.>0 is an HMC, and give its state space and transition matrix.

2.7.2 Let { X, }n=0 be an HMC on the state space £ with transition matrix P. Let {ts}¢>
be the successive return times to a given subset F C E. Assume thesc times almost surely
finite. Let Xy = 0 € F, and define ¥, = X(z,). Show that {¥,},=¢ is an HMC with state
space F.

2.7.3 Let { X, },=0 be an irreducible HMC with state space £ and transition matrix P. Let
H be a subset of E x E. One says that a transition of type  is observed at time & if
(Xe—1, Xp) € H. Let 7(0). (1), ... be the sequence of times of transitions of type H, with
7(n) = 400 if the total number of transitions of type H is less than or equal to 2. Observe
that 7(0) > 1, since X _; is not defined. Define for each n = 0, ¥, = X(z,)if 1, < o¢, and
Y, = A, an arbitrary element outside E, if 7, = oc. Suppose that Z“‘j,eh, pi; > 0. Show
that for some subset £ ¢ E, to be identified, (¥, },-0 is an irreducible HMC on EUIA)
Compare with Problems 2.7.1 and 2.7.2.



CHAPTER3

Recurrence and Ergodicity

1 Potential Matrix Criterion

1.1 Recurrent and Transient States

Consider a Markov chain taking its values in E = N. There is a possibility that for any
initial state ; € N the chain will never visit i after some finite random time. This is often
an undesirable feature. For example, if the chain counts the number of customers waiting
in line at a service counter (we shall see Markovian models of waiting lines, or queues, at
different places in this book), such a behavior implies that the waiting line will eventually
go beyond the limits of the waiting facility. Ina sense, the corresponding system is unstable.

The good notion of stability for an irreducible HMC is that of positive recurrence, when
any given state is visited infinitely often and when, moreover, the average time between
two successive visits to this state is finite. The principal problem is to find sufficient, and
maybe necessary, conditions guaranteeing stability. We begin with the potential marrix
criterion (necessary and sufficient condition), which is of mainly theoretical interest, and
the stationary distribution criterion. Further conditions, such as Foster's theorem, will be

given in Chapter 5.

For the time being, we introduce the relevant definitions. First recall that 7; denotes the
retyrn time to state .

Definition 1.1. Recurrence and Transience
State { ¢ E is called recurrent if

PAT; < 0) =1, (1.1)
and otherwise it is called transient . A recurrent state i € E is called positive recurrent if

E[Ti] < o0, (1.2}

95
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and otherwise it is called null recurrent.

Example 1.1. Success Runs

The rule of the game is the following: A coin is tossed repeatedly, and whenever the result
is tails (probability ¢ = 1 — p), you go one step up the ladder, but if the result is heads,
you fall all the way down. It X, is your position at time n, {X,},-( forms a homogeneous
Markov chain with state space £ = N and is a special case of the chain with the transition
graph in Figure 3.1.1.

1 = po 1= Lo p /_}

Figure 3.1.1. Transition graph of the success-runs chain

The state space of the chain of Figure 3.1.1 is £ = [, and we impose the condition
pi e (0. D foralli € E,

which guaranteees irreducibility. We shall compute the probability of retuming to state 0
and the mean return time to state 0. and from the expressions obtained. we shall deduce the
nature of state Q.

There is just one way of going from state 0 to state 0 in exactly n steps. The corresponding
pathis 0,1,2, ..., n— 1,0, and therefore Po(Ty = 1) = pg.and forn > 1,

Poiho=n)=(1—po)- {1 = pu_2)pu_t.
Defining ug = 1. and forn > 1,
Up = (l - PU) v (l - Pnfl)-

we see that
PO(TO = ”1) = Uy — Uy

Since

oC m
Po(Ty < 50) = ) PolTy = m) = lim 3 Po(Ty = n) = lim (1 — uy),
n=1 n=1
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we have
m—1

Po(Ty < o0)=1— lim I — pi)
o(Ty < o) mmg( pi)

Therefore, in view of a classical result on infinite products (see Theorem 1.9 of the Appendix)

o0 20
P(Ty<x)=1o[Jd-p)=0e > p=cc o
i=0 i=0

In general, it is not easy to check whether a given state is transient or recurrent. One of
the goals of the theory of Markov chains is to provide criteria of recurrence. Sometimes,
one is happy with just a sufficient condition, or a necessary condition.

The problem of finding useful (easy to check) conditions of recurrence is an active
area of research. However, the theory has a few conditions that qualify as useful and are
applicable to many practical situations. Although the next criterion is of theoretical rather
than practical interest. it can be helpful in a few situations, for instance in the study of
recurrence of random walks (see Examples 1.2 and 1.3 below).

1.2 Potential Matrix

The potential matrix G associated with the transition matrix P is defined by

G:ZP”.

=0

Its general term

20 [s ¢} 20 o0
gij = ZPU’(”) =Y P(X,=j)= ZEi[l{X,,:j}] = E |:Z 1{x,l=j]:|
n=0 n=() n=0 r=0
is the average number of visits to state 7, given that the chain starts from state i

Theorem 1.1. Potential Matrix Criterion
State i € E is recurrent if and only if

X
> puln) = cc. (1.3)
n=0

Proof. Theorem 1.1 merely rephrases Theorem 7.3 of Chapter 2. t

Example 1.2. /-D Random Walk
The corresponding Markov chain was described in Example 2.1 of Chapter 2. The nonzero

terms of its transition matrix are

piipi =p. piict=1-—p,



98 3. Recurrence and Evgodicity

where p € (0, 1). We shall study the nature (recurrent or transient) of any one of its states,
say, 0. We have pgp(2rn + 1) = 0 and

2n)!
poo(2n) = (2n)

nln!

pn(l _ p)!l.

By Srirling’s equivalence formula n! ~ (n/ey"/ 2 n, the above quantity 1s equivalent to

[4p(1 — P)]", (1.4)
Jn
and the nature of the series > -, poo(n) (convergent or divergent) is that of the series with
general term (1.4). If p # %, in which case 4p(1 — p) < 1, the latter series converges,
and if p = %, in which case 4p{1 — p) = 1, it diverges. In summary, the states of the 1-D
random walk are transient if p # 1. recurrent if p = 1.

Example 7.6 of Chapter 2 shows that for the symmerric {(p = %) 1-D random walk, the
states arc in fact nuf! recurrent. &

Example 1.3. 3-D Symmetric Random Walk
The state space of this HMC is £ = Z>. Denoting by e, €2, and 3 the canonical basis vectors
of R (respectively (1, 0, 0),(0, 1, 0). and (0, 0. 1}). the nonnull terms of the transition matrix
of the 3-D symmetric random walk are given by
1
Proxde, = 6
We elucidate the nature of state, say, 0 = (0, 0, 0). Clearly, ppo(2n + 1) = 0 foralln = 0,

and {exercise) 2
B 2n)! 1\
poo(2n) = Z (@1l n —i— ) (6) .

O<i+j<n

This can be rewritten as
1 {2n n! 2O\
2n) = — — ) (=] .
pon(2n) 0<;<n 22”(r1) (i!j!(n—i—j)!) (3)

Using the trinomial formula

Z n! lﬂ—l
ijn—i—jHr\3z/

O<i+f<n
we obtain the bound
) < K 1 /2n 1y
n — -] .
Poo = Bro 3
where
K — n!
n

O<itj=n it jlin —i — j)
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For large values of n. K, is bounded as follows. Let iy and jo be the values of i, j that
maximize n!/(i! j%(n + j)!) in the domain of interest 0 < i 4+ j < n. From the definition of

ip and jy. the quantities
n!

(io — DYjolln — ig — jo + DY,
!

(o + Djol(n —io — jo — 1),

n!

ialCo — DM — o — jo + DI,
n!

io'Go+ Dt — i — Jo— DY’

are bounded by
n!

io!jol(n — io — jo)!

The corresponding inequalities reduce to
n—-ig—1<2jg<n—ig+landn— jy-1=2ipg<n-—jo+1,

and this shows that for large n, ig ~ n/3 and jy ~ n/3. Therefore, for large n.

(201) ~ n! (2.'1)
PO ™ A3y 2 \ o )

By Stirling’s equivalence formula, the right-hand side of the latter equivalence is in turn
equivalent to
343

2wyt

the general term of a divergent series. State 0 is therefore transient. &

Supposc that state i € E is recurrent, and accessible from state j € E. That is, starting
from J, the probability of visiting / at least once is positive (accessibility of i from j), and
starting from ¢, the average number of visits to ¢ is infinite (recurrence of {). Therefore,
starting from j the average number of visits to  is infinite:

Ei(N:1= pji(n) = oo

A=l

Similarly, if i is transient, then for any state j € E,

E;IN] =) puln) < oo

n=|
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1.3 Structure of the Transition Matrix

A theoretical application of the potential matrix criterion is to the proof that recurrence is a
(communication) class property.

Thearem 1.2. Recurrence Is a Class Property
If i and j communicate, they are either both recurrent or both transient.

Proof, By definition, i and j communicate if and only if there exist integers M and N
such that p,;(M) > 0, py(N) > 0. Going from { to j in M steps, then from j to j inn
steps, then from j to i in NV steps, is just one way of going from / backto i in M +n+ N
steps, Therefore, p;;(M +n + N) = p(M)p;;{(mdp;i(N). Simtlarly, p;;(N +nr+ M) >
p;i{Nypii(n)pi;(M). Therefore, writing & = p;;(M)p;{N} (a strictly positive quantity),
we have p;;(M + N 4+ n) = ap;(n) and p;;(M + N 4+ n) = ap;(n). This implies that
the series 3 o pi;(n) and Y.~ o p;;(n) either both converge or both diverge. Theorem 1.1
concludes the proof. U

It will be proven later in this chapter that positive recurrence (resp., null recurrence) is
also a class property, in the sense that if states i and j communicate and if one of them is
positive recurrent (resp., null recurrent). then so is the other.

An irreducible Markov chain has therefore all its states of the same nature: transient,
positive recurrent, or null recurrent. We shall therefore call it a transient chain, a positive
recurrent chain, or a null recurrent chain, and to determine to which category it belongs. it
suffices to study one state, selecting the state for which the computations seem easiest (such
as state 0 for the chain of Example 1.1).

It follows from the above discussion that there are two types of communication classes:
the transient classes and the recurrent classes. Call T the set of all transient states and R the
set of all recurrent states. The set R may be composed of several disjoint communication
classes Ry, Rz, etc. Any recurrent communication class, R; for instance, is closed. Indeed,
if the chain goes from i € R, to some j € E, it will have to come back to i, since
{ is recurrent, and therefore | and j must communicate, so that j must be in R;. The
communication structurc of a transition matrix is therefore as shown in Figure 3.1.2.

2 Recurrence and Invariant Measures

The notion of invariant measure plays an important technical role in the recurrence theory
of Markov chains. It extends the notion of stationary distribution.

Definition 2.1. nvariant Measure.
A nontrivial (that is, nonnull} vector x = {x;};cg 18 called an invariant measure of the

stochastic matrix P = {p;;}; jog ifforalli € £,

xi €0, 00) 2.1)
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P: bom = 4 = = == = = - = 4
0,0 Py, 0 | R
_ T
Figure 3.1.2
and
X = ij'pj,'. (22)
Jjek

(In abbreviated notation, 0 < x < ocandx” P = xT.)

Theorem 2.1. Regenerative Form of Invariant Measure
Let P be the transition matrix of an irreducible recurrent HMC [ X, },»¢- Let O be an arbitrary
state and tet Ty be the return time to 0. Define forall i € £

x; = Eg \iz l[X,,=E}1{n5T0}1| (2.3}
n=1
(Fori # 0, x; is the expected number of visits to state { before returning to 0). Then, for all
iek,
x; € (0, 00), (2.4)

and x is an invariant measure of P.

Observe that for n € [t, Tp], X, = 0 if and only if n = 7. Therefore,
xo=1. (2.5)
Also, Yrop oot Lot inetot = Lot | ier Lixomit | linsmp = Znzi Linsny = Too

and therefore
> xi = EolTu) 2.6)
ek

For the proof of Theorem 2.1, we introduce the quantity

oro(m) E Eollpp o linery] = Po(X) £ 0, Xat £0. X, =10). (2.7



102 3. Recurvence and Ergodicity

This is the probability, starting from state 0, of visiting / at time r before returning to 0.

From the definition of x,
5= opoiln). (2.8)

n>1

Proof. (of Theorem 2.1) We first prove (2.2). Observe that
oPoi(1) = po: (2.9)
and, using first-step analysis, for all n > 2,

opo(ny =Y opoyin— Dpy (2.10)
J#0
(see Problem 3.2.1). Summing up all the above equalities, and taking (2.8) into account,
we obtain

Xi = po + ijpjh
J#0

that 1s, (2.2), since xg = 1 {see (2.5)).

Next we show that x; > 0 foralli € E. Indeed. iterating (2.2), we find x7 = x7 P,
that is, since xy = 1,

X = ijpji(n) = poi(n) + Zx_,ipji(n)-
JeE i#0
If x; were null for some i € E, i # 0, the latter equality would imply that pyi{n) =
0 forall » > 0. which means that 0 and / do not communicate, in contradiction to the
irreducibility assumption.

It remains to show that x; < oo forall i € E. As before, we find that

l=xp = lepjo(”i)
jeE
for all n > 1, and therefore if x; = oo for some i, necessarily p;p(n) = O foralln > |, and
this also contradicts irreducibility. O

Theorem 2.2, Unigueness of invariant Measure
The invariant measure of an irreducible recurrent stochastic matrix is unique up to a multi-

plicative factor.

Proof. In the proof of Theorem 2.1 we showed that for an invartant measure y of an
irreducible chain, y; > 0 for all i € E, and therefore, one can define, forall i, j € E, the
maltrix Q by
Yi
qji = —Pij- (211
¥i
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It is a transition matrix, since 3,5 ;i = 3 Yrep YiPij = 5+ = 1. The general term of
Q'is '
Yi
gji(n) = vf‘_Pu(H)- (2.12)
ST
Indeed, supposing (2.12) true for n,

Y Yi
giln+ 1) = Y qpquln) = > %ijﬂpik(ﬂ)

keE ke Yi

v yi
= Z pimIpy = = pij(n + 1),
Yi keE Yi

and (2.12) follows, by induction, forall # > 1.

Clearly, Q is irreducible, since P is irreducible (just observe that g;;(n) > 0 if and
only if p;;(n) > 0 in view of (2.12)). Also, pii{n) = g;;(n), and therefore 3, g;:(n) =
¥ 40 Pii{n), and this ensures that Q is recurrent by the potential matrix criterion. Call g;;(m)
the probability, relative to the chain governed by the transition matrix Q, of returning to
state i for the first time at step » when starting from j. First-step analysis gives gio(n + 1) =
220 9ij8j0kn) (see Problem 3.2.1), that is, using (2.11),

vigio{n + 1) = D _(3;8,0(n))pji-
#0
Recall that g po;(n + 1} = 2_ ;5 opo;(n)pji. Of, equivalently,
Yo opui(n + 1y =Y (o 0Po(m)pji-
J#
We therefore see that the sequences {yo opoi(n)} and {y; gio(n)} satisfy the same recurrence

equation. Their first terms (n = 1), respectively yo opo:(1) = Yopui and y;gio(1) = yigio.
are equal in view of (2.11). Therefore, foralln > 1,

¥i
opoi(n) = —gioln).
Yo

Summing up with respect to n > 1 and using 3., gio(n) = | (Q is recurrent), we obtain

the announced result x; = j -

Equality (2.6) and the definition of positive recurrence give the following.

Theorem 2.3. Positive vs. Null Recurrence.
An irreducible recurrent HMC is positive recurrent if and only if its invariant measures x

satisfy
> x <o (2.13)
ek
Remark 2.1.
An HMC may well be irreducible and possess an invariant measure, and yet not be recurrent.
The simplest example is the 1-D nonsymmetric random walk, which was shown to be
‘transient (Example 1.2) and which admits x; = 1 for invariant measure. &
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3 Positive Recurrence

3.1 Stationary Distribution Criterion

In the previous section, an irreducible Markov chain was assumed recurrent, and it was
shown that it has a unique stationary distribution if it is positive recurrent. It was also
observed that the existence of an invariant measure is not sufficient for recurrence. It turns
out, however, that the existence of a stationary probability distribution is necessary and
sufficient for an irreducible chain (not a priori assumed recurrent) to be recurrent posttive.

Theorem 3.1. Stationary Distribution Criterion

An irreducible homogeneous Markov chain is positive recurrent if and only if there exists
a stationary distribution. Moreover. the stationary distribution 7 is, when it exists, unique,
and 7w > 0.

Proof. The direct part follows from Theorems 2.1 and 2.3. For the converse part, assume
the existence of a stationary distribution 7. Iterating 77 = 77 P, we obtainn” = 7" P,
that is, forall7 € E,
Ty = w(i)pji(n).
JjekE

If the chain were transient, then, in view of the potential matrix criterion and the discussion
following it, for all states i, j,

lim pyi(n) =0,

ntoo

and since p;;(n) is bounded by | uniformly in j and n, by the dominated convergence
theorem for series (see Theorem 1.6 of the Appendix)

w(i) = 3‘{2 ;nmpﬂ(ﬂ) = jEZE () (A#To pﬂ(n)) 0.
This contradicts the assumption that 7 is a stationary distribution (in particular, ", _; 7(i) =
1). The chain must therefore be recurrent, and by Theorem 2.3, it is positive recurrent.
The stationary distribution 7 of an irreducible positive recurrent chain is unique (use
Theorem 2.2 and the fact that there is no choice for a multiplicative factor but 1). Also recall
that 7(i) > O forall i € E (see Theorem 2.1). a

Theorem 3.2. Mean Return Time
Let 7 be the unique stationary distribution of an irreducible positive recurrent chain, and let

T: be the return time to state { . Then

T()E;[Ti] = 1. (3.1)
Proof. This equality is a direct consequence of expression (2.3) for the invariant measure.
Indeed. 7 is obtained by normalization of x: forall i € E,

Xi

jeEX]
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and in particular, for i = 0, using (2.5} and (2.6),

(O) X0 1
7(0) = = .
2ee®; EofTo]
Since state 0 does not play a special role in the analysis, (3.1) is true for all { € E. O

The situation is extremely simple when the state space is finite.

Theorem 3.3. Finite Stare Space and Positive Recurrence.
An irreducible HMC with finite state space is positive recurrent.

Proof. We first show recurrence. If the chain were transient, then, from the potential matrix
criterion and the observations following it, forall i, j € E,

Z p,'j(fl) < OC,

n=0

and therefore, since the state space is finite

Z Z pii{n) < oQ.

JjeE n=0

But the latter sum is equal to

ZZPU(”) = Z 1 =20,

n=0 jek n=0

a contradiction. Therefore, the chain is recurrent. By Theorem 2.1 it has an invariant

measure x. Since E is finite, Z,. cp Xi <0G, and therefore the chain is positive recurrent,

by Theorem 3.1, t

A “talk proof” of recurrence in Theorem 3.3 is available: The states cannot be all visited
only a finite number of times; otherwise, there would exist a finite random time after which
no state is visited!

3.2 Examples

Example 3.1. Random Walk Reflected at 0
This chain has the state space £ = N and the transition graph of Figure 3.3.1. It is assumed
that p; (and therefore g; = | — p;) are in the open interval (0, 1) for all i € £, so that the

chain is irreducible.
The invariant measure cquation x” = x7 P takes in this case the form

Xo = X141,

Xi = X Pict F X givr, 121
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Pi
a4
Figure 3.3.1. Reflected random walk
with po = 1. The general solution is, fori > 1,
Po-- Pi-l
X =xp——.
ql e qi’
The positive recurrence condition ), .z x; < 2018
1 SR Pl o (3.2)

and if it is satisfied, the stationary distribution 7 is obtained by normalization of the gencral
solution. This gives

-1
2(0) = (1 +3 @—L'—') : (3.3)

=1 104

and fori > 1,

2y = w22 2L (3.4)
ql o ql’

In the special case where p; = p.¢; = ¢ =1 - p, the positive recurrence condition

1
becomes 1 + é Y is0 (5) < oo, that is to say p < g, or equivalently,

1
o

<l —.

=3

Example 3.2. Success Runs and Machine Replacement
The result of Example 1.1 will be derived once again, this time via the stationary distribution
criterion. We shall set g; = 1 — p;. Equality x” = x” P takes the form

Xg = poXe + P1xy + prxatooo,

and fori > 1,
Xi = Gi—1Xi-1-

Therefore, leaving aside the first equality, fori > 1,

xi = (gogi -+ - gi— Xo-
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Discarding the possibility xo < 0, which would imply that x is negative or null, the first
equation is satisfied if and only if

l=po+gop +gogipz+---,
that is, $ince gogy -« Gn_1 Pn = Gog1 = - Gu—1 — qod1 ** - Gn,
o
[a: =0 (3.5)
i=0

Since ¢; = 1 — p; and p; € (0. 1), the convergence criterton for infinite products (see
Theorem 1.9 of the Appendix) tells that this is in turn equivalent to

e )
Z o= 0.
i=0

The divergence of the series Y .., p; is therefore a necessary and sufficient condition of
cxistence of an invariant measure,

Recall, however, that the existence of an invariant measure does not imply recurrence
(see Remark 2.1). But cxistence of a stationary distribution does imply recurrence (and
actually positive recurrence) by the stationary distribution criterion,

Under condition (3.5), there exists an invartant measure, and this measure has finite
mass (Y —q X < oc)ifand enly if

oo n—1
1+ (]_[ q,-) < 5. (3.6)
n=I1 =0

The stationary distribution is then given by

o0 ni—1 l
x{(0) = (I + Z (H Qf)) (3.7
n=I =0
and fori > 1,
il
m(i) = (]_[ qj) . (3.8)
i=0

In Problem 3.1.2, the reader is invited to verify that the success-runs chain of Example 1.1,
and the machine-replacement chain of Example !.1, Chapter 2, arc the same if one scts
P/=i+1)
A CE
Inequality (3.6) then reads E[U/] < oo, and (3.7) and (3.8) give
_ P =)

m(i)= E[U] (3.9)
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The stationary distribution criterion can also be used to prove instability.

Example 3.3. Instabilitv of ALOHA

A typical situation in a multiple-access satellite communications system is the following.
Users—each one identified with a message—contend for access to a single-channel satellite
communications link for the purpose of transmitting messages. Two or more messages in
the air at the same time jam each other, and are not successfully transmitted. The users are
somehow able to detect a collision of this sort and will try to retransmit later the message
involved in a collision. The difficulty in such communications systems resides mainly in
the absence of cooperation among users, who are all unaware of the intention to transmit of
compeling users.

The slotred ALOHA protocol imposes on the users the following rules (see Fig. 3.3.2):

(i) Transmissions and retransmissions of messages can start only at equally spaced
moments; the interval between two consecutive (re-)transmission times is called a sfor; the
duration of a slot is always larger than that of any message.

(i) All backlogged messages, i.e., those messages having already tried unsuccessfully—
maybe more than once—to get through the link. require retransmission independently of one
another with probability v € (0, 1)ateachslot. Thisisthe so-called Bernoulli retransmission

policy.
(iii) The fresh messages—those presenting themselves for the first time—immediately
attempt to get through.

fresh message
backlogged message, not authorized to attempt retransmission

backlogged message, authorized to attempt retransmission

< @ ® O

successful transmission (or retransmission)

Figure 3.3.2. The ALOHA protocol

Let X, be the number of backlogged messages at the beginning of slot . The backlogged
messages behave independently, and each one has probability v of attempting retransmission
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instotn. Inparticular, if there are X, = k backlogged messages, the probability thati among
them attempt to retransmit in slot # is

k . .
by (k) = (,)v'(l — (3.10)
i
Let A, be the number of fresh requests for transmission in slot n. The sequence {A,},>0
is assumed i.i.d with the distribution
P(A, = j) = aj. (3.11)
The quantity

A= E[A] =) ia (3.12)
i=1

is the traffic intensity. We suppose that ag + a; € (0, 1), so that {X,},>0 is an irreducible
HMC. Its transition matrix is

bi(i)ay if j=i—1,
T =biDag + bo(Dar  if j =1,
pPij = [1 — byl)]a ifj=i+1, (3.13)
aj-i ifj=i+2

The proof of (3.13) is by accounting. For instance, the first line corresponds to one among
the i backlogged messages having succeeded to retransmit, and for this there should be
no fresh arrival {probability @y} and only one of the i backlogged messages allowed to
retransmit (probability &,(i)). The second line corresponds to one of the two events “no
fresh arrival and zero or strictly more than two retransmission requests from the backlog”
and “zero retransmission request from the backlog and one fresh arrival”

Our objective in this example is to show that the system using the Bernoulli retransmis-
sion policy is not stable, in the sense that the chain {X,, )0 Is #ot positive recurrent. Later
on, in Example 4.2, a remedy to this situation will be proposed. To prove unstability, we
must, in view of Theorem 3.1, contradict the existence of a stationary distribution .

If such a stationary distribution existed, it should satisfy the balance equations
r(i) = w1 — b(Dao + bo(Dar} + 7w — D1 — boli — Dlay

i + Dby + Dag + Y (i — Dag
£=2

where m(j) = 0if j < 0. Writing
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and summing up the balance equations from i = 0 to N, we obtain
.
Py = n(NYbo(N)ay + (N + Dbi(N + Dap + Y agPy_e.
=0
This in turn gives

J‘V
Py(1 — ag) = m(N)bo(N)ay + (N + Db (N + Dag +Za¢ Py_y.

oy
But since Py increases with & and fo:l ap < Zf‘;] as = 1 — ap, we have
N
Y aiPy_e < Py_i(1 —ap),
f=1
and thercfore
Pu(l — ag) < 7(N)bo(N)ay + (N + Db (N + Lap + Py (1 — ag),

from which it follows that

TN +1) 1 a - bV
(N} = b(N+Dag

Using expression (3.10), we obtain

N+ —ag) — (1= v)Vay
TNy (N4 Dyl —v)¥ap

Forall values of v & (0. 1), the right-hand side of this inequality eventually becomes infinite,
and this contradicts the equality > 5_, 7(N) = I and the inequalities 7 (¥) > O that 7
should satisfy as the stationary distribution of an irreducible Markov chain. &

4 Empirical Averages

4.1 Ergodic Theorem

This subsection is devoted to the ergodic theorem for Markov chains. It gives conditions
which guarantee that empirical averages of the type

1 N
5 2 X Xewn)
k=1

converge to probabilistic averages.
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Proposition 4.1.
Let {X,],>0 be an irreducible recurrent HMC, and let x denote the canonical invariant

measure associated with state 0 € E,

= Eo [Z 1{X4.=:']1[rtsTo]:| - (4.1)

n=1

where Ty is the return time to 0. Define forn = |

v(n) =Y Lix,—o;- (4.2)
k=1
Let f : £ — R be such that
Y 1 Dx < 0. (4.3)
=

Then, for any initial distribution z, P,-a.s.,

m N) Z fXy =3 flm. (4.4)

[

Before the proof, we shall harvest the most interesting consequences.

Theorem 4.1. Ergodic Theorem
Let (X, },=0 be anirreducible positive recurrent Markov chain with the stationary distribution

m,and ket f : £ — R be such that

> 1F()lw) < oo, (4.5)

ek

Then for any initial distribution x, P,-a.s.,

lim Z fXD =) fim). (4.6)

ek

Proof. Apply Proposition 4.1 to f = 1. Condition (4.3) is satisfied, since in the positive
recurrent case, y_,.p x; < 0. Therefore, Py-as.,

NToc v(N) =25

JE€E
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Now, f satisfying (4.5) also satisfies (4.3), since x and 7 are proportional, and therefore,
P,-as.,

U(N) Z =Y flm.

icE
Combination of the above equalltles gives, P,-a.s.,

L vy 1 Yiee f)x
Jim 2 70 = lim =5 (N)Zf( S T

from which (4.6) follows, since 7 is obtained by normalization of x. 0

Corollary 4.1.
Let (X, )a>1 beanirreducible positive recurrent Markov chain with the stationary distribution

7, and let ¢ : EFT' — R be such that
Z lglio, ... i (iodPiyi, ** Pirsyi, < OF. (4.7)

Then for all initial dlStI’lbUl‘lOI‘lS i, P,-as.

o1& . s
lim ﬁ Zg(xk, Xeste o Xpyr) = Z glip, I, .-y lL)R'(IO)piuf] C Pisidre {4.8)
k=1 [RARPerTS
<

Proof. Apply Theorem 4.1 to the snake chain {{X,, Xpt1. ..., Xy nzo (see Problems
2.2.4,2.4.6. and 2.5.2), which is irreducible recurrent and admits the stationary distribution

J'-':’(I':])pi;()h s Pipyip e o

Note that
> glioite.. o i) (i0)Pui - Pisie = Exlg(Xos s Xp)]

foufy. et
Proof. (of Proposition 4.1.) Let Ty = 71, 72, 73, ... be the successive retum times to state
0, and define

Tp-l

Yo XA,

R=T,+1
In view of the regenerative cycle theorem (Theorem 7.4 of Chapter 2), (Up )= is an i.i.d
sequence. Moreover, assuming f > 0 and using the strong Markov property,

Ty
E, [Z f(xn)}

n=1

— K [iZm)llX"_f } > FDE [Zl x,.'}}

n=1 i€k i€k

Y flim.

ieE

E[U]

Il
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By hypothesis, this quantity is finite, and threfore the strong law of large numbers applies,
to give

lim Up =" £

ntoo 1 ek

that is,

r)*.

hm = Y S0 =) flo (4.9)

k Tu+1 i€ef

(Observing that
Tuin) =n < Tutny+1y

wc¢ have

o FX) 2 fX) | BT )

v(fz) - vin) - v(n) '
Since the chain is recurrent, tim, ;o v{(n) = 00, and therefore, from (4.9), the extreme terms
of the above chain of inequality tend to 3, f{i)x; as n goes to 00, and this mmplies (4.4).
The case of a function f of arbitrary sign is obtained by considering (4.4) written separately
for /= = max(0, f) and f~ = max(0, - f), and then taking the difference of the two
cqualities obtained this way. The difference is not an undetermined form oc — oc due to
hypothesis (4.3). O

The version of the ergodic theorem for Markov chains featured in Theorem 4.1 is a kind
of strong law of large numbers, and it can be used in simulations to compute, when 7 is
unknown, quantities of the type E.{f(Xo)].

4.2 Examples

Example 4.1. Fixed-Age Retirement

We adopt the machine replacement interpretation of the success-runs Markov chain (Ex-
ample 1.1). Assume positive recurrence. A visit of the chain to state 0 corresponds to a
breakdown of a machine, and therefore, in view of the ergodic theorem,

| X
0) = lim — lix,—
7(0) nglc I, ; X, =0
is the empirical frequency of breakdowns. Recall that
7(0) = Eo[To] ™",

where Ty 1s the return time to 0. Here,

Eo{To} = E[U],



114 3. Recurrence and Ergodicity

and therefore
1

g
:5-1330 ~ :; Lix=y = 50T (4.10)
Suppose that the cost of a breakdown is so important that it is better to replace a working
machine during its lifetime (breakdown implies costly repairs, whereas replacement only
implies moderate maintenance costs). The fixed-age retirement policy fixes an integer
T > 1 and requires that a machine having reached age 7' be immediatcly replaced. We are
interested in computing the empirical frequency of breakdowns (not replacements).

The success-runs chain corresponding to this situation is the same as before, except that
the times U/, are replaced by V,, = U, A T. Also, a replacement (not breakdown) occurs at
time n ifand only if X, = 0and X,y = 7 — 1. But X,,_; = 7 — 1 implies X, = 0, and
therefore a replacement occurs at time # if and only if

X,.=T-1
The empirical frequency of replacements is, therefore, in view of the ergodic theorem,

g
lim — >l 1y = 2(T — 1),
k=1

Ntoo N
Formula (3.9) gives
PV =T)
all - 1) = ———
E[V]
and therefore, since V = U A T,
PU=T)
(T —1)=
E[UAT]

The empirical frequency of visits to state 0 is. by (4.10),
1
E[AT]
The empirical frequency of breakdowns is therefore

1 _PU>T) _ PWU<T) o
E[UAT] E[UAT] EUAT]

Example 4.2. Cash Management

The level of cash in a bank at the beginning of day n is X,,, the number of idling kilodollars
in the safe. For each day a kilodollar spends idling in the safe, the banker incurs a loss of r
dollars. In the absence of control, the cash level fluctuates as a symmetric random walk.

The management policy uses two integers s and S, where 0 < s < §. The number 5 is
an upper barrier: If at the beginning of day . the cash level is X, = § — 1 and if during
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5=7
s=13
'
|
| ‘ \/
0 ]

{

2

b=

:’;%;33;3@;@
4

1
2

Figure 3.4.1. The (s, S) policy of cash management

day n one more kilodollar enters the bank, then during the night from day » to day n + 1,
S — s kitodollars are transfered to a more profitable occupation (treasury bills, etc.), and the
level of cash at the beginning of day n + 1 is therefore X,.y = s.

Also, if X, = 1 and one more kilodollar is removed from the safe during day #, the safe
is replenished at level s during the night, so that X, = 5.

Therefore, the process {X,},=o takes its values in {1,.... S — 1} if we assume that
Xo € (1.5 — 1]. A typical trajectory of the cash level is as shown in Figure 3.4.1.a.

The process {X,},=0 is an HMC with the transition graph of Figure 3.4.1.b, where all
transition probabilities are equal to % In addition to the storing cost of $r per day per
kilodollar, the banker incurs a transaction cost of $a whenecver one kilodollar is moved into
or out of the safe. The long-run cost per day of the (s, §) policy is therefore

LN WA
\1,1}1; N ; [(; rklx, = | + (S =), —s—1.%,,0=0 T @S by, —1x,0= |-

The chain {X,},=¢ is obviously irreducible, and since the state space is finite, it is positive
recurrent. Let ;r be its stationary distribution.

By the ergodic theorem,

) 1 N f5-1
/E'rl!*nﬂl‘3 7\’— Z (Z rkl[x“=k}) =r ka(k)

n=1 \i=1

tn
|

B
Il
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and
.1 N
lim — Z;L.(G’(S — Sy, m5-1 %, = Fas iy o1.x, =)
Nt N
= a(S — 5)m(S — )3 + asm(1)3,

so that the long run cost per day is

5-
C = an(k)+ —a(S — 7S — 1)+ lamu)

P

The stationary distribution 7 is determined by the global balance equations

1
(1) = S7(2),

7(2) = %J’T(l) + %HQ).

(s — 1) = %T[(S -2+ %n(s).

1 | 1 1
w(s) = EH(S - 1)y+ E:r(s + 1)+ EN(S — I+ Er{(l),

| 1
s+ 1) = Err(s) + Err(s + 2),

(8§ -2} %J‘((S -3+ = J'!(S — 1y,
n{§—1)= %JT(S - 2).

together with the normalizing condition Zf;' (i) = 1. Since the rank of the transition
matrix P is | £} — 1. one of the § — 1 balance equations can be removed, and it can be chosen

arbitrarily. We choose the equation relative to s.
From equations 1 to s — 1. we obtain fori € [1, 5],
a(i)y =im(1).
Equations s + 1 to § give for j € [I, § — 5],
a(§—jy=jrn(5—1)

Taking i = s and j = § — 5, we have 7{s) = sm(l) = (§ — s)mw(§ — 1), so that

(s 1) = Sijrz(l).
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From the normalization equation we have
DA+ -+ +r(S 101+ +(S—s-1)) =1,

that is,

ﬂ(l)s(s;r D s l)(S —s —21)(5 -5) _

and taking into account the expression of 7 (S — 1) in terms of 7(1), we have

11

s(s+1) (S—s—1s
n(I)[ 2 + 3 } =1,
that is,
o 2
()=
Therefore, finally,
A ifie[l,s],

w(i)= { ?Sffj)f; ifi € [s+1.5]

The cost € can therefore be computed in terms of s and § and this can be exploited for
optimization purposes; see, for instance, (Taylor and Karlin, 1984), pp. 110-113. <

4.3 Renewal Reward Theorem

Theorem 4.2. Renewal Reward Theorem

Let {5,},»: be an i.i.d sequence of positive random variables such that £[S1] < oc, and
let Ry be a finite nonnegative random variable independent of this sequence. Define for all
n>0 Ry =Ry + Spt1 and forr = 0, N(t) = z;i] l{RiISI}'

Now let {¥,},>1 be an i.i.d sequence of random variables such that E{|¥,|] < oo. Then

. N(@) 1
SVALL . 4.11
m e = T (@.11)
and i)
fim 2n=t T _ ELL (4.12)
e 1 E[S1]

Proof, Since Ry, <t < Ry, we have

N(r) N(y _ Nt
< = -
Ryin t Ry

But the rightmost term is the inverse of

Rygy _ Ro+ Yo S,
N N(@) '
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By the strong law of large numbers and the fact that lim, o, N (#) = o0 (the 3,’s are finite),

this quantity tends to E[S§,]. and similarly, R;‘('f’i‘ = ﬁg‘r‘]’;'] N}S()f)' tends to E[S] ast — oc.

The proof of (4.12) follows from the SLLN and (4.11), since

Tl ¥y Y. N -

t N t

Note that the above result covers the discrete-time case (the S,’s and ¢ are integers) as well
as the continuous-time case (the §,’s and 7 are real).

The next result extends formula (2.3).

Example 4.3, Regenerarive Form of the Stationary Distribution

Let {X,},.q be a positive recurrent HMC with state space F and stationary distribution 7.
Let S be a stopping time of this chain and let  be a state, such that, P,-a.s., S € (0, 2¢) and
X¢=1i. Then forall j € E,

5—1
Ei [Z 1{&11} = E; [S]7()). (4.13)
k=0

To prove this, observe that §, being a stopping time of the chain, can be written as
S=¢(Xo. X1...))

for some functional ¢, namely

5 — imwm(xo,.-..xm),

m=0

where
Lis—m) = Vm(Xo, ..., L)

Define the sequence (S,},-; by St = S, and for k > 0,
Sev1 = ¢ (Xroo XRew1s -+ )

where Ry = O and, fork > 1, R, = §; + - .-+ S;. As a matter of fact, since S is a stopping
time, 8, | depends only onthe cycle C, = (Xg,. ..., Xgo45,_, 1) (recallthat X5 5, ., = i)
But by the strong Markov property, the cycles {C¢};- are i.i.d under F;, and in particular,
(82> 18 Lid.

We first suppose that E; [§] < 20. The renewal reward theorem with

Ry—1

Z Lixi=j)

k=R,
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(observe that E; [|Y)[] < E; [$1] < oc) gives

51
YUY, E,-[ k=0 llxk:ja]

lim

et E; [8]
But
N Ry—1 i ) Ryn—1 1
Zn:l Yy _ k= Ruy {Xe=/j1 _ k=R {Xe=J} ) RN{:)
! t RN(I) Fo )
Now, lim; ;o R";‘” = 1 (exercise). and thercfore, by the ergodic theorem,
ZN(:) y
lim =2=L-0 = 7 (j).
f = ()

This proves the theorem when £, [S] < oo. If E; [$] = oc. consider % = § A 1,(i),
where 7,(i) is the n-return time to i, write (4.13) for $™ and let n — oo, to obtain

E; [ im0 1{x¢=j}] = o¢. %

Example 4.4.
(Aldous and Fill, 1998) Let i and j be two distinct states and let § be the first time of

return to ¢ after the first visit to j. Then E; [S] = E; [Tj] + E; [T;] (use the strong Markov
property at ;). Also,

5-1 8-l 7,1
E; {Z llx.,f}} =E|Y Hx“=n} =E; [Z l{Xu=jlj| :
n=>0

n=0 n=T,

where the last equality is the strong Markov property. Therefore, by (4.13),

7,1 T
E; [Z Lix,—ji | = 7D (E T3] + E; [T]) . (4.14)

n=0
Using words, the left-hand side of this equality is
E;[number of visits to j before {].
Now, the probability that ;j is not visited between two successive visits of i is F; (TJ, > ,—).

Therefore, the number of visits to i {including time 0) before T; has a geometric distribution
with parameter p = P; (T; > T;), and the average number of such visits is

1
P(T; <T)
Therefore. by (4.14), after exchanging the roles of / and j,
1
2() (E: [T+ E;[T])

P(T; <T)= (4.15)

Theorem 6.4 of Chapter 8 gives an algebraic metod of computation of E; [7;] when the
state space is finite, &
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Problems

3.1.1 For an HMC with state space £ = (0, 1} and transition matrix

0 1

0/{1—« o
=050 1%,

compute Po(Ty = n) and Eo[T].

3.1.2 Verify that the success-runs chain of Example 1.1 and the machine-replacement chain
of Example 1.1, Chapter 2, are the same if one sets

_PW=i+1)

PR="Pw >0y

3.1.3 Let {X,}u>0 be a HMC with state space E and n-step transition matrix P" =
{pij{(r)}; jee. Prove directly that if i € E is a transient state, then limu4q0 pji(n} = 0
forall j € £.

3.1.4 Consider the HMC of Example 2.2, Chapter 2. Recall that X, € £ = N, and for all
n=0,

Xn+l = (Xn - 1.)+ + Zn+ia
whereat = sup(a. 0)and { Z,,},> is an i.i.d sequence of random variables with values in N.
Prove directly, using the strong law of large numbers, that if £[Z,} > 1, state 0 is transient,
and that if £[Z,] < 1, state 0 is recurrent.

3.1.5 Show that the transition matrix P and the potential matrix G are related by
G(I -P)=1,
where / is the identity matrix. Conclude from this that if the statc space £ is finite, the

potential matrix G cannot have all its entries finite. Conclude that an irreducible HMC with
finite state space is recurrent.

3.1.6 The symmetric random walk on Z* is an HMC {X,, },.>0 with state space E = Z% and
with a transition matrix having for nonzero entries

1

Prvoxte, = ‘_l

(x € Z%,i = 1,2), where ¢; = (1,0)and e; = (0, 1}. Compute P(X2, = (0,0) | Xo =
(0. 0)) and show that the above HMC is irreducible and recurrent. Show that it is in fact
null-recurrent.

3.2.1 Let { X, },=0 be an irreducible recurrent HMC with state space E and transition matrix
P. Let0 € £ be some state, and define o po;(n) = Eofl{x,=in<r]and f;;(n) = P(T; = n).
Show that foralln > 0,i € E,

opoi(n + 1) = Z 0po /M) pji
20
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and
fooln+ 1) = E pij Foln).
J#0

3.2.2 A countable number of particles move independently in the countable space £, each
according to a Markov chain with the transition matrix P. Let A,({) be the number of
particles in state i € E at time n > 0, and suppose that the random variables Aqo({),
i € E, are independent Poisson random variables with respective means (i ). { € £, where
it = {t{i)}ic£ is an invariant measure of P. Show that for all # > 1, the random variables
Au(D), i € E, are independent Poisson random variables with respective means u(i), i € E.

3.2.3 A stochastic matrix P on the state space E is called doubly stochastic if for all states
i,Yjex Pji = 1. Suppose in addition that P is irreducible, and that E is infinie. Find the
invariant measure of P. Show that P cannot be positive rccurrent,

3.2.4 Consider the transition matrix

l—« o 0]
P—( 6 1-f B )
Y 0 1-vy

where o, 8, ¥ € (0,1). Show that it is irreducible and compute directly its stationary
probability with the help of Formula (2.3}.

3.3.1 Let 7 be the first return time to inital state of an irreducible positive recurrent HMC
[X,},>0, that is,

= inf{n > 1; X, = Xo}.
with 7 = +oc if X, # Xg forall n > 1. Compute the expectation of T when the initial
distribution is the stationary distribution 7. Conclude that it is finite if and only if £ is
finite. When E is infinite, is this in contradiction to positive recurrence?

3.3.2 Let {X,},»0 be an HMC with state space £ and transition matrix P, and let {¥,}n=0
be the sequence of new values of { X, },»¢. For instance,

no= 0 12 3 4 5 6 7 8 9 10
X, = 1 11 2 2 1 3 33 2 1
Yy =1 ¥, =2 =1 Y3=3 V=2 Ys=1

Show that {¥,},»0 1s a HMC and give its transition matrix Q in terms of P.

Show that {X,},=0 is irreducible and recurrent if and only if {¥, },>0 is irreducible and
Tecurremnt.

In the irreducible recurrent case, express the invariant measure of {¥,},>0 in terms of
(pii. i € E) and the invariant measure of { X, },-0.

In the irreducible recurrent case, give a necessary and sufficient condition for {¥, },0 to
be positive recurrent when { X, },»¢ is positive recurrent in terms of the stationary distribution
T Df{Xn)nzﬂ and {(pii, i € E).

In the irreducible recurrent case, give a necessary and sufficient condition for {¥,},=0
to be positive recurrent when { X, },.=0 is null recurrent in terms of an invariant measure /.t

Of{Xn}nzﬂ and Pii.
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3.3.3 Stones Sy, .. .. Sus are placed in line. At each time n a stone is selected at random, and
this stone and the one ahcad of it in the line exchange positions. If the selected stone is at the
head of the line, nothing is changed. For instance, with M = 5, Let the current configuration
be 52515, 5584, If S5 is selected, the new situation is $;.83 555, 54, whereas If 5 is selected,
the configuration is not altcred. At each step, stone §; is selected with probability &; > 0.
Call X, the situation at time n, for instance X, = (S;, ..., 5, ), meaning that stone §; , is
in the jth position.

Show that | X,},=0 is an irreducible positive recurrent HMC and that its stationary
distribution is given by the formula

M _M-—1
:‘T(Sj ...,S,'M):C‘ij: Otj; c e,

1
for some normalizing constant C,

334 Let A, B, C, and D be four points on the unit circle forming a square, and let
(¥:)n=0 and {Z,),=0 be two stochastic processes with state space {A, B.C, D) denoted
by {0. 1. 2, 3}, and with the dynamics

yn+1 =VY,+ BJI+|( mod 4)-
Zn4-1 =Z,+ Cn+|( mod 4)s

where { By}, and {C,},- are independent i.i.d sequences with P(B, = =1} = P(C, =
+1) = ; = P(B, = 0) = P(C, = 0). Suppose, moreover. that Yo, Z, {By}s=1, and
{Cylu=1 are mutually independent. What is the average time separating two successive
coincidences of the processes (¥, },>) and (£, },:17

3.3.5 A knight moves randomly on a chessboard, making each admissible move with equal
probability. and starting from a corner. What is the average time he takes to return to the

corner he started from?

3.4.1 Consider a production line where each manufactured item may be defective with
probability p € (0. 1). The following inspection plan is proposed with a view to detecting
defective items without checking cvery single one.

It has 2 phases: In phase A, the probability of inspecting an article is r € (0. 1). In
phase B, all the articles are inspected. One switches from phase A to phase B as soon as a
defective item is detected. One switches from phase B to phase A as soon as a sequence of
N successive acceptable items has been found.

Let { X,),=0 be the process taking the values Ep, ..., Ew, where if j € [0.N — 1], E;
means that the inspection plan is in phase B with j successive good items observed. and
E» means that the plan ts in phase A.

Prove that {X,},¢ is an irrcducible HMC, give its transition graph, and show that it is
ergodic. Find its stationary distribution.

Find the proportion of items tnspected and give the efficiency of the inspection plan,
which is by definition equal to the ratio of the long-run proportion of detected defective
items over the proportion of defective items.

3.4.2 A sequence of A’s and 8°s is formed as follows. The first item is chosen at random,
P(AY = P(B) = % as is the second item, independently of the first one. When the first
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n > 2 items have been selected. the (n + 1)st is chosen. conditionally with respect to the
pair at position 2 — | and #, as follows:

l 1 1 l
P(A| AA) = 7 P(A| AB) = 3 P(A | BA)= re P(A| BB)= rg

What is the proportion of A’s and B’s in a long chain?

34.3 Let { X, ),-0 be an irreducible positive recurrent HMC with stationary distribution 7.
Let A be a subset of the state space E and let {t(k}};=1 be the sequence of rcturn times to
A. Show that

lim (k) 1

m — = ——-—.

ke k Yieam(d)

{This extends Theorem 3.2.)

344 Let Pbeatransition matrix on £ = {0, 1. .. .. N — 1, N} with three communicating
classes, {0}, {V}, and (1. ..., N — 1), respectively recurrent, recurrent, and transient (in
particular, 0 and N are closed states). Suppose, morcover, that 0 and N are not isolated
states, in the sense that there exists at least one i € E with pyp > O and one j € £ with
pix > 0. In this situation 0 and N are two absorbing states.

We wish to compute ;. the mean time to absorption in {0, N} when starting from
kell, N —1]

To do this. consider the transition matrix P on £ obtained by modifying the first and last
rows of P in such a way that py; = 1 = puy. The matrix P is easily seen to be irreducible,
and since E is finite, it has a unique stationary distribution, denoted by 7.

Prove that {

(Use the result of Problem 3.4.3.)

3.4.5 Consider the urn of Ehrenfest (Examples 2.6 and 5.2 of Chapter 2) with a total number
of particles N = 2M. Let Ty and Ty be, respectively, the first time when the compartment
A becomes empty and the first time when the two compartments have an equal number of
particles. Compute the ratio

Py(Ty < To)

Pu(Ty < Tu)

3.4.6 Consider the array of a’s and &’s in part A of the figure below where the letter in
a given position has been chosen at random in the set {a, £}, independently of the other
letters, with P(a) = P{b) = . Suppose we are interested in counting the occurrences of
the special pattern of part B of the figure below without counting overlapping patterns. For
instance, with the data shown in part A of the figure below, 2 such patterns are counted; the
third one is not counted because it overlaps the second one (part C).

Find an automaton that successively reads the 2-letter columns from left to right, and
that has a privileged state * with the following property: the automaton enters (or stays in)
state * if and only if it has just discovered a spectal pattern that is nonoverlapping with a
previously discovered one. What is the long-run proportion of nonoverlapping patterns?
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5 a b b a b a b b b
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CHAPTER4

Long Run Behavior

1 Coupling

1.1 Convergence in Variation

Consider an HMC that is irreducible and positive recurrent. In particular, if its initial
distribution is the stationary distribution, it keeps the same distribution at alt times. The
chain is then said to be in the stationary regime, ot in equilibrium, or in steady state.

A question arises naturally: What is the long-run behavior of the chain when the initial
distribution  is arbitrary? For instance, will it converge to equilibrium, and in which
sense?

When the HMC is reducible, another type of problem is of interest. Suppose, for instance,
that the set of transient states is not empty and that each remaining state is absorbing. One
may want to compute the probability of reaching a given absorbing state when the initial
state is transient, or the probability of remaining forever in the transient set. In this special
case. where all recurrent states are absorbing, the probability of leaving the transient set is
exactly the probability of converging. We are dealing here with almost-sure convergence.

For an ergodic HMC, the type of convergence of interest is not almost-sure convergence
but convergence in variation of the distribution at time » to the stationary distribution. This
type of convergence is relative to a metric structure that we proceed to define.

Definition 1.1. Distance in Variation
Let £ be a countable space and let  and 8 be probability distributions on E. The distance
in variation dy{(c, B) between o and B is defined by

dutar ) = sl A= 3 Y lat@) = A, (1.1

iek

125
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The distance in variation between two random variables X and Y with values in £ and
respective distributions £(X) and £(Y) is dy(£(X), £(Y)), and it is denoted with a slight
abuse of notation by dy(X, Y).

That dy is indeed a distance is clear.

Lemma 1.1.
Let X and ¥ be two random variables with values in the same countable space £. Then

sup |[P(X € A)— P(Y € A) = sup{P(X € A)— P(Y e A)} =dy(X,Y). (12)
ACE ACE

Proof. For the first equality observe that for each A there isa B suchthat [P(X € A)—-P(Y ¢
A} = P(X € By— P{Y ¢ B)(takc B = A or A). For the second equality, write

P(Xe Ay—P(Y € A)= Z LAHP(X =iy — P(Y =1))

el
and observe that the right-hand side is maximal for
A={ieE, P(X=0> P(Y=1i)

Also. forany A C E,

S LOP(X =iy = POY =)} + 3 LiD(P(X = iy P(Y =)} =0

ieE i€k
because Y, {P(X = i) — P(Y = i)} = 0. For the specific set A above, P(X =
i) — P(Y = i)equals [P(X = i) — P(Y =)l on A, and equals —|P(X = i) — P(Y =)
on A. Therefore, for this particular set A,

STLOPX =D = PY =)} = 3 1a@IPX =) = P(Y = D)|

ek ieE
= 3" LiD)IPX = i) = P(Y = i)
ek
_%ZE:FP(X—f)fP(Y_i)|. =

For two probability distributions ¢ and § on the countable set £, let D{a, ) be the
collection of random vectors (X, ¥) taking their values in £ x E, and with marginal distri-

butions « and 8, that 1s,
o = L(X), B =L(Y). (1.3)

Theorem 1.1. Maximal Coincidence
Forany (X, Y) € Diw, ),

P(X =¥)=1—dyl, B) (1.4)

and equality in (1.4} is attained by some pair (X, ¥) € D(x, 8), which is then said to realize
maximal coincidence.
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Proof. For arbitrary A C E,

P(XeA YcA)=PXeA)—P(XeAYcA
P(X € Ay— P(Y € A),

P(X#Y)

=
=

and therefore

P(X #Y) > sup{P(X € A) — P(Y € A)} = dy(a. B).
ACE

To finish the proof, it suffices to construct (X, ¥) € D(a, 8) realizing equality. We shall
need the following observations (Problem 4.1.1):

1
Sl Bl = Y (ati) - BT = 2 B0 - ) =13 min(ali). @) (19

ieE ieE iekE

Let {/, Z, V, and W be independent random variables; U takes its values in {0, 1}, and
7. V. W take their values in E. The distributions of these random variables is given by

PIU=1)=1-dvl(a B),

P(Z =i) = min(a(i), B(ID/ (1 —dv(a. B)),
P(V =i) = (a(i) — BN /dv(a. B),

P(W = i) = (B() — (i) /dv(e. B).

Defining
X=UZ+( -V, Y=UZ+({1-U)W,

we have

PU=1,Z=0+PU=0,V=1
P(U=DP(Z=D)+ PU=0(V = i)
min{a (i), B)) + (i) — BN = ali),

and similarly, P(Y = i) = B(i). Therefore, (X, ¥) € D(e. 8). Also, P(X =Y)= P(U =
=1 dv(a, B). O

P(X =i}

Example 1.1.
One seeks a pair of {0, 1}-valued random variables with prescribed marginals

P(X=1=a, P¥=1)=b,

where a, b € (0, 1), and such that P(X = Y) is maximal. In the notation of the above
theory,
a=(1-a,a), B=(1-bb),

and therefore
dy(a, ) = la — b|.
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Suppose for definiteness thata > b. Therandom U/, Z, V, W of the construction of Theorem
1.1 have the following distributions.

P(U=1)=1—a-+b,

PZ=N=—" _ pz-0y= G
R T l—a+ b’
V =1,
W = 0.
Here X =UZ+1-U,Y=UZ. <&

Definition 1.2, Convergence in Variation

Let {ct, },-0 and f be probability distributions on a countable space E'. 1flim10 dv(an. f) =

0, the sequence {a, },>¢ is said to converge in variation to the probability distribution 8.
Let {X,]a>0 be an E-valued stochastic process. If for some probability distribution 7

on E, the distribution £(X ) of the random variable X, converges in variation to 7, i.¢., if

IITTC D IP(X, =) — 7)) =0, (1.6)

fek
then { X, } >0 is said to converge in variation to 7.

There is some abuse of terminology in the above definition (it is the state random variable,
not the process, that converges in variation). However, in this book, such abuse turns out to

be harmless and very convenient.

If the process { X, ],>0 converges in variation to r, then

lim E{f(Xa)] = 7(f) (1.7)
for all bounded functions f : £ — R, where
IO EDIELGHO! (1.8)
ek

Indeed, if M is an upper bound of | f1, then

B X = () = |3 PO P, = D) = n@)| < MY [P(Xa = i) = 7).

ek icE

1.2 The Coupling Method

Coupling is an old idea of Doeblin (1938), revived in Markov-chain theory by the influential
work of Griffeath (1975) and Pitman (1974), and brought to fame by Lindvall (1977} who
gave a purely probabilistic proof of the renewal theorem (section 3 of the present chapter
is devoted to discrete-time renewal theory). The coupling method has a wide range of
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applications and the reader is directed to the book (Lindvall, 1992) for additional information
and historical comments.

Observe that Definition 1.2 concerns only the marginal distributions of the process, not
the process itself. Therefore, if there exists another process (X, }.=0 with £(X,,) = LX)
forall n > 0, and if there exists a third process { X, },>o such that £( X)=mforalln >0,
then (1.6) follows from

n?

limdv(X,, X!) = 0. (1.9)
At

This trivial observation is useful because of the resulting freedom in the choice of { X} and
{X"}. In particular, on¢ can use dependent versions, and the most interesting case occurs
when there exists a finite random time 7 such that X, = X/, forall n > 7. It follows then,
as will be proven in Theorem 1.2, that

dv(X,. X)) < P(t = n). (1L.10)
Finiteness of  is equivalent (o lim, 1o P(7 > n) = 0, and therefore (1.9) is a consequence
of (1.10).

The above program can be carried out in a variety of situations. and most notably for
ergodic Markov chains. For the time being, the preliminary definittons and results relative to
the coupling method for proving convergence in variation of ergodic chains will be collected.

Definition 1.3. Coupling
Two stochastic processes { X },-0 and (X} }.-0 taking their values in the same countable
state space E are said to couple if there exists an almost surely finite random time T such
that

nzt=X =X, (1.11)
The random variable 7 is called a coupling rime of the two processes.

Theorem 1.2. Coupling Inequality
Inequality (1.10) holds for any coupling time 7 of {X| }x>0 and { X} Jozo-

Proof. Forall A C E,

{

P(X, cA. t<my+P(X, €A, 1>n)
- P(X, €A, T<n)— P(X, €A, T>n)

P{X, € A, T>n)-PX €A T>n)
P(X. €A, T>n)

n

P(t > n).

P(X, € A)— P(X, € A)

=
=
Inequality (1.10) then follows from Lemma 1.1. C

The framework of the coupling method is now in place. It remains to construct { X, },-0 and
{X"}n=p that couple and that mimic {X,},>0 and 7 in the sense that £(X") = £(X,) and
L(X;)=mforalln > 0.
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2 Convergence to Steady State

2.1 Positive Recurrent Case

The main result concerns ergodic {i.e., trreducible positive recurrent, and aperiodic) HMCs.

Theorem 2.1. Convergence to Steady State
Let P be an ergodic transition matrix on the countable state space £. For all probability
distributions i and v on £,

lim dy (' P", vTP") = 0. (2.1)

rntoo
In particular, if v is the stationary distribution s,

lim |2 "P" — x| =0,

ntoo

and with g = §;, the probability distribution putting all its mass on J,

lim > " |pji(n) - (i) = 0.
o0 ieE
From the discussion preceding Definition 1.3, it suffices to construct two coupling chains
with imtial distributions g and v, respectively.

Theorem 2.2. Independent Coupling

Let (X"}, and {X{*),20 be two independent ergodic HMCs with the same transition
matrix P and initial distributions u and v, respectively. Let T = inf (n > 0; X" = X7},
with T = oo if the chains never intersect. Then t is, in fact, almost surely finite. Moreover,
the process {X, },=0 defined by

(4
X oifn

T,
Xff] ifn (2.2)

'
X, =

IV A
~

is an HMC with transition matrix P. (See Fig. 4.2.1.)

Proof. Consider the product HMC {Z,},»o defined by Z, = (X'", X!)). It takes values in
E x E, and the probability of transition from (i, k) to (J. £) in n steps is p;;(n) pee(n). This
chain is irreducible. Indeed, since P is irreducible and aperiodic, by Theorem 4.3 of Chapter
2, there exists m such that for all pairs (i, j) and (k. £), n = m implies p;;(n)pre(n) > 0.
This implies that the period of the product chain is 1, again by Theorem 4.3 of Chapter 2.

Clearly, {m(i)m(j)); nes? is a stationary distribution for the product chain, where
is the stationary distribution of P. Therefore, by the stationary distribution criterion, the
product chain is positive recurrent. In particular, it reaches the diagonal of £? in finite time,
and consequently, P(t < o) = 1.

It remains to show that { X },-¢ given by (2.2) is an HMC with transition matrix P. This
is a consequence of the strong Markov property applied to the product chain. The details
are left for the reader (Problem 4.2.1). O
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Figure 4.2.1. Independent coupling

Theorem 2.1 concerns ergodic chains, and aperiodicity is needed there to guarantee that
the product chain is irreducible (see Problem 4.2.2). For periodic chains, the situation is
different, but the result follows directly from the ergodic case.

Theorem 2.3. Feriodic Cuase
Let P be an irreducible positive recurrent transition matrix on the countable space E, with

period 4. Let 7 be its stationary distribution. If u is a probability distribution such that
#(Cp) = I for some cyclic class Co, then

li Tprdy _ dm(i}| = 0. 23
"#gfezc;'(u } 40 (2.3)

Proof. Consider the restriction of P¢ to Cq, which is irreducible and aperiodic (see Problem
2.4.7). It is positive recurrent, since it has an invariant measure with finite mass, namely
7 restricted to Cy. Tt remains to show that dn restricted to Gy is a probability distribution,
that is, m(Cy) = 1/d. By the ergodic theorem,

I
‘1};1;3 N Z llXNECU} = JT(C{)),

n=1

and since X, € Cp once every & steps, the lefi-hand side equals 1/4. O

2.2 Null Recurrent Case

The last two theorems concern the positive recurrent case. The null recurrent case is a little
more difficult.

Theorem 2.4. Orey’s Theorem
Let P be an irreducible nul! recurrent transition matrix on E. Then foralli, j € E,

ntoo
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Proef, The periodic case follows from the aperiodic case by considering the restriction of
P¢ to Cy, an arbitrary cyclic class, and observing that this restriction is also null recurrent.

Therefore, P will be assumed aperiodic.

Inthis case the product HMC {Z, },»0 = { X", XP)}, =g defined in the proof of Theorem
2.2 1s irreducible and aperiedic. However, it cannot be argued that it is recurrent, although
its components are recurrent. One must therefore separate the two possible cases.

If the product chain is transient, its #-step transition probability from (i, 1) to (j, j) is
[p,-j(n)]z, and in view of the discussion of Section 1.2 of Chapter 3, ittends to 0 as n — oo,

and the result is proven,

If the product chain is recurrent, the coupling argument used in the proof of Theorem
2.1 applies and yields
lim |u"P* =P =0 (2.5
ntoo
for arbitrary initial distributions 1« and v. Suppose now that for some i, j ¢ E, (2.4) is not
true. One can then find a sequence {n;},-p of integers strictly increasing to oo such that

]H\ﬂ p,‘j(”_f‘-) —a > 0.

For fixed i € E chosen as above, the sequence ({p;, (). 5 € E o of vectors of [0, 115 is
compact in the topology of pointwise convergence. Therefore (see, however, Theorem 1.10
of the Appendix for an elementary proof), there exists a subsequence {m;};-o of integers
strictly increasing to oc and a vector {x,.5 € E} [0, 175 such that forall 5 € E,

lim p,, =X,
f;r;lop..\(me) X,

Now, x; = « > 0, and therefore {x,,s € E} is nontrivial. Since > pis(m¢) = 1, it
follows from Fatou’s lemma (see Theorem 1.8 of the Appendix), that

ij. < 1.

sekE

In (2.5), take 1« = &, (all the mass is on i) and v7 = 4,7 P to obtain, forall s € E,

lim | p;c(me) — pic(me + 1) = 0. (2.6)
£1o0

But p;,(me + 1) = Y . g pi{mg) prs. Therefore, by dominated convergence in (2.6), we
obtain forall s € E,
Xy = Zxkpks-
keE

In other words, {x;.s € £} is an invariant measure of P with finite mass, which implies that
P is positive recurrent, a contradiction. Therefore, (2.4) cannot be contradicted. m|
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2.3 Thermodynamic Erreversibility

Zermelo s Refutation

We shall now take a small pause, and go back to the Ehrenfest diffusion model. Its fame is
due to the insight it gives to the once controversial issue of thermodynamic irreversibility.
It is the right time to try to understand this, because we have the notion of recurrence and
the theorem of convergence to steady state of ergodic chains.

According to the macroscopic theory of thermodynamics, systems progress in anorderly
and irreversible manner towards equilibrium. Consider, for instance, a system of N particles
in 2 box divided in two similar compartments A and B by a fictive membrane. If at the
origin of time, all particles are in A, they will rather quickly reorganize themselves, and
they will settle to equilibrium, a macroscopic state in which the contents of A and B are
thermodynamically equivalent.

Boltzmann claimed that there was an arrow of time in the direction of increasing entropy,
and indeed, in the diffusion experiment, cquality between the thermodynamic quantities in
both compartments corresponds to maximal entropy.

Zermelo, who obviously was not sleeping in the back of the classroom, argued that in
view of the time reversibility of the laws of physics, the Boltzmann theory should at least
be discussed. Zermelo held a strong position in this controversy. Indeed, there is a famous
result of mechanics, Poincaré’s recurrence theorem, which implies that in the situation where
at time 0 all molecules are in A, then whatever the time T, there will be a subsequent time
¢t > T at which all the molecules will again gather in A. This phenomenon predicted by
irrefutable mathematics is, of course, never observed in daily life, where it would imply that
the chunk of sugar that one patiently dissolves in one’s cup of coffee could escape ingestion
by reforming itself at the bottom of the cup.

Convergence vs. Recurrence

Boltzmann’s theory was really hurt by this striking and seemingly inescapable argument.
Things had to be clarified. Fortunately, Tatiana and Paul Ehrenfest came up with their
Markov chain model, and in a sense saved the edifice that Boltzmann had constructed.

Without going into the details, letus just say thatthe Ehrenfest model is an approximation
of the real diffusion phenomenon that is philosophically correct from the point of view of
statistical mechanics. Also, at first sight, it is subject to Zermelo’s attack, presenting both
features that the latter found incompatible: an irreversible tendency towards equilibrium, and
recurrence. Here the role of Poincaré’s recurrence theorem is played by the Markov chain
recurrence theorem, stating that an irreducible chain with a stationary distribution visits any
fixed state, say O, infinitely often. As for the irreversible tendency towards equilibrium,
one has the theorem of convergence to steady state, according to which the distribution at
time # converges to the stationary distribution whatever the initial distribution as n tends to
infinity (stricto sensu this statement is not true, due to the periodicity of the chain. However,
such periodicity is an artifact created by the discretization of time, and it would disappear
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in the continuous-time model, or in a slight modification of the discrete-time model). Thus,
according to Markov-chain theory, convergence to statistical equilibrium and recurrence are
not antagonistic, and we are here at the epicenter of Zermelo’s refutation.

One can show that recurrence is not observable for states far from L = -’}, assuming
that NV is even. For wnstance, the average time to reach 0 from state L is
iz'“(l + O(L)} (2.7)
2L )
whereas the average time to reach state L from state 0 is less than
L+ Llogl + O(1). (2.8)

(See Chapter III, Section 3 of (Bhattacharya and Waymire, 1990) for a derivation of the
above estimates.) With 2. = 10° and one unit of mathematical time equal to 10~ second,
the return time to equilibrium when compartment A is initially empty is on the order of a
second, whereas it would take on the order of

1

106
SITIL x 22 seconds

to go from L to empty, which is an astronomical time. These numbers teach us not to spend
too much time stirring the coffee, or hurry to swallow it for fear of recrystallization of the
chunk of sugar. From a mathematical point of view, being in the steady state at a given
time does net prevent the chain from being in a rare state, only it is there rarely. The rarity
of the state is equivalent to long recurrence times, so long that when there are more than
a few particles in the boxes, it would take an astronomical time to witness the effects of
Poincaré’s recurrence theorem. Note that Boltzmann rightly argued that the recurrence times
in Poincaré’s theorem are extremely long, but his heuristic arguments failed to convince.

Here is another manifestation of thermodynamic irreversibility in the Ehrenfest model.

Newton'’s Law of Cooling

Let g(z, #n) = E[z*"] be the generating function of X,,. Using the basic rules of conditional
expectation (see Section 7 of Chapter 1), we have

E[Z% lix, ,=x,-y | Xa]+ E[2% Lix,, .2x, 1) | X2
E[z5 Ny, mx,-1y | Xl + E[2% Ly, —x,01 | X4l
=25 P = X = 1 X))+ 25T P(Xp = Xa + 1] X0,

E[Z% | X,]

and therefore, taking into account the dynamics of the Ehrenfest model,

X X
E X X — X,—1 n X.+1 I _ n
[27 ] Xa] = 2 ~ e ( _N)

I

1
X, 2 X,—1
. 1 a2t
7z +N( T)Xnz



2 Convergence to Steady State 135

Taking expectations gives

1 9
glzn+ D =wzm+ ﬁ(l — )E[X, 2% 7Y,

that is,
1
glon+1) =28k m+ (1~ gz n).

Differentiation of the above identity yields
! ’ 2Z 1 I 2 "
glzn+l) =g n+gn-Seknt ~- z27)g"(z. n).
Letting z = 1. we obtain (see Section 5 of Chapter 1)
2

E[Xp1] =1+ E[X.] - NE[XH]-

Supposing N even (N = 2L) and rearranging terms, we have
1
E[XnH —-L]= (1— E)E[Xn — L],

and therefore

E[X,-L]l= E[XO—L](I - %)"

Supposing P(Xy = i) = 1, we then have

E["_’*; J-(F) (1)

In the kinetic theory of heat, #+—= is interpreted as the temperature difference between state

X, and the “equilibrum” state L. To account for a large number of particles, we let L tend
to infinity and make i depend on L in such a way that

. WLy -L
lim Q— = 6(0).

L=
The number 8(0) is interpreted as the initial deviation from the equilibrium temperature in
compartment A. Also, the discrete time unit 1 is now interpreted as A units of real time. If

X,, is the state at real time 7, we must then have
t=nA.

Interpreting ﬁ as the average proportion of the total energy that passes through the mem-
brane per unit of real time, we require that as L tends to infinity, this quantity remains
constant, that is,

7
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In particular, A tends to zero as L increases to infinity. Therefore, observing thatn = Ly,

% 117
lim (l ) = lim l:(i——) J =e 7,
Lo I L—00 L

and finally, with #(¢) = lim; o, E[*£],

8y = (e "
We conclude this section with a classic reference on thermodynamic irreversibility as prob-

abilists understand it. the article of M. Kac {1947), “Random Walk and the Theory of
Brownian Motion”, American Mathematical Monthly, 54, 369-391.

2.4 Convergence Rates via Coupling

Knowing that an ergodic Markov chain converges to equilibrium, the next question is, How
fast? The first result below is not explicit, but it can be used in principle for chains with an
infinite number of states.

We recall at this point the meaning of the o (small 0) symbol. It represents a function

defined in a neighborhood of zero and such that lim,_ @ =0.

Theorem 2.5. Rate of Convergence
Supposc that the coupling time 7 in Theorem 1.2 satisfies

E[y(1)] < ¢ (2.9)

for some nondecreasing function ¥ : N — R such that limpy ¥ (n)} = o0. Then for any
iitial distributions p and v

1
TP — TP :o(ﬁ). (2.10)
¥(n)
Proof. Since ¥ is nondecreasing, ¥ (7)1irsn = ¥(#)1j15y), and therefore
Y (m)P(t > n) < E[Y(1)lirom]-
Now,
nhTI;lo E[Y () (ram] =0

by dominated convergence (see Theorem 3.2 of the Appendix), since lim, o Y (T (z5m =
0, by the finiteness of 7, and ()1, is bounded by the integrable random variable

yr(z}). g

Time t in Theorem 1.2 is the entrance time of the product chain in the diagonal set of
E x E. Inprinciple, the distribution of t can be explicitly computed. However the actual
computations are usually difficult when the state space is infinite. The reader will find
in (Lindvall, 1992} examples of application of Theorem 2.5 to infinite state space HMCs.
When the state space is finite, conivergence is exponential {geometric).
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Theorem 2.6. Exponential Convergence Rate of Finite HMCs

Let P be an ergodic transition matrix on the finite state space £. Then for any initial
distributions y and v, one can construct two HMCs [X,}i=o and {¥a}nz0 on E with the
same transition matrix P, and the respective initial distributions w and v, in such a way that
they couple at a finite time 7 such that E[¢*"] < o0 for some positive a.

Proof, See Problem 4.1.4. O

In Chapter 6, we shall say more on convergence rates in the finite state space case. The
reader will find in (Lindvall, 1992) examples of application of Theorem 2.5 for infinite state
space HMCs.

3 Discrete-Time Renewal Theory

3.1 Renewal Equation

In the analytic approach to Markov chains, the proof of convergence to steady state of an
ergodic HMC is a consequence of a result on power series called the renewal theorem by
the probabilists. This result forms the matter of the present section. However, the renewal
theorem will not be used as the essential step towards the convergence theorem, but on the
contrary, it will be obtained as a corollary of the latter.

We start with the basic definitions. Let {5, },- be an i.i.d sequence of random variables
with values in N = {1, 2, ..., +oc} and with the probability distribution

P8y =k)=fi. 3.1

Define forn = 0,
Ry = R, + Susi. (32)

where Ry 1s an arbitrary random variable with values in N (in particular, Ry < 00).

Definition 3.1. Renewal Sequence

The sequence {R,}4>0 1s called a delayed (by Ry) renewal sequence with the renewal distri-
pution { fi)i=1. If Rg = 0, one speaks of an undelayed renewal sequence, or, more simply,
of a renewal sequence. If P(S) = o0) = 0, the renewal sequence (delayed or not) is called
a proper renewal sequence, and { fi}i>1 18 called a proper renewal distribution. Otherwise,
one speaks of a defective renewal sequence and of a defective renewal distribution.

The quantity
a = P(§) =)

is the defect of the renewal distribution. The random time Ry is the kth renewal rime, and
the sequence {S, .= is the interrenewal sequence.



138 4. Long Run Behavior

Definition 3.2. Renewal Equation
With the renewal distribution { £ },- is associated the renewal equation

Uy = Uy + Y filtyy (3.3)
k=1

{for n = 0, this reduces to ug = vg). The sequence {u, },=0 is the unknown sequence, and
{vy)a=0 18 the data. a sequence of real numbers such that

0
ZJUH < oC. (3.4)
k=0

Since u, can be computed recursively as a function of ug. .. .. FT I 1 T v,, 4 solution

of the renewal equation always exists and is unique.

Example 3.1. Lifetime of a Defective Renewal Sequence
Define the lifetime L of a defective renewal sequence by

L= inf{Ry;k >0, Sepy = o0l

It is the last renewal time at finite distance. We shall see that 4, = P(L > n) satisfies a
renewal equation. For this, write

1{1’_>n} = ]{I.>n]1{S:>n] + ]{L>r111[5|F”]‘

Observe that {L > n, 5] > n} = {n < 5| < =}. Also, denoting by L. the lifetime
associated with the renewal sequence [ R, 1 — Ry },>0. we have the setidentity {L > n, § <
n}={L >n— 8,8 < n} Therefore,

P(L>n)=Pn<S <o)+ P(L>n—5,5 <a).
Now, L and L have the same distribution, and £ is independent of §,. Therefore,
PL>n=5.85=n) =Y P(L>n—kPS=k=)Y P(L>n—kP(S =k.
k=l k=1

This shows that i, satisfics the renewal equation with data v, = P(n < §; < 00). &

Definition 3.3. Fundamental! Solution

Define the Dirac sequence {8y },>0 by éo = 1,8, = 0 forn > 1. When the data is the Dirac
sequence, the renewal equation is called the hasic renewal equation, and its solution the
SJundamental sofution.

The fundamental solution will be denoted by {k,},=0. and therefore iy = 1. and for
n=>1,

hy = kahnfk- (35)
k=1
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The fundamental solution has a very simple interpretation. Indeed, 4, is the probability
that # is a renewal time (we then say, for short, “n is renewal”). It suffices to show that
u, — P(n is rencwal) is the unique solution of the basic renewal equation. Clearly, o = 1.
Also,

n—1
P(n is renewal) = Z P(n is renewal, last renewal strictly before 1 1s k)

T

P(S,'_H =n—k. k= R,)

5 e
Il
—-—

|

Il
e 1M T

P(Sic1=n—kPk = Ri)

P(§ =n—k) (i Pk = R,-))
i=0

P{5| = n — k)P(k is renewal )

i Il
End = 3z -
HM| ”M' I
- - = — o
-
i
=

-

—

"
- ukfn—k = ka“n—k-

k=1

=
=

Therefore,
hy = P{k is a renewal time). (3.6)

In particular. if v, is the number of renewal times R, in the interval [0, »], then
Ve = )i (3.7
£=0

We now introduce a definition and a convenient notation. The convolution of two real
sequences {x, >0 and {¥,}iz0 18 the real sequence {z,}.>o defined by

n
in = E Xi¥n—k-
k=0

This is written for shortas z = x * y.

Theorem 3.1. Solution of the Renewal Equation
The renewal equation {3.3) has a unique solution

w=hx*v. (3.8)

Proof. Existence and uniqueness have already been observed. To check that the announced
solution is correct, write the renewal equation as 1 = v + f * u (with fo = 0) and the
fundamental equation as h = § + f * h. Inserting (3.8) into the renewal equation gives
h+v = v+ [ #(h*v)which is indeed true, since the right-hand side is v -+ (f * h) v =
v+{h—8)xv= v+ hsv—4=*uv,thatis, i % v, because § xv = v. |
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Example 3.2. Geometric Interrenewal Times
When the the distribution of the typical interrenewal time is geometric, i.e., fork > 1,

P(Si =k)=p(1 - pf ",
the fundamental solution is given by kg = 1, and
h, = p,
for n > 1, as can be readily checked. The solution of the general renewal equation is then
Uy = Uy + plvg+ -+ vy )

One observes in this particular case that since lim, o v, = ¢ izt view of assumption (3.4),

0V
llm Uy = p v = k>
l Z Z&>I
This result will be generalized by the renewal theorem. %

3.2 Renewal Theorem

Definition 3.4. Lattice Distributions
The renewal distribution { f; }x»; is called lattice (resp., nonlattice) if a' y:d{k k =
, fi = 0] = 1 (resp., = 1); the integer ¢ is called the span of the renewal distribution.

The main result can now be stated.

Theorem 3.2. The Renewal Theorem
Let { fi}x=1 be a nonlattice and proper renewal distribution. For the unique solution of the

renewal equation with data satisfying assumption (3.4),

fim 1, = 2okz0 % (3.9)
ateo Zkz} kff\

where the ratio on the right-hand side is 0'if 3 ., kfy = oc

Proof. In two parts.
A. Assume the result true for the fundamental solution, that is,

|
lim A, def hoo (3.10)

ntoc me kfi

From expression (3.8) of the solution it terms of the fundamental solution, we obtain

Z(hn—k - hac)vk =y — l”fcx: Z Ug.
k=0 k=0
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The result follows if we can prove that the left-hand side of the above equality converges
10 0as n — oo Indeed, with g(n, k) = (Ap—t — hoc)Vilix<n), We have for fixed £,
limp o g(r, k) = 0, and |g(n, k)| = |ueh, where ¥ ,., lvk| < oo. Therefore, by domi-
nated convergence for series (see Theorem 1.6 of the Appendix), liMy e 3 4mp 01, k) =
Y imo liMatec g0, k) = 0.

B. It remains to prove (3.10). For this, introduce a Markov chain with state space £ = N

if the support of { fi}¢>1 is unbounded, and state space E = [0,....M—1}ifM < ocis
the largest value of S;. We suppose for definiteness that £ = N. The nonzero entries of the

transition matrix are

Do =1, 121,
poi = fisre i 20

The corresponding transition graph is shown in Figure 4.3.1. Note that this is the transition
graph of the forward recurrence time HMC {X,.},-o defined by

X,= inf{R.; R > n}l —n

Figure 4.3.1. Transition graph of the forward recurrence chain

This chain is clearly irreducible. The distribution of the return time to state 0is
Py(To = n)= fa.

Event {T, = n} implies event {X, = 0}, and therefore Po(X, = 0y > P(Ty = n).
Consequently, the set A = (n > 1; ppo(n) > 0} contains the set B = (n>1;f, = 0},and
therefore the g.c.d. of A is smaller than or equal to the g.c.d. of B. Therefore, the g.c.d. of
A equals 1, that is, the chain is aperiodic.

Since the renewal distribution is assumed proper, we have Po(To < 20) = o fu = L,
and therefore the chain is recurrent. If £4[Ty] < 00, it is ergodic, and then

li =7y = .
RITIEOPOO(H) g EolTol
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Ifthe chain is not ergodic but only null recurrent, thenlim, 1 poo{r) = 0 by Orey’s theorem.
In both cases, since Eo[To} = 3.1 kfi,

1
lim poo(n) = =+
ntoo Zkai

The proof of (3.9} is complete because pgg(n} = P(n is renewal} = #&,,. m|

Theorem 3.3. Lattice Renewal Theorem

Under the same conditions as in Theorem 3.2, except that the span d of the renewal distri-
bution 13 now strictly greater than 1, the solution of the renewal equation (3.3) with data
satisfying (3.4) satisfies, forallr € [0, d — 1],

%”““" (3.11)
k=1

Proof. Observe that when { f; };»1 is proper and lattice with span d. the distribution { fa.} 1
is proper and nonlattice. On the other hand, the renewal equation (3.3) splits into d renewal
cquations. The rth one (r € (0,d — 1]) is

lim HreNd —
Ntoo

N

ey g = Yryno + E Ffeattr i Ng—ta-
=1

where N 1s the time variable. The renewal theorem can be applied to each one, and we
obtain (3.11) after observing that

Z Z Ndfys = Zkfa 0

3.3 Defective Renewal Sequences

Theorem 3.4. Defective Renewal Theorem
Suppose that the renewal distribution is defective, and that the data sequence of the renewal

equation is nonnegative and satisfies (instead of (3.4))

lim v, = Ve < 00. (3.12)
ntoo

The solution of the renewal equation then satisfies

lim u, = 22, (3.13)
ntoo o

where ¢ = P(S) = 20) is the defect of the renewal distribution.
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Proof. The forward recurrence HMC in the proof of Theorem 3.2 now has £ = NU {+oc)
for state space and oc is a closed state. All states besides +oc are transient. In particular,
the average number of visits to O is finite:

.0}
Voo = th < 2C.
k=0

From the expression of the solution

n
Uy = thvn—k!
k=0

we therefore obtain by the dominated convergence for series (see Theorem 1.6 of the Ap-
pendix),
oc
i n = h 3 = . .
l#rg Uy (g A)Uoc Voo Ve

Now, the probability of n visits to 0 is {1 — oY, and therefore the average number of

visits to 0 i v = 1. O

Theorem 3.5. Exponential Decay of Defective Renewal Sequences
Suppose that the renewal distribution is nonlattice and defective, that there exists y > |
such that

oo
Y ovf=1 (3.14)
k=0
and that the data sequence satisfies
> ¥ val < oc. (3.15)
k=0

The solution of the renewal equation then satisfies

lim y"u, = Tite VU (3.16)
nto ! Z;fc:g ky* fiu

Proof. Observe that if we define ﬁ = y" fy, Uy = ¥" U, iy = ¥"un, then
" —
iy = To ) fettnie
k=1

This renewal equation is nonlattice and proper, and therefore the announced result follows
from the renewal theorem. O
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Remark 3.1.
A consequence of (3.14) is the exponential decay of the renewal distribution. This shows
in particular that (3.14) is an assumption that is not always satisfied. <&

Example 3.3. Convergence Rate in the Defective Renewal Theorem

The situation is that of Theorem 3.4, where in additton the renewal distribution 1s assumed
nonlattice, and morcover, {3.14) is true for some ¥ > 1. We scek to understand how u,,
tends to u,.. For this we define &, = u, — 1. Rewriting the renewal equation for u,, as

" H
Hp = U = Uy~ U + Y filttys — o) + i Y fi
k=1 k=]

we see that &, satisfies the rencwal equation with data
U, = v, — o P(S) = R).
We can therefore apply Theorem 3.5 to obtain, after rearrangement.

: Voo 1 Zfil) VAUk Us
lim y" {4, — —) = — s — ' ) <
o v | Yo vFP(S1 > k) P(S) =0)

nTooc

An excessive renewal equation s one for which 3 77° | f, > 1. Theorem 3.5 then has an
obvious counterpart. Note however that in the excessive case (3.14) a/ways has a solution
y, and of course it is in (0. 1).

Example 3.4, Mothers and Daughters

At each time n € Z, an average number u,, of daughters is born. Each of them gives birth
independently of the other women. The average number of daughters of any given woman
in the kth year of her life, k& > 1, is f,. At time 0 the population has a(i) women of age i.
Expressing that u,, is the sum of v,, the average number of daughters born at time # from
mothers born at or before time 0. and of r,,, the average number of daughters born at time
n from mothers born strictly after time 0 and up to time n, we obtain the renewal equation

with data sequence
o]
Ve = 3 ali) fuai.
i=0

In this context, the renewal equation is known as the Lotka—Volterra equation. Denote by

P = an
k=1

the average number of daughters of any given woman, and assume that this number is
positive and finite. Assume also that it is different from 1. Assume that ¢ defined by (3.14)
exists and that the renewal distribution is nonlattice. Denoting by € the right-hand side of

(3.16),
liTm v, = C.

Note thaty < 1if p > 1,and y > 1 if p < 1. The first case corresponds to exponential
explosion, whereas the second case is that of exponential extinction. <&
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4 Regenerative Processes

4.1 Renewal Equation of a Regenerative Process

In the introductory lines of the previous section, we mentioned that the renewal theorem
can be proven independently of the basic results of convergence to steady state, and that
it could cven be used to prove such convergence results. Thercfore, it seems that the
probabilistic approach to convergence gives a negligible status to the renewal theorem,
which enjoys a central position in the analytic approach. However, the renewal theorem
remains indispensable to prove convergence to equilibrium of stochastic processes of a
more gencral nature than homogeneous Markov chains, namely regenerative processes.
The common feature that such processes share with the homogeneous recurrent Markov
chains is the existence of regenerative cycles.

Definition 4.1, Regenerative Process

Let { Z, },=0 be a stochastic process with values in an arbitrary state space E and let { R, },,20
be a delayed renewal sequence. The process {Z, }.> is said to be regenerative with respect
to the renewal sequence { R, },»o if forallk = 0, {Z, g, dnz0 18 independentof Ry, S1...., Sk
and has the same distribution as {Z, g, }n=0-

Note that the definition does not require that {Z, . g, }»»0 be independent of {Z,,n €
[0, R; — 11}, although in many examples this is satisfied. The freedom resulting from the
relaxed conditions of Definition 4.1 can be very useful.

Example 4.1. Recurrent Markov Chains
Let (X, },=o be an irreducible recurrent HMC, with arbitrary initial distribution. Let {R,}.>0
be the successive hitring times of state 0. The regenerative cycle theorem (Theorem 7 4 of

Chapter 2) tells us that {X, },=0 is regenerative with respect to { Ry }a=0- &
VI V2 V3 V4
U U, U Us:
n
Ry = 0 Ry R R; R,

Figure 4.4.1. A sample path of the reliability process

Example 4.2. Reliability

Let {Un}n=1 and {V,},>1 be two independent i.i.d sequences of positive integer-valued
random variables. Define the sequence {S,)p»1 by S, = Uy + Vi, and let { R, }i=0 be the
associated nondelayed renewal sequence (Ry = 0). Define a {0, 1}-valued process {(Zp}nso
as in Figure 4.4.1. Clearly, {Z,),=¢ is a regenerative process with respect to (Ritnsp.  ©



146 4. Long Run Behavior

Regenerative processes generate renewal equations and are the main motivation for the study
of such equations. For instance, if f : £ — R 1s a nonnegative function, and if (Z,),=q 1s
an F-valued process regenerative with respect to the nondelayed renewal sequence { Ry, 0.
then the sequence {u, },-0. where u, = E[f(Z,}], satisfies a renewal equation. Indeed,

E[f(Z,,)] — E[f(zn)l{rKSl}] + E[f(zrr)llnz.?\]]e
and, setting Z, = Z,,s,. we have
ELf(Z) o5 )] = ELf(Znms ) inzs]

Z E[f(Z0 s nzs 1isi—2)]
k=1

I

E[f(zlr—f()l{&:“}
1

=
= |l

E[f(Zn )}P(S1 = k)

Il
I

ETf(Z,—)]P(S) = k),
=1

where the independence of §) and 1Z, }u=0, as well as the assumption of equidistribution of
{Z,}.=0 and {Z,},>0. have been taken into account. Theretore,

ELf(Z)] = ELf(Z)lynesy] + D ELF(Zy IP(S) = k),
k=1

which is precisely the renewal equation with data

vy = E[f(zn)l[rm.sr}]-

4.2 Regenerative Theorem

Observe that
5 -1

Y ol = D IELAZ) mesill < EDY 1 (ZaHaesi] = ELY LAZ)IT.
n=0 =0

n=0 n=0
Therefore, by the renewal theorem, we have the following:

Theorem 4.1. The Regenerative Theorem
Let {Z,},>0 be a nondelayed (Ry = 0) regenerative process and let f : E — R be such that

S5i=1
E [Z |f(z,,)} < 00, (4.1)

n=0
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If the distribution of 8| is proper and nonlattice, then

E[Y)5 £(7)]

4.2
E[51] 4.

lim £[f(Z,)] =

The latter formula is called Smith s formula.

Example 4.3. Reliabiliry Formula

This is a continuation of Example 4.2. We assume that S; = /; +V) is proper and nonlattice.
Applying the regenerative theorem with f(z) = 1jp)(z), and assuming E[{/,] < oo, we find
that

I _ E[U)]

imP(Z, =0)= —————.

nteo E[U]+ E[W]

since E[f(Z,)] = E[110§Z,)] = P(Z, = 0). and Zf;{)‘ Ly(Z,) = U <

Example 4.4. The Bus Paradox
Consider the renewal sequence of Definition 3.1, with Ry = 0. Define for cach n > 0 the
backward recurrence time B, and the forward recurrence time F, by

B,=n—-L,, F,=N,—n,

where
L, =sup{R;i; k= 0. Ry <n}

and
N, = inf {R:k >0, Ry > n}.

In particular, if n = R,, for some m, then B, =0 and F, = Rpy1 — Ry = Sus1. Obscrve
that F, > 1 forall n > 0. Also. ifn € [Ru, Rus1). then By + Fr = Sppt.

Ry=0 Rl Ry ... R " Ry
Here, index k is random
Figure 4.4.2. Backward and forward recurrence times

The regenerative theorem with Z, = (B, F,) and f(Z,) = 1(s,=iy1ir,- 5 gives, provided
that the distribution of S, is proper and nonlattice,

P(S| — i+ )
lim P(B, = i, Fy = jy = TS E))

Jim Sy (4.3)
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Indeed the sum Zj‘:'o' 1{g,=i.F,=;} has at most one non-zero term, in which case 1t is equal
to 1. For this term, say corresponding to the index n = #g, By, + F,, = 51 =1 + J.
Therefore the sum equals to 15 ;4 ;).

Summing up (4.3} from j = 1 to oc. and recalling that /;, > 1, one obtains

_ , P(Sy > i)
lim P(B, =i)= ——— 4.4
n!toc (B, =1i) E[S)] (4.4)
Similarly, for the forward recurrence time,
: L P =
lim P(F, = j)= —— =+
hm P =D = =53

The roles of B, and F, are not symmetric. To restore symmetry, one must consider B, and
F, = F, — | {recall that F,, > 1). Then

. . P(Sy = j)
lim P(F = jy= —2L =)
Lm PCFy =)= —Fis

Since B, + F, = §,, for some (random} m determined by the conditionn € [R,,. R4}, one
might expect that P{B, + F, = k) = P(S8) = k). Butthis is in general false, and constitutes
the apparent paradox of recurrence times, also called the bus paradox (see Problem 4.4.2}.
It is true that P(B, + F, = k) = P(S,, = k), but m is random, and therefore there is no
reason why S, should have the same distribution as 5;. As a matter of fact,
lim P+ Fo =60 = i 3 Py =i Fr = )
i+j=k
_ Z P(Si=i+j) kP(S =k)
- E[$1] E[S)

L)
i-j=k

Theorem 4.2. Delaved Regenerative Theorem
Let {Z, },=0 be a possibly delayed regenerative process (recall, however, that Ry < oc). Let
f E — R be such that

’EiTrDIlE[f(Zn)lln<Rol] =0 (4.5)

and

R -1
E [Z If(Zk)I} < 0. (4.6)

k=Ry

Then, if the renewal distribution is proper and nonlattice,

E[ZhR (20

4.7
E[S1] (4.7)

lim ELf(Zn)] =
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Proof. It suffices to show that the limit of E[ f(Z,)1,= r, ] equals the right-hand side of (4.7).
Introduce {Z,},>0 = {Zn+ R, Jn=0- and observe that this process is an undelayed regenerative
process with respect to { R, — Rp}a> that is proper and nonlattice. We have

ELFZ imsr] = ELf Zaer ) inzmn] = 3 ELf (Zumi) P(Ro = k).
k=0

By the nondelayed version of the regenerative theorem, we have that

E [Tl /(2]
E[Ry — Ro]

1

lim E[f(Z,)] =
ntoe
and therefore, by dominated convergence for series (see Theorem 1.6 of the Appendix),

: E[2f5 1)

li E[f(Z, PRy = k) =
”gg;U(kn(o )= —ER TR

A useful case where (4.5) is satisfied is that of f bounded (use dominated convergence).

5 Life Before Absorption

5.1 Infinite Sojourns

The results obtained so far concern irreducible recurrent HMCs. They must be completed
by the study of chains with several communication classes.

As we learned in Chapter 3, the state space £ can be decomposed as
E=T+) R
i

where R,. R-. ... are the disjoint recurrent classes and 7 is the collection of transient states.
(Note that the number of recurrent classes as well as the number of transient states may be
infinite.) From the discussion in subsection 1.3 of Chapter 3, the transitton matrix can be
block-partitioned as

R, Ry T

R, P, 0 0 0

R 0] P, 0 0
pP= . , (5.1)

: 0 0 0

T \ B(l) B(2) Q

or in condensed notation,

D 0
Pz(B Q). (5.2)
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The form (5.1) accounts for the fact that one cannot go from a state in a given recurrent class
to any state not belonging to this recurrent class. In other words, a recurrent class is closed.

A typical question is, What is the probability of being absorbed by a given recurrent
class when starting from a given transient state? This kind of problem was already addressed
in Chapter 2 to introduce first-step analysts (see, for instance, the tennis Example 3.2 and
the cat-eats-rat-eats-cheese Example 3.3 of Chapter 2). It led to systems of linear equations
with boundary conditions, for which the solution was unique, due to the finiteness of the
state space. With an infinite state space, the uniqueness issuc cannot be overlooked, and
the absorption problem will be reconsidered with this in mind, and also with the intention
of finding general matrix-algebraic expressions for the solutions. Another phenomenon
not manifesting itself i the finite case 1s the possibility, when the set of transient states is
infinite, of never being absorbed by the recurrent set. We shall consider this problem first,
and then proceed to derive the distribution of the time to absorption by the recurrent set, and
the probability of being absorbed by a given recurrent class.

Let A be a subset of the state space E (typically the set of transient states, but not
necessarily). We aim at computing for any initial state / € A the probability of remaining

forever in A,
v(i) = Pi(X, € A; r > 0), (3.3)

Defining
wi)=P(X) € A,.... Xy € A),

we have, by monotone sequential continuity,

lim | vn(i) = ().

Butforj € A, P(X1 € A,.... Xgot € A, Xn = )= 3 ca Do en Piir - Pinyj 1
the general term g¢;;(n) of the nth iterate of Q, the restriction of P to the set A. Therefore,

Un(j) = ZQU(”)'
jeA
The latter equality reads
v, = Q'1y,, 54

where 1,4 is the column vector indexed by A with all entries equal to 1. From this equality

we obtain
Unyl = va (55)

and by dominated convergence v = Qu. Moreover, 04 < v < 14, where 0,4 is the column
vector indexed by A with all entries equal to 0. The above result can be refined.

Theorem 5.1. Infinite Sojourn
The vector v is the maximal solution of

v = Qu, (5.6)
[IA < USIA. (57)

Moreover, either v = 0, or sup;e (i) = 1.
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Proof, Only maximality and the last statement remain to be proven. To prove maximality
consider a vector i indexed by A such that u = Qu and 0, < u < 1. Iteration of it = Qu
yields u = Q"u,and u < 14 implies that Q"u < Q"1, = v,. Therefore, u < v,, which
gives u < v by passage to the limit,

To prove the last statement of the theorem, let ¢ = sup,c, v(i). From v < cly, we

obtain v < cv, as above, and therefore, at the limit, v < cv. This implies either v = 0,4 or

c—=1 O

Equation v = Qu in (5.7) reads
v(i)= 3 _ Py} (i € A) (5.8)
jeA
First-step analysis gives (5.8) as a necessary condition. However, it does not help to deter-
mine which solution of (5.8) to choose, in case there are several.

Example 5.1, Random Walk Reflected at 0
The transition matrix of the random walk on N with a reflecting barrier at 0,
o 1
g 0O
P = q

D O

p .
0 p

where p € (0, 1), is clearly irreducible. Intuitively, if p > g, there is a drift to the right,
and one expects the chain to be transient. This will be proven formally by showing that the
probability v(i} of never visiting state 0 when starting from state i > 1 is strictly positive.
In order to apply Theorem 5.1 with A = N — ({0}, we must find the general solution of
u = Qu. This equation reads

u(l) = pu(2),

u(2) = qu(l) + pu(3),

u(3) = qu(2) + pu(4),

and its general solution is
i-1 j
u(i) = u(l)z (q) .
=0 NP
The largest value of (1) respecting the constraint #(/) € [0, 1] is u(l) =1 - (%) The
solution v(/) is obtained by assigning this value, and therefore

w(i)y=1- (q) . (5.9)
p



152 4. Long Run Behavior

Remark 5.1. Finite Transient Set
If the set of transient states T is finite, the probability of infinite sojourn in 7" is null. This
intuitively obvious fact can also be deduced from application of Formula (5.4) with A = T
Indeed, with the notation of (5.2),

. (D" 0
P _(Bn Q,,), (5.10)

and therefore the general term of Q" is p,;(n). But we know that for any transient state j,
limysne pij{n) = O foralli € E, and therefore if T is finite, v(i) = lim, e ZjeT pip(n) =
0. <&

Example 5.2. Repair Shop
This HMC was introduced in Example 2.2 of Chapter 2. Its state space is £ = N, and its

transition matrix is
dg & 4y daz

ap dyp 42 a3
P= a a a - |,
ag 4

where {a; ; { > 0} is a probability distribution on N of mean

<
P = Zkak.
k=0

It is assumed that @y > 0 and a4y + a; < 1, so that the chain is irreducibie (see Problem
2.4.2 of Chapter 2).

One can use Theorem 5.1 to prove that if p < I, the chain is recurrent. For this consider

the matrix
) d2 a3

ap d as
Q= L)

dg Ay

which is the restriction of P to A; = {{ + 1.i +2,...} forany { > 0. Thus, the maximal
solution of v = Qu, B4 < v < 1y (where A = A;), has in view of Theorem 5.1 the

following two interpretations. Firstly, fori = 1,
v(i) = P(X, > 1,n>0), (5.11)

that is, v{/) is the probability of never visiting 0 when starting from{ > 1. Secondly, v(1) is
the probability of never visiting {0, 1, ..., i} when starting from i 4 1. Since when starting
from i + 1, the chain visits {0, 1, ..., i} if and only if it visits i, v(1} is the probability of
never visiting { when starting from § + 1.

We can write the probability of visiting 0 when starting from i + 1 as

1— (i + 1) = (F — o1 — (i),
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since in order to go from i + 1 to 0 one must first reach £, and then go to 0. Therefore, with
v(hy=1- 4,

foralli > 1, ‘
v(iiy=1-— 4" (5.12)

This solution depends on a parameter # € [0, 1]. To determine 8, let us write the first
equality of v = Qu:
v{l) = are(1y+ v+ -,
that 1s,
(1=p) =a(l =B+ a(l - )+

Taking } .., a; = 1 into account, this reduces to

B =gB) (5.13)

where g(z) is the generating function of the distribution (a;, & > 0). Also, all other equations
of it = Qu reduce to (5.13).

Recall Theorem 5.1 of Chapter 1, which tells that under the irreduciblity assumptions
ag > 0. ag+a, < 1,(5.13) has only one solution in [0, 1], namely § = 1if p < |, whereas
if p > 1, it has two solutions in [0, 1], this probability is 8 = 1 and 8 = fy € (0, 1).

Theorem 5.1 says that one must take the smallest 8 satisfying {5.13). Therefore, if p > 1,
the probability of visiting state O when starting from state i > 1is | — v(i) = B < 1, and
therefore the chain is transient. If o < [, the latter probability is 1 — v(/) = 1, and therefore
the chain is recurrent,

We know from Example 5.5, Chapter 2, that for p = 1, there is no stationary distribution.
Therefore,

If o = 1, the chain is null recurrent.
If p > 1, the chain is transient.

It remains to elucidate the case p < 1, and we shall see in Chapter 5 that we then have
positive recurrence. &

5.2 Time to Absorption

We now turn to the determination of the distribution of 7, the time of exit from the transient
set 7. Theorem 5.1 tells that v = {v(i)};cr, where v(i) = P;(t = o0), is the largest solution
of v = Qu subject to the constraints 67 < v < 1y, where Q is the restriction of P to the

transient sct T,
The probability distribution of v when the initial state is / € 7 is readily computed
starting from the identity

P(t=ny=Pxzn)—F(t=zn+1)
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and the observation {t > n} = {X,_, € T} forn > 1, from which we obtain, forn > 1,

Pt = 1) = P(Xao1 € TV = P(X, € TY= Y (pij(n — 1) = pis()).

JeT

Now, p;;(n) is for i, j € T the general term of Q", and therefore we have the following
result.

Theorem 5.2, Distribution of the Time to Absorption

Pt =n)={(Q"" - Q") (5.14)

In particular, if P,(t = oc) = 0,

Pt > n)={Q"17}:. (5.15)
In particular, when 7 is finite, for any distribution v such that v(7) = 1, we have

Pt >ny= v Q4

{The reader is begged to excuse the author for the conflict of notation in the above formula,
where T denotes transposition in v and a set in 171)

6 Absorption

6.1 Fundamental Matrix

The results of the previous section concern the probability of remaining forever in the
transient set, or, taking the dual point of view, the probability of never being absorbed by the
recurrent sct. It remains to compute the probability of being absorbed by a given recurrent
class R; when starting from an initial state { € T. For this, we shall need the notion of
fundamema! matrix, which is linked to that of potential matrix, and therefore to the number
of visits to a particular state j when starting from a state 7.

As we shall see, only the case i € T. j € T requires analysis, and in this case we are
looking at the number of visits to j € T before absorption by R = R U Ry - -~ when
starting fromi € T.

When starting from any state i, the mean number of visits to an arbitrary state j 18

E; |:Z I{X,;=j1:| = ZPU(”)* {6.1)
n=0 n=0

and this is the (i, j) element of the potential matrix

G=) P {6.2)
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Only the pairs (i, j) where i and j are transient requirc treatment, because in all other
situations the quantity {(6.1) is either null or infinite. For instance, if i and j are in the same
recurrent class, the number of visits to j starting from i is infinite, whereas it is zero if / and
7 belong to diffcrent recurrent classes, or if 7 is a recurrent state and j is a transient state. If
{ is transient and j is recurrent, the corresponding term is infinite if j is accessible from i,
and it is zero if j is not accessibie from J.

To evaluate (6.2) fori € 7, j « T, one uses the representation (5.2) of the transition

matrix, to obtain
E 0
G = ( £ S), (6.3)

s=>"Q" (6.4)
n=0

where

Definition 6.1. Absorbing Chain and Fundamental Matrix
An HMC with at least one transient state and one recurrent state is called absorbing, and

the matrix S is its fiundamental matrix.

Remark 6.1.
Note that there are nvo different types of fundamental matrices, one for ergodic chains (see
Chapter 8) and one for absorbing chains. &

Denoting by 7 the identity matrix indexed by 7', and observing that
N
(I-Q (ZQ,,) =1 - QY
n=0
we see, by letting & go to oc, that § is a solution of
S(I—Q)y=1. {6.5)

If T is finite, § is therefore the inverse of 7 — Q. When 7 is infinite, there may very well
be several solutions of (6.5). However, note the following theorem:

Theorem 6.1. Maximal Characterization of the Fundamental Matrix
The matrix § given by (6.4) is the smallest solution of 5(/ — Q) = [ subject to the constraint
§=0.

Proof. Let § be a solution. Writing S(/ — Q) = [ as § = [ + §Q and iterating the latter
equality gives
S=14+Q+---+Q" +5Q"" (6.6)

But § = 0 implies SQ**' > 0, and therefore
SzI+Q+ - +Q"

Passing to the limit, we obtain § > 3 7 Q. .
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Example 6.1.
The transition matrix
0.4
0
0.5
P =
0
0.4
0.1

03 03
06 04
05 0
1
0.8 02
0 0 04 0.6
04 0 0 0
0 03 06 0

0
0.2
0

with state space E = {1, 2,3,4,5,6,7, 8} has two recurrent classes R) = {1,2, 3} and
R> = {4, 3) and one transient class T = {6, 7, 8}. Here

and

S=( Q"

Q

04 06 0
( 0 o 0_2)
06 0 O

| /125 75 15
(15 75 15).
5\ 75 45 75

Also, no state of T leads to R;, and therefore g;; = Ofori € T, j € Ry. All states of T
lead to Ry, and therefore g;; = +oc fori € T, j € Ry. In summary:

+oC
+oc
+
0
0
+oC
+0o0
+oc

where the missing part is S.

6.2 Absorption Matrix

+o0
+00
+o0
0
0
+o0
+o0
+oc

—+0oC
+oc
+o¢
0
0
+o0
+0o0
+20

0 0 0

0 0O 0

0 0 0
+o0 +oo 0O
40 —+oc 0

0 0

0 0

0 0

o0 O o O

oo O oo

We seek to compute the probability of absorption by a given recurrent class when starting
from a given transient state. As we shall see later, it suffices for the theory to treat the case
where the recurrent classes are singletons. We therefore suppose that the transition matrix

has the form

<

0
B Q)

(6.7)
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Let f;; be the probability of absorption by recurrent class R; = {j} when starting from
the transient state i. From (6.7},
(1T 0
"=(L, o)

where L, = (I + Q+-- -+ Q")B. Therefore, limuyo L, = SB. Fori € T, the (i, j) term
of L, is
La(i, j) = P(X, = j1Xo =)

Now, if T} is the first time of visit to R; = {j} after time 0, then
L,(i, j)= P(T; < n),
since R; = (j} is a closed state. Letting n go to oo gives the following:

Theorem 6.2. Probability of Absorption
Consider a HMC with transition matrix P as in (6.7). The probability of absorption by
recurrent class R; = {j} starting from transient state | is

P,'(TRj << OO) = (SB)U (68)

The general case, where the recurrence classes are not necessarily singletons, can be
reduced to the singleton case as follows. Let P* be the matrix obtained from the transition
matrix P given by (6.1), by grouping for each ; the states of recurrent class R; into a single
state

i 2 T
if1 0 0o o
510 1 0 0

P = | , (6.9)
‘1o o 0
T bi b; Q

where b; = B(j)17 is obtained by summation of the columns of B(}), the matrix consisting
of the columns ieR;jof B,

The probability fiz, of absorpnon by class R; when starting from i € T equals fi; st
probability of ever visiting j when starting from i, computed for the chain with transition
matrix P,

Example 6.2,
Consider the chain with state space £ = {1, 2,3, 4,5, 6, 7} and transition matrix
05 05
0.8 02
0 04 06
P= 1 0 0

1 0 0
0.1 0 02 01 02 03 01
01 01 01 0 01 02 04
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It has two recurrent classes R) = {1, 2}, R» = {3, 4, 5} and one transient class T = {6, 7}.
In the notations introduced in the current subsection,

0.1 0 02 01 02 0.3 0.1
B'_(O.l 0.1)’32'(0.1 0 0.1)*Q_(0.2 0.4)’

and therefore
0.1 0.5 ~ 01 0.5
b= (0.2)’ br = (o.z)’ b= (0.2 0.2)'

1 0 0 0
0 1 0 ¢
0.1 05 03 0.1
02 02 02 04

Also,

P* =

Computations yield
el 15025 ~ (02 038
S=U-Q7 = (0.5 .75 )’ 5B = 04 06/

in particular the probability of absorption from transient state 6 to class {3, 4, 5}is0.8. <

Example 6.3. Sibmating

In dipleid organisms a given hereditary character is carried by a pair of genes. We consider
the situation in which each gene can take two forms, called alleles, denoted by a and 4.
Such was the case in the historical experiments performed around the year 1865 by the monk
Gregor Mendel, who studied the hereditary transmission of the nature of the skin in a species
of green peas. The two alleles corresponding to the genes or character “nature of the skin™
are ¢ for “wrinkled” and A for “smooth.” The genes are grouped by pairs, and there are two
alleles, and thus three genorypes are possible for the character under study: aa, Aa (same as
aA), and A4. With each genotype is associated a phenotype, which is the external appearence
corresponding to the genotype. Genotypes aa, A4 have different phenotypes (otherwise,
no character could be isolated), and the phenotype of Aa lies somewhere between the
phenotypes of aa and A4. Sometimes an allele is dominant, say 4, and the phenotype of Aa
is then the same of the phenotype of A4.

During the reproduction process, each parent contributes to the genetic heritage of the
descendant by providing one allele of their pair. This is done by intermediaries of the
reproduction process, the cells called gametes (in the human species, the spermatozoid and
the ovuia), which carry only one gene of the pair of genes characteristic of each parent.
The gene carried by the gamete is chosen at random from among the pair of genes of the
parent. The actual process occurring in the reproduction of diploid cells is called meiosis
(see Figure 4.6.1).

A given cell possesses two chromosomes. A chromosome can be viewed as a string of
genes, each gene being at a specific location in the string.
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One parent cell
/-_"_/\—q

v )— (%

© &

Four gametes

/AN

® ®

Figure 4.6.1. Meiosis

Let us start from an idealistically infinite population where the genotypes are found in

the following proportions:
AA Aa aa
x 2z y~

Here x, v, and 7 are numbers between 0 and 1, and
x+2z+y=1

The two parents are chosen independently (random mating), and each of their respective
gametes chooses an allele at random independently of each other in the pair carried by the
corresponding parent. We leave as an exercise for the reader to prove that the genotypic
distribution of all the generations starting with the third one are the same, depending only
on the proportions of alleles of type 4 in the initial population: This is the famous law of
Hardy and Weinberg, which holds for randem mating.

In sibmating (sister—brother mating) two individuals are mated and two individuals from
their offspring are chosen at random to be mated, and this incestuous process goes on through
the generations.

We shall denote by X, the genetic types of the mating pair at the nth generation. Clearly,
{X,},»0 is an HMC with six states representing the different pairs of genotypes 44 x AA,
aa x aa, AA x Aa, Aa x Aa, Aa x aa, A4 x aa, denoted respectively 1, 2, 3, 4, 5, 6.
The following table gives the probabilities of occurrence of the 3 possible genotypes in the
descent of a mating pair:

AA Aa aa
AA AA 1 O 0
aa aa 0 0 1
AA Aa 1/2 1/2 0 parents’ genotype
Aa Aa 1/4 1/2 1/4
Aa aa 0 1/2 1/2
AA aa 0 1 0

descendant’s genotype
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The transition matrix of {X,}.-0 is then easily deduced:

1
I
1/4 1/2 1/4
1/16 1/16 1/4 1/4 1/4 1/8
1/4 1/4 1/2
1

P =

The set R = {1, 2] is absorbing, and the restriction of the transition matrix to the transient
setT = {3,4,5,6}is

1/21/4 0 0
174174 174 18
Q=10 17412 0

0 1L 0 0
The fundamental matrix is
16 8 41
S:(I’Q)_lzé A
g8 16 8 &

and the absorption probability matrix is

/4 0 3/4 174

o Avsne) L1z
SB=S1"0 174 | = | 1334
0 0 12 172

Forinstance, the (3, 2)entry, % , isthe probability that when starting from a couple of ancestors
of type Aa x aa, the race will end up in the genotype aa x aa. &

We have seen that the absorption probabilities by the recurrent classes corresponding
can be obtained as a byproduct of the access matrix
F=1{fi;}

where
fij = Pi(T; < ),

because fir, = fir forany k € R;. For the absorption probabilities, we need only the
entries of the access matrix corresponding to the indices i € T, j € R. Note, however, that
the other entries of the access matrix can be obtained from the potential matrix. Indeed,

() If i and j are in the same recurrent class, f;; = 1.
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() If i and j are in two different recurrent classes, f;; = 0.
(y) Ifi is recwrrent and j is transient, f;; = 0.

(8) If i and ; are transient,

i , — 1
Go=80 i #iand f; = B2 (6.10)
8jj 8ij

To prove (6.10}, use Theorem 7.2 of Chapter 2.

Problems

4.1.1
(a) Prove (1.5).
{b) Show that

dy(a. )= sup (Za(s‘)y(a‘) — 3" B)¥): suply()] = 1) .
i=l i=1

(c) Show thatifA; € [0. 1]and 35 | &; = 1, then
K

K K
dv (Z i, Zx,ﬁ,) Z iy (e, Bi)y
i=l i=1

where «; and B; are probability distributions on E forall i € [0, K].

4.12 Let fi and f, be two probability density functions on R and call D(f1, f2) the
collection of couples of R¥-valued random variables (X, Y) such that X and ¥ have the

p.d.f. fi and f respectively.
Show that for any (X, ¥) € D(f1, f2).

Px =1 =1-3 [ 150 - ploiax
and that equality can be attained.
Exhibit (X, ¥ achieving equality in the following cases.
(i) k = 1, X uniform on {0, 6], ¥ uniform on [0, &;]

(i) k = 2. X uniform on {0,817, ¥ uniform on [0, 6,1

(ili) & = 1, X exponential with parameter ¢, ¥ exponential with parameter 6,
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4.1.3 Consider the following situation. A random variable X has a distribution depending
on the value of another random variable ® € {1, 2}. Fori = 1, 2, conditionally to & = |
the random variable X has the p.d.f. fi(x),and P(® = i) = % The game is the following.
Find a partition A; + A; = R such that if we define &' =i if X e Ay, then the probability
of error, that is, the probability that the estimate @' is different from the actual value @, is
minimized. What is then the probability of error?

4.1.4 Let P be a transition matrix on the finite state space £. Define

1
(P) = 3 sup D Ipu = pyil-

€L 4o F
Let {X,},>0and { ¥, },>0 be two E-valued stochastic processes with the following properties:

The initial states are maximally coupled with marginal distributions i and v, respec-
tively. Also, {(Xa, ¥x)}uz0 18 an HMC with transition probabilities g, ;. , where for fixed
{f, j), the probability distribution ¢; ;. . realizes maximal coincidence of p; and p; (this
type of coupling is called Markov coupling.)

Show that { X, },=0 and {¥,;),,>¢ are two HMCs with the transition matrix P,

Show that if §(P) < 1, then {X,},>p and {¥,},>0 couple in finite time T and that
E[e*"] < oc for some positive ¢.

Show the same when only §(P)" < oc is assumed, for some integerm > 1.

Deduce from this that if P is ergodic, {X,},>0 and {¥;},>¢ couple in finite time 7 and
that E[e”"] < oo for some positive «.

4.2.1 Prove in detail the last assertion of Theorem 2.2.

422 Let{X ,ﬁ })nz=o and {Xf,},,zo be two independent irreducible HMCs with the same transi-
tion matrix P. Give a counterexample showing that if P is not aperiodic, the product chain
{(X), X)}az0 may be reducible.

4.2.3 Let {X, }n»0 and { ¥, },»¢ be two independent HMCs on the state space £ = {1, 2},
with the same transition matrix
1l —« o
P= ,
('3 1%)

where o, § € (0, 1). Let t be the first time n when X, = ¥,. Compute the probability
distribution of T when Xg = 1, ¥y = 2.

4.2.4 Let P be an ergodic transition matrix on the countable state space E£. Show that a
necessary and sufficient condition for the corresponding HMC to be reversible is that for all
states {, 1y, ..., iz

Piiy Piriy =7 Pigi = Piieey -7 Pon Pivi -

4.2.5 A man commutes every weekend between his town house and his country house. Each
Saturday, he leaves town for the countryside, and he comes back on Sunday. He owns N
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umbrellas which he takes between his two houses. He takes one, if available, if it is raining
when he leaves town (resp., the countryside). The probability of rain on a given day is p.

Find the steady state probability of having / umbrellas in the country house on a given
Saturday might.

4.3.1 At a crosswalk, cars pass on a single lane at times Ry = 0, Ry, B2, .., where (R, }n=0
is a proper rencwal sequence. A pedestrian arriving at time 0 crosses the lane as soon as he
sees a time interval x > O between two consecutive cars. How long must he wait, on the
average?

43.2 Let L be the lifetime of a defective renewal sequence. Show that lim, 4o P(L > n) =
0, and give the rate of convergence. Treat in detail the case where the interrenewal sequence

is geometric.

43.3 Let v({a, b)) be the average number of renewal epochs in the integer interval (a, bi of
a proper nonlattice renewal sequence. What is the limitas 1 T oC of v({n +a,n + b])?

4.3.4 Suppose that the typical interrenewal time S; of a renewal sequence is proper but that
P(S| = 0) = fu > 0. Otherwise, suppose that ged{n > 1; fn = 0} = 1. Show that the
solution of the extended renewal equation

7
o= Vo Up =y + D filnty 121
k=0

{notice the additional term in the sum, corresponding to k = 0) satisfies, under the summa-
bility condition (3.4},

lim u, = —Zkzo o

ntoo 3 kfe

4.3.5 In the population model of Example 3.4 what is, in the critical case p = 1, the average
number of daughters born at a given large time, when (i) = 0 foralli > 0, and «(0) = 17
Suppose now that fi = e_ﬁ% for k > 1. Discuss the asymptotic behavior of u,. the
average number of daughters born at time », in terms of the positive parameters 8 and 6

(use the same initial conditions as in the first part of the problem).

4.4.1 A given machine can be in either one of three states: G (good), M (in maintenance), or
R (in repair). Its successive periods where it is in state G (resp., M, R) form an independent
and identically distributed sequence {5, }x=0 (resp., {Un}n=0, {Va)n>0) with finite mean. All
these sequences are assumed mutually independent. The maintenance policy uses a number
T > 0. Ifthe machine has age T and has not failed, it goes to state M. If it fails before it has
reached age 7', it enters state R. From states M and R, the nextstate is G. Find the steady state
probability that the machine is operational. (Note that “good” does not mean “operational ”
The machine can be “good” but, due to the operations policy, in maintenance, and therefore
not operational. However, after a period of maintenance or of repair, we consider that the
machine starts anew, and enters a G period.)
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442 In Example 44, when the typical interrenewal time is geometric, compute
limp+o POFy + By = k), limyqoc P(F, = k), and impyoc P(F, + B, = k).

4.4.3 In Example 4.4, under what circumstances do we have lim, s P(F, + B, = k) =
P(S, =k)forallk = 17
4.4.4 In Example 4.3, we abandon the nonlattice hypothesis. Show that

! E[U
lim | lizin=ods = #
A E[U]+ E[Vi]

where Z(s) = 0 means that the machine is in repair at time s.

4.5.1 Let {X,},=¢ be an irreducible HMC with finite state space £ = {1.2,...,r} and
transition matrix P. Let 7; be the return time to j € £. Show that

PAT; > n) ={Qftpy ik

where Q; is obtained from P by deleting the jth column and the jth row, and 1gy; is a
column vector of dimension r — 1 with all its entries equal to 1.

4.5.2 Find the distribution of the first meeting time of two independent HMC with state
spacc £ = {1.2} and transition matrix

| — e o
(157 ,7,).

where &, 8 € (0. 1), when their initial states are different.
4.5.3 Let {X,},2p be an HMC on the state space £ = {1, 2, 3, 4, 5} with transition matrix

l
04 06
P= 0.5 05
04 02 02 01 01
05 0 01 02 02

Compute the probability of absorption in the recurrent class {2, 3} when starting from the
transient state 3.

4.5.4 Give a direct proof of the result in Remark 3.1 stating that infinite sojourn in a finite
transient set is almost surcly impossible.

4.5.5 Consider an HMC with a nonempty recurrent set R and a transient set 7 with at least
two distinct elements i and j. Give a general method to compute the probability of never
visiting f and of being absorbed by a given recurrent class R, when starting from 7. Apply
this to the HMC of Example 6.2, withi =6, j = 7,and k = 2.

4.6.1 You have | doltar and you owe the mafia 5 dollars. Being just a probabilist, you decide
to make a series of bets with a fair coin. You have the choice between two strategies. Bet |
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dollar each time (the timid strategy), or bet as much as you can but no more than necessary
to reach a fortune of 5 dollars (the bold strategy). Find your probability of staying alive in
each strategy.

4.6.2 Consider an HMC with a nonempty set of transient states T and with at least one
positive recurrent class R that is aperiodic. Let 7 be the unique stationary distribution of
the restriction of the chain to R. Prove that foranyi € T, j € R, limyyo pij() = firm{(J),
where f;x is the probability of absorption in R when starting from /.



CHAPTERS

Lyapunov Functions and

Martingales

1 Lyapunov Functions

1.1 Foster’s Theorem

The present chapter contains a potpourri of topics around potential theory and martingale
theory. More exactly, it is a brief introduction to these topics, with the limited purpose
of showing the power of martingale theory and the rich interplay between probability and
analysis. An important aspect of this chapter concerns the various results complementing
the study of recurrence of Chapter 3. In this respect, the single most important result is
Foster’s theorem below.

The stationary distribution criterion of positive recurrence of an irreducible chain re-
quires solving the balance equation, a too often hopeless enterprise except in a few textbook
situations. The following sufficient condition is more tractable, and indeed quite powerful.

Theorem 1.1. Foster’s Theorem
Let the transition matrix P on the countable state space E be irreducible and suppose that

there exists a function # : £ — R such that inf ;h(:} > —oc and

Zp,-kh(k) < ooforalli € F, (1.1)
keE
3 puh(k) < h(i) — e foralli ¢ F, (1.2)
kel

for some finite set F and some ¢ = 0. Then the corresponding HMC is positive recurrent.

167
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One could call the function # uniformly strict superharmonic outside F, but this is not
standard terminology.

The proof below does not use explicitly martingale theory, but Foster’s theorem is very
much related to results in the Section 3 that are proved via the martingale convergence
theorem (Theorem 3.1).

Proof. We use the notation Xj for (X, ..., X,,). Since inf ;4(i) > —o¢, one may assume
without loss of generality thath > 0, by adding a constant if necessary. Call r the return time

to /', and define ¥, = A(X,) 1}, <. Equality (1.2) is just E[A(X,4 1) | X, = i] < A(i} —¢
foralli ¢ F. Fori g F,
EilYour 1 Xol = EilYerilppan | X1+ Ei(Yop1 Lnzoy | X§]
= EilVastlinen | Xpl = EifA(X i) lnery | X5
Vneri Ei[i(Xn11) | X31 = Ljpar Ei[(X a1} ! X,]
Lnerit{Xa) — €lpery,

1A

where the third egualiry comes from the fact that 1., is a function of X} and uses rule
(7.8) of Chapter I, the fourth equality is the Markov property, and the last inequality is true
because Pr-as., X, € Fonn < r. Therefore, Pi-as.,

EilYar | X3l = Ve —€bnen,

and taking expectations,
0 < Ei[Ypq1] = Ei[¥a] — €Pi(z > n).

Tterating the above equality, and observing that ¥, is nonnegative, we obtain

0= B[V €3 Al > B

k=0
But ¥y = h(i), P-as.,and > ;- Pi(t > k) = E;[1]. Therefore, foralli ¢ F,
Ei[t] < e hii).

For j € F, first-step analysis yields

Ejlt] =1+ pakiltl.
igF
Thus E;{r] < 1+€7' 3, pj;h(i), and this quantity is finite in view of assumption (1.1).
Therefore, the return time to F starting anywhere in F has finite expectation. Since F is a
finite set, this implies positive recurrence in view of the following lemma. ]

Lemma 1.1. Let {X,},-¢ be an irreducible HMC, let F be a finite subset of the state space
£, and let 7( F) be the return time to F. If E;[1(F)] < oo forall j € F, the chain is positive
recurrent.
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Proof. Sclecti ¢ F, and let T; be the return time of {X,,} toi. Let ty = (F), 12. 73. ... be
the successive return times to F. It follows from the strong Markov property that {Y,}.=0
defined by Yy = Xo = i and ¥, = X, forn > 1 is an HMC with state space F (Problem
2.7.2). Since {X,} is irreducible, so is {¥,}. Since F is finite, {¥, } is positive recurrent, and
in particular, E,[T;] < oc, where 7; is the return time to i of {¥,}. Defining Sy = 7, and
Se = 1ro1 — Ty fork = 1, we have

Z th<T;}

and therefore

a9}
E(T]=) ElSily.q)
k=0

Now,
EilSilyer;) = D EilSilyoqylix,=al

tef
and by the strong Markov property applied to {X,} and the stopping time T, and the fact
that the event {k < T;} belongs to the past of {X,,} at time 1,

EifSily i Lixy—ty] = EilSk 1k < T Xo, = €1Pitk < Ti, Xy = )
= Ei[Sc | X, =Pk < T, X, = 0) .

Observing that E;[S; | X, ={] = E ¢[t(F)], we sec that the latter expression is bounded
by (max;. ¢ E;[T(F)]) Pi(k < T;, X, = £}, and therefore

EilT] < (rpea;c Ee(T(F))) D PTi=k)= (glea;i Ee(T(F))) Efi]<occ. O

k=0

The function k in Foster’s theorem is called a Lyvapunov function because it plays a role
similar to the Lyapunov functions in the stability theory of ordinary differential equations.
It has a tendency to decrease along the trajectories of the process, at least outside a finite
set of states, the refuge. Since it is nonnegative, it cannot decrease forever, and therefore it

eventually enters the refuge.

Corolary 1.1. Pakes’s Lemma
Let {X,),=0 be an irreducible HMC on E = N such that forall # = 0 and alli e E,

E{Xpp | Xy =i] <00 (1.3}
and
limsup Ef X, — X, | Xp=i] < 0. (1.4}
itoo

Such an HMC is positive recurrent.
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Proof, Let —2¢ be the left-hand side of (1.4). Inparticular, ¢ > 0. By (1.4), for/ sufficiently
large, say i > fg, E[X,.1 ~ X, | X, = i] < —e. We are therefore in the conditions of
Foster’s theorem with A(i}y =i and F = {i;i < iy} i

Example 1.1. 4 Random Walk on N
Let {Z,},-1 be an i.i.d sequence of integrable random variables with values in Z such that
E[Z\] <0.
and define {X, },.-¢. an HMC with state space £ = N, by
Xurr = (X + Zns)™.

where Xy i1s independent of {Z,,},, 1. Assume irreducibility {the reader is invited to find the
necessary and sufficient condition for this). Here

ElXop1 —i | Xg =il = E[(i + Zos)" — i1 = E[=iliz, < iy + Zus1 117,005 -1]
E[Z 1z, -_4].

IA

By dominated convergence (see Theorem 3.2 of the appendix), the limit of E[Z1;z . _4]
as i tends to oc is E[Z;] < 0 and therefore, by Pakes’s lemma, the HMC is positive

recurrent, &

Example 1.2. Repair Shop

Arguments very similar to those in the previous example show that in the repair shop HMC
(assumed irreducible; see Examples 2.2 and 5.5 of Chapter 2), condition E[Z;] < 1 implies
positive recurrence. Actually, in view of the results of Example 5.5, Chapter 2, condition
E(Z|] < 1 is necessary and sufficient for positive recurrence. <

Next example features a quadratic Lyapunov function. The computations involved are
a bit tedious, although straightforward once the correct form of the Lyapunov function is

given.
Example 1.3. 4 2-D Random Walk with Reflection

The reader is refered to the monograph (Fayolle, Malyshev, and Menshikov, 1995) for
a general theory of reflected random walks and for bibliographical details.

The state space is £ = N? and therefore X, = (X!, X2). The process {X,}.>0 evolves
according to ‘

Xf;-;-] :Xft+zﬁ+]’ (1.5)
(£ € {1,2}), where Z;H is a bounded random variable such that {X,},-¢ remains in the
first quadrant, and with a conditional distribution given the past of the chain up to time »

depending only on the last state X,. In particular, with Z, = (Z,, Z}),

E[Zy | Xy = i1 =d(0), (1.6)
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where
d(i) = (a(i). B()). (1.7}
The vector d(i) is the drift at position i = (i), iz). It will be assumed that
(Of,ﬁ) 1fI| >0,f2>0
. ) (e, B ifip > 0,i> =0
(@@ BN =\ (4o, Bo) ifiy = 0,6 > 0
(o, fo) i =i =0
Of course, since the chain must remain in the nonnegative quadrant, we have the conditions
ag > 0, B = 0,and B; > 0, ap > 0. Actually we shall assume slightly more:

{1.8)

B >0 ar=0, (1.9}
just to prevent the chain to be absorbed by a boundary.
It will be shown that for positive recurrence, it suffices fo have
<0, <0, af) —up <0, By —afy < 0. (1.10)

For this, Foster’s theorem will be applied with a quadratic Lyapunov function
1 2
h(i) = (i, i2) = E(ui%+ui5)+wi,iz, (1.11)

for suttable, u, v, w.

First u. v, w will be sclected in such a way that 4 is a positive definite quadratic form.

This is guaranteed by
w0 v>0,w > uv. (1.12)

Next a further condition on «. v. w must be found in order to guarantee that
Elh(X ) —R(X) | Xy =i] £ —€.
Elementary computations yield
R(Xe1) — A(X,) = A(Xngr — Xo) + (X)) = X0+ w(Xoy) — XDIX,
+ [(XGy = XD+ (X, — XIX
Therefore for all i = (i}, in)
E[h{Xp) — H(X) | X = i] = E[A( X1 — Xo) | X = 0] + [we)) + wh(D]i
+ [vB() + wali))iz.

By the boundedness hypothesis on (Z) |, Z2, ), the first term in the right hand side of the
above equality is bounded. Therefore, if one can choose «. v, w such that (1.12) is verified
and

ux +wfh <0, vB4+wa <0,
woy +why <0, vh+wey <0,
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the left-hand side can be made smaller than —e where € is an arbitrary positive number as
long as i) and i; are sufficiently large, and the proof will be completed.

We therefore have to show the existence of u, v, w such that
CHue+wp <0
(C2) uay + wh < 0
(C3revp+wa <0
(C4) vhs +way < 0
with the conditions
(C5u=>0
(Céyv > O
(CT w* > uv
For this, one has the hypotheses
(h1) gy > 0
(h2)w, >0
(h3)x < 0
(h4) B < 0
hS)ep—ap <0
(h6) Bay — oy <0
Since 8 < Qand B > 0, (C1) and (C2) are respecitively equivalent to

w> —ue/p,

and
—ua /By > w,

that is
(C') —ua/p <w < —uay /B
Similarly, (C3) and (C4) are equivalent to
(C3) —vB/a < w < —vh/w

So far the existence of u, v, w verifying (C'1), (C'3), (C3), (C6) and (C7) remains to be
proven. But since & < 0 and § < 0, (C'1) and (C’'3) imply (C7) provided u > 0,v > 0,
so that we have to find u, v, w verifying (C'1}, (C’'3) and & > 0, v > 0. For this we select



I Lyvapunov Functions 173

u > Gand v > O arbitrarily, and then observe that in view of (h5)and 8 < 0, 8, > 0,
—uw/p < —uar/p.

and in view of (h®) and @ < 0, oz = 0,
—uffe < —vhy/as.

These two inequalities show that either one of (C'1) and (C'3) is feasible, for any « > 0,
v > 0. They will be simultaneously satisfied by some w if

(—ua/B, —ua/B) N(—vf/a, —vhr/a2) # V.

Baut for this, it suffices to take 4 = B/ and v = @/8. <

1.2 Queuing Applications

Example 1.4. Stabilization of ALOHA

It was proven in Example 3.3, Chapter 3, that the ALOHA protocol with a fixed retransmis-
sion probability v is unstable. It seems natural to try a retransmission probability v = v(k)
depending on the number & of backlogged messages. Fayolle (1976) has shown that there
is a choice of the function v(k) that achieves stability of the protocol.

The probability that i among the & backlogged messages at the beginning of slot »
retransmit in slot # is as in Example 3.3, Chapter 3, exept that v is replaced by v(k). The
same 1s true for the transition probabilities.

An elementary computation yields
E[Xnp — X | Xo = i1 =2 — bii)ap — bo(i)ay. (1.13)

Note that &, (i)ay + be(i)a) 1s the probability of one successful (re-)transmission in a slot
given that the backlog at the beginning of the slot is i. Equivalently, since there is at
most one successful (re-)transmission in any slot, this is the average number of successful
{re-)transmissions in a slot given the backlog / at the start of the slot.

According to Pakes’s lemma, it suffices to find a function v(k) guaranteeing that

)»S_l%m(bl(f)ao+bo(i)a|)*€, (1.14)

for some € > 0. We shall therefore study the function
(V) = (1 — v)ay + kvl — vy aq,
since conditition (1.14) is just A < g;{v(i)) — €. The derivative of g,(v) is, for k > 2,

gy = k(1 — W (a0 — ar) — vikao — ay)].
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We first assume that @y > a,. In this case, for k > 2, the derivative is zero for

v:v(k):ﬂ

ka.;) — d] ’

and the corresponding value of g,(v) is a maximum equal to

k -1 k=1
gx(v(k) = ap (#) _

k—a;/ag

Therefore, limy oo 8i(v(k)) = ag exp [f:—; — ], and we see that

,\<a0exp[”—‘—1} (1.15)
ag

is a sufficient condition for stability of the protocol. For instance, with a Poisson distribution
of arrivals

condition (1.15) reads

h<e!

(in particular, the condition ag > a, is satisfied a posteriori).

If ag < ay, the protocol can be shown to be unstable, whatever retransmission policy
v(k) is adopted (the reader is invited to check this). &

Example 1.5. 4 Collision-Resolution Protocol

The slotted ALOHA protocol with constant retransmission probability in Example 3.3,
Chapter 3, was proved unstable, and it was shown in Example 1.4 that a backlog-dependent
retransmission probability could restore stability . The problem then resides in the necessity
for each user to know the size of the backlog in order to implement the retransmission policy.
This is not practically feasible, and one must devise policies based on the actual information
available by just listening to the link: collision, no transmission, or successful transmission.
Such policies, which in a sense estimate the backlog, have been found that yield stability.
However, we shall not discuss them here, and instead we shall consider a new type of
protocol, the so-called colfision-resolution protocol , or binary tree protocol (Tsybahov and
Mihailov, Capetanakis; see (Rom and Sidi, 1990) for bibliographical details).

In these protocols, when a collision occurs, all new requests are buffered until all the
messages involved in the cotlision have found their way through the link. When these
messages have resolved their collision problem, the buffered messages then try to retransmit,
maybe enter a collision, and then resolve their collision.

Time is therefore divided into successive periods, called collision-resolution intervals
(CRI). Let us examine the fate of the messages arriving in the first slot, which are the
messages that arrived during the previous CRI. They all try to retransmit in the first slot of
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the CRI, and therefore, if there are two or more messages, a collision occurs (in the other
case, the CRI has lasted just one slot, and a new CRI begins in the next slot). An unbiased
coin is tossed for each colliding message. If it shows heads, the message joins layer 0 of
a stack, whereas if it shows tails, it is placed in layer 1. In the next slot, all messages of
layer O try the link. If there is no collision (because layer 0 was empty or just contained
one message), layer 0 is eliminated, and layer 1 below pops up to become layer 0. If on the
contrary there is a collision because layer 0 formed after the first slot contained two or more
messages, the colliding messages again flip a coin; those with heads form the new layer O,
those with tails form the new layer 1, and the former layer | is pushed bottomwards to form

layer 2.

In general, at each step, only layer 0 tries to retransmit. If there is no collision, layer 0
disappears, and the layers 1, 2,3, ... become layers 0, 1,2, ... If there is a collision, layer
0 splits into layer 0 and layer 1, and layers 1,2, 3, ... become layer 2, 3,4, ... It should be
noted that in this protocol, each user (message) knows at every instant in which layer he or
she is, just by listening to the channel that gives the information: collision or no collision.
In that sense, the protocol is disiributed, because there is no central operator broadcasting
nonlocally available information, such as the size of the backlog, to all users.

Once a collision is resolved, i.e., when all layers have disappeared, a new CRI begins.
The number of customers that are starting this CRI are those that have arrived in the CRI
that just ended. Figure 5.2.1 gives an example of what happens ina CRL

BEGIN END
CRI CRI
l JAM JAM  SUCCESS SUCCESS  JAM  SILENCE  JAM  SUCCESS SUCCESS SILENCE
LAYER Q |es®o0jeo [} ] *e 0 ] - | |
LAYER 1 L] [ 2 . e L ] -
LAYER 2 ..

Figure 5.2.1. The binary tree protocol

If we assume that the fresh requests are as in Example 1.4, that is, {A.}n>1 is i.n.d.,
where A, is the number of new requests in slot n, then the sequence, {X nin>0, where X, is
the length of the nth CRI, forms an irreducible HMC. Stability of the protocol is naturally
identified with positive recurrence of this chain, which will now be proved with the help of

Foster’s theorem.

According to Pakes’s lemma, it suffices to show that

limsup E[Xp11 — Xn | Xpn=i] <0 {1.16)

itoa

and for all {,
EfXp | Xy =1i] < 00. (L.I7
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For this, let Z, be the number of fresh arrivals in the nth CRI. We have

oQ
E[Xn+l | X, =i} = ElXpn1 | X, =i, 2, zk]P(Zn =k X,=1)
k=0

o0
Z E[Xpi1 | Zo =k|P(Z, =k | X, = ).
k=0

It will be shown that for all n > 0,
E[Xuw1 | Zn = k] < ak + 1, (1.18)

where @ = 2.886, and therefore

E[Xon | Xa=i] = Z(Oﬂk‘i‘ DPEZ, =k} Xy =i)=aE[Z,| X, =i]+ L
k=0

Using Wald’s lemma (Theorem 3.2 of Chapter 1), we have
E[Z, | Xn =i]= A,
where A is the traffic intensity, and therefore
E[Xpo): — X, | X, =i[<1+i(ka—1).

We see that condition (1.17) is always satisfied and that (1.16) is satisfied, provided that
1
A< — =0.346. (1.19)
[#4

It remains to prove (1.18). Let E[X,, | Z, = k] = L, (itis indeed a quantity independent
of ). Clearly,
Lo=L; =1,

since with zero or one packet at the beginning of a CRI, there is no collision. When k& > 2,
there is a collision, and the & users toss a coin, and depending on the result they split into
two sets, layer 0 and layer 1. Among these k users, i obtain heads with probability

- ()(2)

The average length of the CRI given that there are k& > 2 customers at the start, and given
that the first layer O contains i/ messages, s

Li;=1+4+L;+ L.

Indeed, the first slot saw a collision; the i customers in the first layer 0 will take on the
average L; slots to resolve their collision, and L, _; more slots will be nceded for the & — §
customers in the first-formed layer | (these customers are always at the bottom of the stack,
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in a layer traveling up and down until it becomes layer 0, at which time they start resolving
their collision). Since

k
Li =Y gL,

i=0
we have

k
Ly=1+ Y qlk)(Li + Lis).
i=0

Solving for L, we obtain

1+ o lqi (k) + gemi(K)IL
N i ' 20
1 — golk) — g (k) e

Ly

Suppose that for some m > 2, and «,, satisfying

m—] o T
= sup 2 (L% V@) 40, 121
jem iy (g + g i)

it holds that L,, < a,,m — 1. Then we shall prove that for all n > m,
L,<o,n—1. (1.22)

We do this by induction, supposing that (1.22) holds true forn =m,m+1,..., j — 1, and
proving that it holds true for n = j. Equality (1.20) gives

-1
Li(1 = qo(jy — q;(7) = 1+ Y (@) +a;~ (DL
i=0

m—1 =
P+ Y+ 3 @) + gj-iliNami = 1),
i=0

= i=m

[A

where we used the induction hypothesis. The latter term equals

m—}

L+ ) @)+ g iDL — tmi + 1)
i=0

J
+ 3 (g () + gi-i(Demi = D) = (g0()) + g, ()DNemj = 1)
i=0

m—1
=1+ ) @)+ q—UNLi —ami + D+ anj —2 = (go(j} + q;())Nnj — 1)

=0
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where we used the identities
J J J
Do =1 ig(j)=Jjp. D iq;i(jy=j(l - p).
=0 i=0 i=0
Therefore.
G ) + @G L — i + 1)
1= go(/) — q,(i)

Lj S(amj - 1)+

Therefore, for L; < a,,j — 1 to hold, it suffices to have

"

!
(gD +q;-iUNL —wni + 1) 0.
=0

We require this to be true for all j > m, and (1.21) guarantees this, It can be checked
numerically that form = 6 and @s = 0.286, (1.21) is satisfied and that equality (1.22) is
true forn = 1, 2, 3,4, 5, 6. and this completes the proof.

For mere information on multiple-access communications, the reader is directed to the
monograph (Rom and Sidi, 1990). <

2 Martingales and Potentials

2.1 Harmonic Functions and Martingales

The concept of martingale is central to the modern theory of stochastic processes, and one
of the objectives of the present chapter is to introduce the reader to martingale theory and
its applications to Markov chains. These will be developed in Section 3. Closely connected
with martingales are the harmonic functions and potentials.

Let {X,},>0 be an HMC on the countable space £ with transition matrix P. In the study
of recurrence based on invariant measures or stationary distributions, the principal role is
played by the equation x7 = x7P, where x7 is a row vector. The recurrence/transience
criteria of the present chapter are based on the “dual” equation (resp., inequalities)

Ph=h, resp, = h, < h, 2.1
where £ is a column vector. In developed form, foralli € E,

> pih(j) = A(D), resp.. = (i), < h(i),

34
Equation (2.1) is equivalent to

E[h(Xnt1) | Xo =] = A(D), tesp., = (i), < h(i), (2.2)
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forall i € E. In view of the Markov property, the left-hand side of the above equality is
also equal to
Er(Xpr) | Xo =6 Xpt = dn-1o ... Ko = o],
and therefore (2.1) is equivalent to
E[R(Xpar | X§1 = h(X,). tesp.. < A(Xp), = h(X,). (2.3)

This motivates the two following definitions.

Definition 2.1. Harmonic, Subharmonic, Superharmonic
A function i : E — R is called harmonic (resp., subharmonic, superharmonic) iff

Ph =h, resp., > h, < h. (2.4)

Superharmonic functions are also called excessive functions. More generally, let D C E
be a subset of the state space, called the domain, and denote its complement in £, called
the boundary, by 8D. If h 1 E — R satisfies (2.4) on D, then it is called harmonic (resp.,
subharmonic, superharmonic) on D,

Definition 2.2. Martingales
A real-valued stochastic process {¥,),>o such that for each n > 0

(i) ¥, is a function of Xg, ..., X,, and
(i E[|Yy]] < c0or ¥, =0

is called a martingale (resp., submartingale, supermartingale) with respect to {X, 1.>0 if,

MOreover,
E[Yoy | X§1 =Y., tesp., = ¥y, £ V. (2.5

In the above definition, { X, },-o can be any stochastic process, not necessarily a Markov
chain. Also, observe that a martingale is a submartingale and a supermartingale.

Example 2.1. Harmonic Functions Produce Martingales

Let {X,},~ be an HMC with transition matrix P and state space E. The discussion at
the beginning of the current subsection shows that if 4 : £ — R is either a function
such that E[|h(X,)|] < oc for all n > 0 or a nonnegative function, and if it is harmonic
{resp., subharmonic, superharmonic), the process {2(X, x>0 is, with respect to { X, )u=0. @

martingale (resp., submartingale, supermartingale). <
Condition (2.5} implies that forall k£ > 1,
E[Yo4i | X§] = Yy, tesp., = ¥y, < ¥y, (2.6}

For instance, in the martingale case, with k = 2,

ElYars | X§1 = E[EYai2 | X371 X1 = El¥art | X3] = Y. 0
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Example 2.2. Lévy s Martingale
Let {X,},.o be an HMC with transition matrix P and state space E, and let f : £ — R
be a bounded function. The process

n—1

M] = (X~ f(Xo) — D (P~ Df(Xo) 2.7)

k=0

is a martingale with respect to [ X, },,.0- Indeed, since f is a bounded function, say bounded
by K,

Yo Py < K.

jeE

I(PAHDI =

Therefore, ‘M,{ < 2(n + 1)K < oc; in particular, M, is integrable. Also,

M~ M = f(Xpi1)— PF(Xa),
and therefore, since
E[f(Xne1) | Xg] = E[f(Xn1) | Xa] = P (X0},

we have 7
EM, - M 1X5]=0. &

This result admits a converse (see Problem 7.2.4).

2.2 The Maximum Principle

Potential theory is connected with martingale theory, Lyapunov functions, etc., and above
all to the classical potential theory in analysis. The maximum principle is a big result of
potential theory, and we give below one of its avatars when the state space is discrete. It is
a good opportunity to show the deep and productive links between probability and analysis.

Let {X,},»¢ be an HMC with countable state space E and transition matrix P. Let D be
an arbitrary subset of E. called the domain, and denote by 8 D the complement of D in E,
which is called the boundary. Letc : D — Rand ¢ : 3D — R be nonnegative functions
called the unir time cost and the final cost, respectively. Let T be the hitting time of 8 D.

For each state i € E, define

h(i) = E Y o(X0)+ @(X7)]iraney]- (2.8)
0<k=T

The function # : £ — R so defined is nonnegative and possibly infinite. It is called the
average cost. Note that T is not required to be finite, and that 8 D may be empty.
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Theorem 2.1. The Maximum Principle
Leth : E — R, be defined by (2.8). Then

(i} » is nonnegative and satisfies

_|PhA+conD,
h= {go ondD. (2.9)

(i) Any nonnegative functionu @ E — IR such that

Pu—+conD,
"z {qo ondb. (2.10)
is a majorant of &, that is,
u > h. 2.11)
(iii) If forall 1 € E,
PAT <o) =1, (2.12)

then (2.9) has at most one nonnegative bounded solution.

Proof.

(i) Properties # > Oand 7 = @ ondD are satisfied by definition. First-step analysis
P y
gives, fori € D,

h(i) = () + Y pijh(i) (2.13)

JEE
(rely on intuitive arguments or see the details after the proof).

(ii) Define for n > 0 the nonnegative function £, : £ — R by

k=0

n=1
ha(i) = E; [E c(Xi)ligary + (P(Xr)llhrq:l : (2.14)

Observe that 4y = 0 and, by monotone convergence, lim,+o * h, = h. Also, with a proof
similar to that of (i),

| Phy 4 conD,
fns1 = I @ ondDb. (2.15)

With # as in (2.10), we have ¥ > hy. By induction, ¥ > A, (this is true for n = 0, and if
this true for some n, it is true forn + 1. Indeed u > Pu +c = Ph, + ¢ = h,.y on D, and
u > ¢ = hpyy on 9 D). Therefore, u > lim; o h, =h.

(iii) If  is bounded and nonnegative, then by Example 2.2,

n—1
My = u(Xy) — u(Xo) ~ p (P = Du(Xi) (2.16)
k=0
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is a Lévy martingale with respect to {X,;},.,. By the optional sampling theorem, for all
mntegers K = 0, E;[M7.x] = E;[M] = 0, and therefore

TrK—-1 TAK—1
ui) = Eilu(Xrax)) = Bl D (P = Du(X)) = Ei[u(Xrax)+ 3 (X)),
k=0 k=0

since by hypothesis ({ — P)u = c on D. Since P(T < o) = 1, limg oo Efu(X7ax] =
E;[u{X7)] by dominated convergence But u{(X7) = ¢(X7) becausc u = @ on 8D. Also,
limg oo E; [ZT’\K ! (X )= E; {Zk o ¢(X¢)] by monotone convergence. Finally,

T—1

wi) = Ei[Y_ c(Xe) + o(X1)] = h(i).

par
Proof of (2.13)

Write for i € D,
v(i) = Ele(Xo)+ D e(Xa) + @(Xr) (1 coc)]

lsn<T
= c(i)+ Ef Y X))+ o(Xr)]i7coo) ),
l<n=<T
that is,
vi)=cli) + Y EiZ1x,],
jeE
where

Z= Z o Xp) + o X)) 7 <ec)-
1=n=<T
Since Xy =i € D implies that T > 1 on {Xy = {}, the random variable Z is a function of
X\, X, ..., and therefore, by the Markov property,

Ei[ZYx,=5] = E[Z)1 X\ = f1pi;.

Now, since T' > 1 on {Xy = i} when i € D, the quantity Z in the above calculations can
be rewritten as
Z= Z o(¥) +elYr_ ) lir 1ot
O=n<T—1
where ¥, = X, 1. Also, for the HMC {Y,},.¢, T’ = T — ! is the hitting time of 4D, and
therefore
E[Z| X\ =j1=E[ ) e+ e(Yr)lrcoa | Yo = j].

O<n<T’
and this quantity is just v(j), since {X,},.o and {¥,},», have the same transition matrix,
and therefore have the same distribution when their initial states are the same. O

Theerem 2.1 can be rephrased as follows.
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The function A given by (2.8) is a minorant of all nonnegative solutions of (2.10), and
for u = A, the inequalities in (2.10) become equalities. Moreover, if 4 is bounded and
P(T < oc)=1foralli € E, then h is the unique solution of (2.9).

Example 2.3. Divichlet Problem
Leth : £ —» R be a nonnegative bounded function that is harmonic on D C E, that is,

h=PhonD.

If P(T < 00) = 1foralli € E.then A is entirely determined by its value on the boundary
3D, To see this, call @ the restriction of 4 to 90. Then

h= Ph on D,
T le ondD.

Since ¢ is bounded, the function /i —» E;[@(X1)]1s bounded, and therefore since P;(T <
x0) = 1 foralti € E, itis the unique nonnegative bounded solution of (2.9) where ¢ = 0.

Hence
h(i) = Eilp(Xr)} (2.17)

As an illustration, let P be the transition matrix corresponding to a symmetric random
walk on E = 72; that is, the one-step transitions allowed are from i = (i1, iz) to the four
nearest states, and are equiprobable. Then, with e; = (1, 0), ez = (0, 1},

AP - Dfi)= (fli+e) = fEO) =) - fli —e))
+ (fUFe) — fE) = () = fli — e,

and call Af(i) this quantity. The function Af is the (discrete) Laplacian of f. With c = 0,

(2.9) becomes
Alh=0onD,
{h:tp on D. (2.18)

and the reader will recognize here the Dirichlet problem of potential theory. In two dimen-
sions, the symmetric random walk is irreducible and recurrent, and therefore, the hitting
time T of 4D is finite if D is not empty. Therefore, in this case, (2.9) has at most one
bounded solution. If ¢ is bounded, the solution is given by (2.17). More generally, if 9D
is not empty and sup, E;[@(X7)] < oc, then (2.17} gives the unique nonnegative bounded
solution of the Dirichlet problem. &

Example 2.4. Infinite Sojourn
Letc = 0in(2.9), and let (k) = 1 for allk € 3D. Then fori € D,
w(iy=1-h(i) = P(T =)

is the probability of infinite sojourn in D. By application of the maximum principle, we
retrieve the results of Theorem 5.1 of Chapter 4. <



184 3. Lyapunov Functions and Martingales

Example 2.5. Optimal Control

We consider a stochastic process { X, },>0 with values in £ that is controlled in the following
way. Let {P(a);a € A}, where A is some set, the set of acfions, be a family of transition
matrices on E, with the interpretation that, if at time n the controlled process is in state i,
and if the controller takes action ¢, then at time r + 1 the state will be j with probability
pi(a). A control strategy u is a (measurable) functionu : £ — A which prescribes to take
action u(7) when the process is in state i. Therefore, under the strategy u, the controlled
process 1s an HMC with transition matrix P¥, where

pi; = pij((i)).

There is a cost V*(i) associated with each strategy u and each initial state , of the form
Vi = EAL Y X+ @ ) i cool],
O<k<T

where ¢, ¢ and T are as in Theorem 2.1, with D fixed, and moreover, ¢{(i} = c(i, u(i})
and ¢*(i} = (i, u(i)), for appropriate functions ¢ and @. The preblem of optimal conirol
is that of finding, if it exists, an optimal strategy u*, such that

V() = VA,
for all states i, all strategies .
We have the following result.

Suppose that there exists a function V : E — R such that

V{i) = sup [Z pi@V{j)+c(i,a); foralli € D,

acA JEE

and
V(i) =supe(i,a)foralli € 8.0,

ageA
and that the suprema above are attained for 4 = u*({), for some (measurable) function

u* ; £ — A. Then, u* is an optimal control and V = V¥,
Proof. Since for all controls u«,
V>P'V+c'onD,

and
V=p"onaD,

it follows from the maximum principle that
V= v
for all controls u. Also, V = V** and therefore «* is an optimal control.

This example shows the link between optimal control and potential theory. Optimal
control is a vast and fascinating subject, and the reader is directed, for instance, to the book
{Puterman, 1994) for a recent treatment and a bibliography. <&
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3 Applications of Martingales to HMCs

3.1 The Two Pillars of Martingale Theory

One of the main results of martingale theory, which is the key to the recurrence (resp.,
transience) criteria of the next subsection, is the probabilistic counterpart of the convergence
of a bounded nondecreasing sequence of real numbers to a finite limit.

Theorem 3.1. Martingale Convergence Theorem
Let {¥,}.=0 be either a nonnegative supermartingale, or a bounded submartingale, with
respect to { X, la>0. Then, almost surely, lim, s Y, exists and is finite.

The proof is omitted; see {Williams, 1991) or (Shiryayev, 1987) for the full version. A
first application to Markov chain theory of this result is the following:

Theerem 3.2.
An irreducible recurrent HMC has no nonnegative superharmonic or bounded subharmenic

functions besides the constant functions.

Proof. If 7 is nonnegative superharmonic (resp., bounded subharmonic), then the stochastic
sequence {4( X, a0 18 a nonnegative supermartingale (resp., bounded submartingale), and
therefore, by the martingale convergence theorem it converges to a finite limit ¥. Since
{X,},>0 visits any state i € E infinitely often, one must have ¥ = h(i) almost surely for all
i € E. In paticular, / is a constant. O

The next result is another pillar of martingale theory. We give a weak version of it,
which is sufficient for our purpose, and refer to the books (Williams, 1991) or (Shiryayev,
1987) for the full version.

Theorem 3.3, Optional Sampling Theorem
Let {M,},-o be a martingale with respect to some process {Xulps0.andlet T bea stopping
time of {X,),=0. Suppose that at least one of the following condition holds:

(«) P-as, T < ng for some ng > 0.

(B)P-as, T < ocand |M,| < K < cowhenn < T.

Then
E[M7] = E[Mp]. (3.D

Proof.

(o) Write

ﬂg—l

My — Mo =Y (Mer1 — M) lyer).
k=0

Since T is a stopping time of {X,},.-0,

Liger) = 9(X5)
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for some function ¢, and therefore
E[(Mri — MO liery] = E[(Myqr — MO@(X$)] = 0.

Therefore,

nu—]
E[M7 — Mol = D E{(Miy) — M)l ycri] = 0.
k=0

{8) Apply the result of () to the stopping time T A ng to obtain
E{Mrn ] = E[Mo].
Therefore,
|E[M7] — E[My]| = [EIMy] — E[Mran,]| < 2K P(T > no).

Since T is finite, lim, +oc P(T > ng) = 0, and therefore E[M7] = E[M,]. C

3.2 Transience and Recurrence via Martingales

Theorem 3.4, 4 Transience Criterion
A necessary and sufficient condition for an irreducible HMC to be transient is the existence
of some state conventionally called 0 and of a bounded function & : E — R, not identically

null and satisfying
h(j) = Zpﬂ.h(k), forall j # 0. (3.2)
k20

Proof. Let T; be the return time to state 0. First-step analysis shows that the bounded
function # defined by
h(j) = Pi(Ty = o}

satisfies (3.2). If the chain is transient, £ is nontrivial. This proves necessity.

Conversely, suppose that (3.2} holds for a not identically null bounded function. Define

SN CRIET)
R =10"" ifj=o0,

andlete = 3, poch(k). Changing signs if necessary, « can be assumed > 0. Then A
is subharmonic. If the chain were recurrent, then by Theorem 3.2, h would be a constant.
This constant would be equal to A(0) = 0, and this contradicts the assumed nontriviality

of i. m|
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Example 3.1. Repair Shop, Once More

As in Example 1.2, we assume irreducibility. The transition matrix is given in Example 2.2
of Chapter 2. We shall show that, if E[Zi] > 1, the system of equations (3.2) admits a
bounded nontrivial solution, and therefore, by Theorem 3.4, the chain is transient. Indeed,
trying y; = 1 — ¢4 for a solution, we can check that equations (3.2) reduce to a single

equation in {.
Y Pz =kt =¢. (3.3)
k=0
for which (Theorem 5.1 of Chapter 1) there is, under condition E[Z;] > | and the irre-
ducibility condition, a solution £ € (0, 1). Therefore, A(i) = ¢ is a solution of (3.2) that is
nontrivial and bounded. <

The next result is to be compared with Foster’s theorem.

Thearem 3.5. A Recurrence Criterion
Let the HMC with transition matrix P be irreducible, and suppose that there exists a function
h: E — Rsuchthat (i ; k(i) < K} is finite for all finite K, and such that

> pih(k) = hti), foralli ¢ F. (3.4)

ke E

for some finite subset F C E. Then the chain is recurrent.

The conditions of the above result are also necessary (we shall not prove this here), and
this is why it is called a criterion. Note that it might then as well be called a transience

criterion.

Proof. Since {i : h(i) < 0} is finite, inf k(i) > —oc, and therefore, adding a constant
if necessary, one may assume without loss of generality that /2 = 0. Let t = z(F) be the
return time to F, and define ¥, = A(X,)1inr;. The arguments in the proof of Foster’s
theorem show that for/ & F, P;-a.s,

Ei[YonlXg] = Yo

Therefore, {¥,}n=0 15, under P;, a nonnegative supermartingale with respect to {X, }a>0. By
the martingale convergence theorem. lim, 1o ¥n = Yo exists and is finite, P;-a.s.

Suppose, in view of contradiction, that the chain 1s transient. It must then visit any finite
subset of the state space only a finite number of times. In particular, for arbitrary K, we
can have A(X,) < K only for a finite (random) number of indices . This implies that
lim, oo #(X,) = +00, P;-a.s. (forany j € E). For this to be compatible with the fact that
{liyeryh{X,)} has Pi-as. a finite limit for i ¢ F, we must have Pi(r < co) = 1.

In summary, P,(t < oo) = 1 foralli ¢ F. Since F is finite, some state in F must be
recurrent, hence the announced contradiction. O
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Example 3.2. Repair Shop, Conclusian

We know that the Repair Shop HMC of Examples 1.2 and 3.1 is positive recurrent if and
only if E[Z;] < 1, and that it is transient if £[Z;] > 1. It remains to examine the case
E[Z,] = 1, for which there are only two possibilities left: transient or null recurrent. It
turns out that the chain is null recurrent in this case. Indeed, one easily verifies that Thecrem
3.5 applies with A(i} = i and F = {0}. Therefore, the chain is recurrent. Since it is not
positive recurrent. it is null-recurrent,

We are now through with the Repair Shop HMC. We have found that
PZi=0>0and P(Z; = 2) >0
is a necessary and sufticient condition of irreducibility, and that in this case
if E{Z,] < 1, the chain is positive recurrent,
if E[Z,] = 1, the chain is null recurrent,

if £[Z,] = 1, the chain is transient, <

Here is another application of the martingale convergence theorem in the vein of the
previous results.

Theorem 3.6. A4 Sufficient Condition of Transience
Let the HMC {X,],-p with transition matrix P be irreducible and let 2 : E — R be a

bounded function such that

3" puhth) < (i), forall i ¢ F, (3.5)

keE
for some set F, not assumed finite. Suppose, moreover, that there exists i ¢ F such that

h(iy < h(j), forail j € F. (3.6)

Then the chain is transient.

Proof. Let T be the retumn time in F and let i & F satisfy (3.6). Defining ¥, = A(X,..),

we have
Ei[Yn+liX8] = Ei[l{n<rlh(xn+l)‘xg] + Ei[l{nzr}h(Xr)ng]'

The second term of the right-hand side of the above equality is 1j,2)2(X;) = lpsn) ¥
(observe that 1> yA{X;) is a function of X[, and use rule (7.7) of Chapter 1), whereas
the first term is. in view of calculations already performed in the proof of Theorem 1.1,
less than or equal to (;..1R(X,)} = lju<r) Y, Therefore, under P., {¥,},-q is a (bounded)
supermartingale with respect to {X,},>9. By the martingale convergence theorem, the
limit ¥ of ¥, = h(X,..) exists and is finite, P;-almost surely. By bounded convergence,
E:[Y] = limppoe Ei[Y,], and since E;[Y,] < E:{¥y] = k(i) (supermartingale property), we
have E;[Y] < k().
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If T were Pi-a.s. finite, then ¥, would eventually be frozen at a value h(j) for j € F.
and therefore by (3.6), £,{Y] > h(i), a contradiction with the last inequality.

Therefore, Pi(t < o¢) < 1, which means that with a strictly positive probability, the
chain starting from { ¢ F will not return to F. This is incompatible with irreducibility and

recurrence. l

3.3 Absorption via Martingales

Chapter 4 features a method of computation of absorption probabilities that is essentially al-
gebraic. Other cases may require ingenuity (see Watson’s solution of the branching process,
Example 2.4, Chapter 2). Martingale theory, and in particular the martingale convergence
theorem, can also be usefully applied. as the next two examples demonstrate.

Example 3.3. Branching Processes via Martingales
As in Example 2.4 of Chapter 2, it is assumed that P(Z = 0) < 1 and P(Z > 2) > 0. The
stochastic process

X

Yn =0

m
where m is the average number of sons of a given individual, is a martingale with respect
to {X,}a>0. Indeed, each of the X, members of the nth generation gives on the average m

sons, and they do this independently. Therefore, E[X,41/Xn] = m Xy, and
Xn+l W Xn+] Xr!
£ [W'XO} —F [W”‘”" e
By the martingale convergence theorem, almost surely

. Xy
lim — =Y < oc.
ntoc m
In particular, if m < 1, then lim,yoo X, = 0 almost surely. Since X, takes integer values,

this implies that the branching process eventually becomes extinct.

If m = 1, then limypoe X = Xoo < 00, and it is easily argued that this limit must be O.
Therefore, in this case as well the process eventually becomes extinct.

For the case m > 1, we consider the unique solution in (0, 1) of x = g(x) (Theorem
5.1 of Chapter 1). Suppose we can show that Z, = x%+ is a martingale. Then, by the
martingale convergence theorem, it converges to a finite limit, and therefore X, has a limit
X 5, Which, however, can be infinite. One can easily argue that this limit cannot be other
than 0 (extinction) or co (nonextinction). Since {Z,}n>0 is a martingale, x = E[Zp] =
E[Z,], and therefore, by dominated convergence, x = E[Zy] = E[x%=] = P(Xy = 0).
Therefore, x is the probability of extinction.

It remains to show that {Z, },-¢ is @ martingaie. We have

E[):X"H X, =i]=x".
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This is obvious if i = 0, and if 7 > 0, X,,4 is the sum of i independent random variables
with the same generating function g. Therefore, E[x*+'|X, = i] = g(x) = x’. From this
last result and the Markov property,

E[x®+X5] = E[x"|X,] = xY. &

Example 3.4. 4 Cellular Automaton

Consider a chessboard of size N x N, on which are placed stones, exactly one on each
square. Each stone has one among & possible colors. The state X, of the process at time »
is the N x N matrix with elements in {1, ..., k} describing the chessboard and the color of
the stone in each square. The evolution of { X}, is that of a homogeneous Markov chain,
where the transition from X, to X, ., is as follows. Select one case of the chessboard at
random, and change the color of the stone there, the new color being the color of a stone
chosen at random among the 4 neighboring stones. To avoid boundary effects, we shall
consider that the chessboard is a bi-torus in the sense of Figure 5.3.1.

™ ]

g. .

Figure 5.3.1. Neighbors in the cellular automaton model

This chain has 2* — 1 communication classes. A communication class corresponds to
a given nonempty subset of ¢ different colors. For instance, with £ = 3, we consider all
the configurations of the chessboard with a combination of three given colors, say blue,
white and red. It is straightforward to verify that one can pass (in several steps) from a
configuration with at least one stone of each color, blue, white or red, to any other such
configuration. Any monochromatic state is of course closed.

Denote by ¥, the proportion of red stones at stage n. The process {¥, },»o is a martingale
with respect to { X, },-0. Indeed, ¥, is a function of X, and is integrable, since it is bounded
by 1. Also, E[Y,,1]|X3] = Y, as the following exchange argument shows.

Leta, 1 be the box selected at time »2 + | and let 8, be the selected neighbor of .4 ;.
Then, for any pair («, 8) of boxes, P(any1 = o, Buri = BIX]) = Plany1 = B, But1 =
@|X) = gar. Clearly, if the choice ap 1 = @, Brs1 = B changes Y, to ¥,y = ¥y +AY,p1,
the choice o,y = B, Byy1 = wchanges ¥, t0 Y,y = ¥, —AY, . Since these two situations
are equiprobable, the martingale property easily follows.

By the martingale convergence theorem, lim, oo ¥, = Y exists, and by dominated
convergence E[Y] = lim,ro E[Y,]. Therefore, since E[Y,] = E[¥,], we have E[Y] =
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E[Yo] = vo, where yp is the initial proportion of red stones. Because [AY,| = Oor A—lf forall
n, {¥,) can converge only if it remains constant after some (random) time, and this constant
is either 0 or 1. Since the limit 1 corresponds to absorption by the “all-red” state, we see
that the probability of being absorbed by the “all-red” state is equal to the initial proportion
of red stones. This analysis being true for all colors, we see that the monochromatic states
are the only absorbing states. <&

Next example illustrates how the optional sampling theorem can be used to compute
absorption probabilities.

Example 3.5. Gambler's Ruin Revisited

Consider the symmetric random walk {X,},», on Z with Xo = 0. It is a martingale (with
respect to itself). Let T be the first time n for which X, = —a or + b, where a, b > 0.
This is a stopping time, and moreover T < oc (use Remark 5.2 of Chapter 4, for instance).
We can apply the optional sampling theorem, part (8), with K = sup{a, b), 10 obtain

0 = E[Xo) = E[X7].

Writing
v = P({—a is hit before b),

we have
E[Xy] = —av+b(l —v),

and therefore

Example 3.6, A Counterexample

Consider the symmetric random walk with X, = 0, as in the previous example, but now
define 7 to be the hitting time of » > 0. We know that 7 < oo, since the symmetric walk
on 7 is recurrent. If the optional sampling theorem applied, we would have

0= E[Xo] = EfX7] =0,

an obvious contradiction. The optional sampling theorem does not apply because neither
condition (o) nor () thereof 1s satisficd. <&

Problems

5.1.1 Consider the following model of a waiting line. At the begining of each time period,
exactly one customer enters the system. In period n > 1, the service capacity is Z,1, that
is to say., up to Z,. customers can be served. This means that if there are X, customers
at the beginning of period r, there will be (X, — Z,,()* + 1 at the beginning of period
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r =+ 1. Itis assumed that the sequence {Z,},,» 15 1.1.d and independent of the inttial number
of customers, so that {X,},~o is an HMC. Give a necessary and sufficient condition of
irreducibility. Assuming irreducibility, show that if E[Z,] > 1, then the HMC is positive
recurrent,

5.1.2 Consider the HMC with integer values and transition matrix

po =1,
1 i! ) 0 <k <
Piivk = ?-T:Tz'(_‘*—k)'! i1, 0<k=<i
1
i =7,f0ri>l.
Pio > =

Show that it is ergodic (give two proofs). Compute the mean time between two visits to 0.

5.1.3 The purpose of this exercise is to show that condition (1.1} 1s important. Apply Foster’s
theorem to the forward recurrence chain of Problem 2.6.1.

5.1.4 Show that in Example 1.1,

i
Ei[r] = “EZ

Give similar estimates for Example 1.2 and Problem 5.1.1.

5.2.1 () Let {X,},.¢ be an HMC with state space £ and transition matrix P. Let f :
N x £ — R be a function such that foralln > 0andi € E,

E[[f(n, X:)I] < oc

and
PHE+1LOES pyifn+ 1, j)y= flni).
JEE
Show that
My = f(n, X,)

defines a martingale {M,}, ., with respect to {X,},,p-

(B) Let {X,},»0 be a symmetric random walk on Z. Show that {X,},, and {X? — ”}n>o
are martingales with respect to { X, },.-¢. -

5.2.2Let{X,},.o be an HMC with state space E. and let B be a closed subset of states, that

1S,
ieB=) pj=1
jeb

Let T be the hitting time of B, and define fori € E,

h(i) = P(T < o).
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Show that [A(X,)},-p is a martingale with respect to {Xeln=a

52.3 Let {X,},-0 be a stochastic process with values in E, which is not assumed to be an
HMC. Let P be some transition matrix on E. Prove that if for all bounded f : £ — R,

IM,{] . defined by (2.7) is a martingale with respect to { X, },,50. then { X, },»¢ 1s an HMC

with transition matrix P.

524 Let{X,),- bean HMC on £, with transition matrix P. Let D C E, and suppose that
the boundary 8D is accessible in finite time 7' from all states. Show that any nonnegative
bounded function 4 : 0 — R that is harmonic on D is of the form

h(i) = Y htk)Pi(the chain enters 3 D through k).
ked D

i
5.3.1 Show that the function A(i) = (%) is harmonic for the random walk on Z with

piicl = popiion =g = 1 — p, where p € (0. 1), p # % Apply the martingale
convergence theorem to obtain the ruin probability in the ruin problem of Example 3.1,
Chapter 2.

5.3.2 Consider the homogencous Markov chain with state space £ = {0.1,...,m} and

transttion probabilities _ ‘
m\ (i’ PN
=1 .)1— - .
] " "

In particular, 0 and m are absorbing states. Compute the probability of absorption by 0.

5.3.3 In Example 3.5, compute £[T] (Hint: use (8) of Problem 5.2.1).



CHAPTER 6

Eigenvalues and Nonhomogeneous
Markov Chains

1 Finite Transition Matrices
1.1 Perron—Frobenius Theorem

When the state space is finite, we can rely on the standard results of linear algebra to study
the asymptotic behavior of homogeneous Markov chains. Indeed, the asymptotic behavior
of the distribution at time # of the chain is entirely described by the asymptotic behavior
of the n-step transition matrix P", and the latter depends on the eigenstructure of P. The
Perron—Frobenius theorem detailing the eigenstructure of nonnegative matrices is therefore
all that is needed, at least in the theory.

The principal result of Perron and Frobenius is that convergence to steady state of
an ergodic finite state space HMC is geometric, with relative speed equal to the second-
largest eigenvaiue modulus (SLEM). It is true that there are a number of interesting models,
especially in biology, where the eigenstructure of the transition matrix can be extracted;
see, for instance, (losifescu, 1980) or (Karlin and Taylor, 1975). Nevertheless, this situation
remains exceptional, It is therefore important to find estimates, more precisely, upper and
lower bounds, of the SLEM. This is one of the topics of the present chapter. Most methods
presented in this chapter to achieve this goal use matrix algebra and graph theory, with the
notable exception of a probabilistic method based on the notion of strong stationary times.

We shall also consider the problem of computing the variance of ergodic estimates,
in terms of the eigenstructure of the transition matrix. The object of interest here is the
fundamental matrix of finite irreducible transition matrices.

195
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All the results collected in the present chapter are relevant to Monte Carlo simulation,
a topic treated in Chapter 7, where the basic theory of simulated annealing will be given.
In preparation for the latter, we give in the present chapter the essentials of the theory of
nonhomogeneous Markov chains, based on Dobrushin’s ergodic coefficient, another upper
bound of the SLEM.

The basic results of the theory of matrices relative to eigenvalues and eigenvcctors arc
reviewed in the appendix, from which we quote the following result, relative to a square
matrix A of dimension r with distinet eigenvalues.

Let Ay, .... %, be the r distinct eigenvalues and let ;. ..., u, and vy, ..., v, be the
associated sequences of left and right eigenvectors, respectively. Then. u), ..., u, form an
independent collection of vectors, and so do v;. ..., v.. Also, u,.T v; = 0if i # j. Since
eigenvectors are determined up to multiplication by an arbitrary nonnull scalar. one can
choose them in such a way that ufrv,- = 1foralli € {1,r]. We then have the spectral
decomposition

A" =AMl (1.1)
i=1

Example 1.1. Two-State Chain
Consider the transition matrix on £ = {1, 2}

1 —w o
P( 8 l—ﬁ)’

where o, § € (0, 1). Tts characteristic polynomial {1 — « — A)(1 — 8 — A) — B admits the
roots 4, = 1 and
J‘\.g =1—a-— ﬂ

Observe at this point that A = 1 is always an eigenvalue of a stochastic r x r matrix P,
associated with the right eigenvector v — 1 with all entries equal to 1, since P1 = 1. Also,

the stationary distribution
' - ( ﬁ ; )
Tl = .
a+ 8 a+f

is the left eigenvector corresponding to the eigenvalue 1. In this example, the representation
(1.1) takes the form

., (B o« (l—a—ﬁ)”(cx -a)
P a_+,6(ﬁ a)+ wtp \-B —B)

and therefore, since |1 —a — 8| < 1,

o] B o
!Hnnll’ —-O!+,6(.8 Ot)'

In particular, the result of convergence to steady state,

lim P? = 127 = P™,
rtoo
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was recovered for this special case in a purely algebraic way. In addition, this algebraic
method gives the convergence speed, which is exponential and determined by the second-
largest cigenvalue modulus:

e, (@B ([«
® =P =% (ﬁ —ﬁ)'

This is a general fact, which follows from the Perron-Frobenius theory of nonnegative
matrices below. <

Definition 1.1. Nonnegative Matrices

A matrix A = {a;;}1<; ;< with real coefficients is called nonnegative (resp., positive) if all
its entries are nonnegative (resp., positive). A nonnegative matrix A is called stochastic if
' _a; = | forall i, and substochasticif } 7, a;; < 1 forall i, with strict inequality for
at leastonci.

Nonncgativity (resp., positivity) of A is denoted by A = 0 (resp., A > 0). If Aand B
are two matrices of the same dimensions with real coefficients, the notation A > B (resp.,
A > B)meansthat A — B > O (resp., A — B > 0).

The communication graph of a square nonnegative matrix A is the oriented graph with
the state space E = {1, ..., r} as its set of vertices and an oriented edge from vertex i to

vertex j if and only if a;; > 0.

Definition 1.2. Primitive Matrices

A nonnegative square matrix A is called irreducible (resp., irveducible aperiodic) if it has
the same communication graph as an irreducible (resp., irreducible aperiodic) stochastic
matrix. It is called primitive if there exists an integer k such that A¥ = 0.

Example 1.2,
A nonnegative matrix is primitive if and only if it is irreducible and aperiodic {Problem
2.4.4). <

Theorem 1.1. Perron—Frobenius Theorem

Let A be a nonnegative primitive r x r matrix. There exists a real eigenvalue 2 with
algebraic as well as geometric multiplicity one such that A, > 0, and A, > |A;| for any
other eigenvalue A ;. Moreover, the left eigenvector «; and the right eigenvector v, associated
with A; can be chosen positive and such that u! v, = 1.

Let &2, 23, ..., A, be the eigenvalues of A other than A; ordered in such a way that

e e R L (L.2)
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and if |A,| = lx;| for some j > 3, then m; = m;, where m; is the algebraic multiplicity of

A;. Then
A" = Kjvu] + 0™ aal"), (1.3)

where O f(n)) represents a function of n such that there exists ¢, S e R, 0 < ¢ < 8 < ¢,
such that wf (n) < O(f(n)) < Bf(n) for all n sufficiently large.

If in addition, A 1s stochastic (resp., substochastic), then | = I (resp., A1 < 1).

If A is stochastic but not irreducible, then the algebraic and geometric multiplicities of
the eigenvalue | are equal to the number of communication classes.

If A is stochastic and irreducible with period 4 = [, then there are exactly ¢ distinct
eigenvalues of modulus 1, namely the Jdth roots of unity, and all other eigenvalues have

modulus strictly less than 1.

For the proof, see (Seneta, 1981) or (Gantmacher, 1959). O

Example 1.3. Rates of Convergence via the Perron—Frobenius Theorem
If P is a transition matrix on £ = {1, ..., r} thatis irreducible and aperiodic, and therefore

primitive, then
vy =1, uy =m,

where 7 is the unique stationary distribution. Therefore

P* =177 + 0(n™ " aa1™), (1.4)

which generalizes the observation in Example 1.1, <

Example 1.4.
The characteristic polynomial of the doubly stochastic matrix

1 {0 6 6
P = 5 (4 3 5)
2\g 3 1
1 1
det(Al —P)=(0 - D){A + E)(A + 5).
Since this matrix 1s doubly stochastic, v; = %(1, I, D7 and u; = (1,1, )7 are a right

eigenvector and a left eigenvector, respectively, corresponding to the eigenvalue A = 1
and such that ! v; = 1. Elementary computations yield for the right and left eigenvectors

corresponding to A = — and A; = —, that

1 1
Uy = E(Z, ~L=-0" wu=@1-5" u= Z(—2,3, -7 =01, -1,
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where, here again, ufv; = ul v3 = 1. Therefore,

P11 +(——) ( 2 -1 —1)+(——) —(—2 3 —1).
3\1 1 2/ 12319 5 5 6/ 4\ 2 _—3 1

The convergence to the steady state is geometric with relative speed % <

1.2 Quasi-stationary Distributions

Let { X, ]»>0 be an HMC with finite state space E. Suppose that the set of recurrent states R
and the set of transient states T are both nonempty. In the block decomposition of P with

respect to the partition R + T = E,
D 0
r=(% o

the matrix  is substochastic, since B8 is not identically null {otherwise, the transient set
would be closed, and therefore recurrent, being finite). We assume, in addition, that @ is
irreducible and aperiodic. Therefore,

Q" = Mviu] + 0™ xal"), (1.5)

where Ay, vy, #y, m2, and A, are as in Theorem 1.1 with A = Q. In particular, &; € (D, 1)
and |A;] < Ay

Letv = inf {n = 0; X, € R} be the entrance time into R. Recall that v is atmost surely
finite, since T is a finite set (see Remark 5.1 of Chapter 4). We want to find the distribution
of X, for large n, conditioned by the fact that X, is still in 7. For this we compute for
i,jeT,

P(Xn=Jjv>n) _ P(X, = j)

P(v>n)  P(X,eT)

P,-(X,,:jiv>n):

Therefore,
pij(n)

Pf(Xn=j|V>”):m'
keT F1

In view of (1.5),

pa(n) = Mu(Dui (k) + O™ (a1,
Therefore,
A2
Al

) (1.6)

u ()
A 1.7
S or i ®) D

Pi(X, =j|v>n):i%+o(nmz—1
keT

and in particular,

lim P(X, =j|v>n)=
ntoc



200 6. Eigenvalues and Nonhomogeneous Markov Chains

The probability distribution {u1(i)/ 3 ;o7 u1(k)kier is called the quasi-stationary distribu-
tion of the chain relative to T,

Quasi-stationary distributions were introduced by Bartlett (1957). The reader is referred
to (Tosifescu, 1980) or (Seneta. 1981) for additional information on this topic. We shall only
give a small illustrative example.

Example 1.5. Sibmating
Let us return to Example 6.3 of Chapter 4. The characteristic equation of Q is

1 3 1 1
A= =) —ZA— A+ ) =0,
= 5X 4 T

and its eigenvaiues are, properly ordered in descending order.

1 5 1 1 — /3 1
+f, Ar=—, Ay = \/_, hg— —.
4 2 4 4

A=

If we define &/ (resp., V) to be the matrix whose columns are left eigenvectors (resp., right
eigenvectors) of Q, placed in the same order as the corresponding eigenvalues, one then has

6+25 4445 6+2V5 2

U7 2 0 -2 0
Tl o 6-2v5 4-4V5 6-2V5 2
2 -2 2 -1
and
1 1 1 1
Vi—1 0 —-J/5-1 -1
V= 1 -1 ! I

6—25 0 64245 -4

Note that we have not normalized these vectors in order to have u] v; = 1 foralli € [1, 4].
If we do this for the eigenvectors corresponding to };, we then have the new eigenvectors

9+ 44/3
uj = — f(3+f2+2~/_3+~/_1)v1_ (V5 L6 - 2Y5)

Note that in addition we have Z::] ui{k) = 1, so that uf is in fact the quasi-stationary
distribution. Here the multiplicity of A» is m2 = 1, and therefore the rate of convergence to
the quasi-stationary distribution is geometric, with the relative speed

A 2

el o

Al 1+4/3
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2 Reversible Transition Matrices

2.1 Eigenstructure and Diagonalization

As we know from the PerronFrobenius theorem. the second-largest eigenvalue modulus
(SLEM) of an ergodic matrix gives the rate of convergence to equilibrium. Unfortunately, the
eigenstructure of a transition matrix is in general difficult to obtain. However, for reversible
transition matrices, the added structure allows one to push the analysis much further.

For convenience, we recall the definition of reversibility, and introduce a slight change
in the terminology.

Definition 2.1. Reversibility
Let P be a transition matrix and  a strictly positive probability vector on £. The pair (P, )
is called reversible if the detailed balance equations

m{iypi; = w(JIpji @.n

hold forall i, j € E.

This implies, in particular, that 77 is a stationary distribution of P, the unique one ifPis
irreducible.

We shall assume in the sequel that £ is a finite state space, say {1, 2,..., r}. and that
P is irreducible, and therefore positive recurrent. For short we shall sometimes say, as we
used to, that P is reversible.

We now introduce two convenient norms on R” that are linked to the stationary distri-
bution.

Let £2(r), where 7 is a strictly positive probability distribution on E, be the real vector
space R endowed with the scalar product
det’ . . .
xoy)e B x(Dyim () (2.2)
ek
and the corresponding norm
def . . j
x> = (Zx(a)%ru)) :
iekE

We shall write »

(x>n = {x, l)n

the mean of x with respect to 7. Also,

def =
Var ,(x) E |xl2 — {x)2
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is the variance of x with respectto 7.

We shall also need fz(%), the real vector space R” endowed with the scalar preduct

def I
(b = ) x(y()—. (2.3)
= ; (i)
Theorem 2.1. Necessary and Sufficient Condition of Reversibility
The pair (P, ) is reversible if and only it P is self-adjoint in £2(m), that is,
{Px,y}, = (x, Py, (2.4)

forall x, v € £7(m).

Proof. Suppose (P, ) is reversible. Then

Px, ¥}, = 3 { (Z p.-,xu)) y(i)n(f)]

icE Jjek

= Z () piix(J)y(E)
{jEE

= > a(PDpayHxy)
i jeE
JjeE i€l

Conversely, suppose P self-adjoint in £%(r). Define for all k ¢ £, & = (0,....0. 1,
0,...,0), where the entry 1 is in the kth position. Then (2.1) follows from the choice
x =4,y =4;in(2.4). O

Although ¢2() is a convenient framework, we can also express the reversibility of
(P. 7) more directly, by saying that

1 1

P*=DipPpD™?
is a symmetric matrix, where
D = diag {n(1},....7(r)}.

Note that
¥ Dy =(x,y), . (2.5)

Since P* is symmetric, its eigenvalues are teal. it is diagonalizable, and the sets of right and
left eigenvectors are the same.
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Choose an orthonormal basis of B formed of right eigenvectors w, ..., w, associated,
respectively, with the eigenvalues A, .. ., A,. Define 1 and v by

_1 1
w=D"u, w=Dv,

where w is a right (and therefore left) eigenvector of P*, corresponding to the eigenvalue 2.
In particular,

u = Dv, (2.6)
The matrices P and P* have the same eigenvalues, and moreover, v (resp., ) is a right
eigenvector (resp., left cigenvector) of P corresponding to the eigenvaluc A.

Orthonormality of {w:, ..., w,} is with respect to the usual Fuclidean norm, and it is
equivalent to orthonormality in £() of {v1, . ... v}, where w; = D7y, that is,
fopovp) =& (2.7
Similarly,
(i uj)y = 8. (2.8)

Recall thaty, = 7 and vy = 1.

Since {vy,.... v,} is also a basis of R”, any vector x € R can be expressed as x =
Y .. ev;. Taking the scalar product in £2() with v, gives {x, v;} = o;. and therefore

r

X = Z(x i) vy 2.9

i=l

Similarly,
.

xl = Z(x,uj)lu?. (2.10)

j=1

Moreover, for all n, P"v; = )L’} v;., and therefore

P"X:Z);;(x,uj)n v 2.1
j:]
Similarly,
TP = N e ug)y u] (2.12)

J=1

From (2.11), (2.5), and (2.6), we obtain
,
P'x = ijvju;x.
i=l

and therefore we retrieve representation (1.1) for A = P.
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Another way of writing (1.1) in this case is
P" = VA"UT =D 1WA"WT Dz, (2.13)

where A = diag {A1, ..., A ), W = [w;. ..., w,]. and with a similar definition for I/ and
V. Also, recall that WWT = |,

The first equality in (2.13) is a particular case of a general result recalled in the appendix
without proof.

2.2 Spectral Theorem

Coming back to the eigenvalues of P, we know that .| = 1 is one of them, with multiplicity
1 if and only if P is irreducible. This eigenvalue corresponds to the unique right eigenvector
vy such that ||v; || = I, namely v; = 1. Moreover, the eigenvalues of P are all in the closed
unit disk of C, and in the reversible case of interest in this section, they are real. Therefore,
with proper ordering,

l=At =A== > A = —1. (2.14)

Note that this order is different from the one adopted in (1.2) for the statement of the Perron—
Frobenius theorem. In {2.14), X, is the second-largest eigenvalue (SLE), whereas in (1.2)
it was the eigenvalue with the second-largest modulus.

The strict inequality A > A, expresses the fact that &, is the unique eigenvalue equal to
1. We also know from the Perron—Frobenius theorem that the only eigenvalue of modulus
I and not equal to 1, in this case — 1, occurs if and only if the chain is periodic of period
d = 2. In particular, in the reversible case, the period cannot exceed 2.

It will be convenient to consider the matrix [ - P, also called the Laplacian of the HMC.
It has for eigenvalues f; = 1 — A;. 7 € [1, r], and therefore

0=f<B =< <B <2
Clearly, the right eigenvector of / — P corresponding to §; = 1 — A; is v;.

Definition 2.2. The Dirichlet Form
The Dirichlet form E;(x, x) associated with a reversible pair (P, ) is defined by

E(x,x)={{I - Px.x), . (2.15)
The reader will keep in mind that £, (x, x) also depends on P.

Theorem 2.2.
We have

| 2
Ealx,x) =3 > w(pix(i) — x(). (2.16}

i.jeE
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Proof.
(1 = P)x, x}y = Zfrr(i)p.-,-x(i)(x(f) —x(j)
i.je€
= ZE m(f)pix(PMx () — x(0))
ije
= Z T (ipix(JHx(y — x(i)),
ijeE

where the second equality is obtained by a change of indexation, and the third uses re-
versibility of (P, ). Expressing &, (x, x) as the half sum of the second and last terms in the
above chain of equalities yields (2.16). C

Observe from (2.16) that
Erlx,xy=Ex(x —cl, x —cl) (2.17)

for any real number c.

We can now state the characterization of the second-largest eigenvalue 2>, or equivalently
of ,82 =1- )\.2 .

Theorem 2.3. Ravleigh's Theorem
Let P be an irreducible transition matrix on a finite state space. and let 7 be its stationary

distribution. If (P, ) is reversible, then for j = 2,

Enlx, x)

Var . (x)’ (x,v), =0forie[l,j—1} x#o}. (2.18)

B, = inf{

Any vector x achieving the infimum in (2.18) is an eigenvector of P corresponding to the
eigenvalue A; = 1 — §;.

In particular,

. En(x, x)
—_ . — 0 0t
162 inf { Var,,(x)’ <x):r O,I :fé }
which is, in view of {2.17), equivalent to
.| &,
B = inf { M;x nonconstant ¢ . (2.19)
Var (x)

Proof, From (2.11),
(I =Pix = Bilx, vl vy,
i=1
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and therefore

Exx,x) =Y Bil{x. v} I
i=1

Also from (2.9),

r

=2 lxw),
i=1

Therefore, if
(x.up), =0,... ,(x, L‘j_l)ﬂ =0

(in particular, (x), = 0 and Var ,(x) = {lx]), then

Enlx,x) ZZ:]- Bel {x, vedy 1P
Var,r(x) B ZEZJ I (JC, Uf)n |2 '

Writing ¢y = | {x, v¢), |, and supposing that 8; = - -+ = B4 # Bj+k+1, We have
Exlo.x) _ o Wkt Bina = Bid ot oelBy — Bp) 8
Var ,(x) d o+ +a -
since 8; — B; = 0 for £ > j. From this, (2.18) follows by the choice x = v;. Also,
if x realizes the infimum, then for afl m > 1, (x, Uj+k+m)” = (. Taking into account
x,vd, =0,..., {x,v;1)_ =0, we see that x is an eigenvector corresponding to 8;, since
it is orthogonal to all the eigensubspaces not corresponding to 8;. O

Theorem 2.3 can be used to obtain an upper bound of the SLE.

Corollary 2.1.
If A > 0is such that forall x € R",

Var , (x) < A& (x, x), (2.20)

then, denoting by Ay the SLE of P,

Jasl-— (221)

Proof. 1t follows from (2.19) that 8; > 1/A. m|

We shall also need a Jower bound for the smallest eigenvalue .. If one can exhibit
B > 0 such that forall x € R",

(Px, x}, + |lx]12 = B|x]|2, (2.22)
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then we will have, with x = v; in (2.22),
Aj» —1+B. {2.23)

The reason why an upper bound of %, and a lower bound of A, are needed is that the speed
of convergence to equilibrium in the aperiodic case is determined by the second largest

eigenvalue modulus (SLEM)
p = sup(Az, [Ar]). (2.24)

We already know this from the Perron—Frobenius theorem. For the reversible case, a direct
proof is easy. Indeed, from (2.11), we have

Py — (x), L= ) A% {x, v} v (2.25)

=

Writing the above equality for x = 8, we obtain
pudm) — (k) = 3 Mvi v (k)m (k) (2.26)
i=2

for all i, and therefore, denoting ¥ ; _, [x(i}| by |x(-)I,

r

Ipiin) = () < 3 A1) (Zn(k)sv,-(kn) ‘
k=1

j=2

Using the Cauchy—Schwarz inequality and [[v; |2 = 1,

r

Zn'(k)lvj(k)IS(Z?r(k)) (Zn(kﬂvj(k)ﬁ) _1,
k=1 k=1

k=1

and therefore, by definition of p,

lpi(n) — () =r ( sup Ivj(i)i) o".

2<jzr

3 Convergence Bounds Without Eigenvectors

3.1 Basic Bounds, Reversible Case

One disadvantage of the latter bound is the difficulty of obtaining the eigenvectors on the
right-hand side. These eigenvectors do not appear in the bounds below.

We first recall a definition that was introduced in Chapter 4,

The distance in variation dy (e, B) between two probability distributions & and 8 on the
countable set E is defined by

1

5 2 = B (3.1)

ek

1
dyle. ) = 3la— Bl =
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{Notational hazards will sometimes force us to use nonsymmetric notation such as
dv(a. 1))

For future reference, we recall the alternative definition of the distance in variation
(Problem 4.1.1):

dy(a. B) = sup (Z a(y(i) = D BV, sup y() = 1) : (3.2)
i=1 i=1

The strange names of the next two results are not standard. They refer to the proofs,
which use right eigenvectors of the transition matrix in the £2() setting for the first one,
and left eigenvectors in the 52(%} setting for the second one.

Theorem 3.1. The m-Bound
Let P be a reversible irreducible transition matrix on the finite state space £ = {l....,r},

with the stationary distribution 7. Then foralln > 1 and alli € E,

a i 2 Iy —
dy(6TP" 7P < Pit2) a2 (3.3)
(i)

where p is the SLEM of P,
Proof. From (2.25)and Var »(x) = 3.}, | {x. v;}, |*, we have

IP"x — (), Uy =3 a2 e, wy), 1P < o™ Var x(x). (3.4)
j=2

Now, using reversibility and the Cauchy—Schwarz inequality,

Zpux(n Zpﬂ X(J) (Z ()I(J)IJ‘T(J))

>

jeE jeE JEE
2
< (;x(’) JT(J)) (;(x(f)) rro))
] . i 2
= (ZX(J) JT(J)) (Z(Pﬂpq) ( ) = (ZX(J')“JT(J)) p—(t—),
JeE ieE i) Ter m{l)
that is,
e
> x| < ZE el
F (i)
With x = P*~1y — (v} 1, this gives, in view of (3.4),
--(H))‘(j)—ZJT(j)}’(j) £ — p”( ) 1P~y — (¥), 102
i=1

(2 2n-2
< ——— Var(y)p™" .
T
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The result then follows from (3.2) by observing that if y is such that sup |y(i)| < 1, then
Var ;(v) < L. O
For the second basic bound, we need a definition.

Definition 3.1. x’-Contrast
The x2-contrast x(ce; B) of @ with respect to § is defined by

oy (e(i) — B
o, p)= —_— - 335
x*(a; B) ZE 70 (3.5)
Note that
Kiem) = flo -l (3.6)
Theorem 3.2,
We have
Adyie, BY < x*(; B). (3.7)

Proof. The result follows from the Cauchy—Schwarz inequality:

2 2
(Z!a(i)—ﬂ(i)) - (Z a®_ l‘ﬁ(i)%ﬁ(f)%)
ek = ﬁ()
< Z(@ - l)zﬁ(i)
B iekE }8()
= Zm(“@- B O
ieF

Theorem 3.3. The w-Bound

LetP bea revers1ble irreducible transition matrix on the finite state space E = {1, ...,r},
with the stationary distribution 7. Then for any probability distribution y on E, and for all
n> I,

' P =Tl < pln—xll. (3.8)
Also, forn > 1,alli € E,andall A C E,

5T PH(A) — 7 (4) < (1 -7 (”)? min (n(A)%, 3) o, (3.9)
(i) p)

where o is the SLEM of P. In particular,

Ady (TP ) < H(Jj)(!)pm (3.10)
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Proof. Recall that 4y = . and therefore (i — m, uy)

o= Yiep @ —w@) = 0.
Therefore. by (2.12), and denoting by «; the quantity (,u, —m, uj)l, we obtain

g
=2

r r
T 2 242 2 252
e — TP = > e2aulh = edal
" L J':2

r

< Py o) = pM |- n i,
=2 T

and (3.8) follows, since 7 "P" =27

Write 8/ P" = ). Then, using the Cauchy—Schwarz inequality,

(80 )]
€A

< (Z (% - 1)%(:')) 7(A) < (Z (’“"m - I)Lzr(i)) T{(A)
icA

|ta(A) — T(A) =

ick Tt’(i)
187 P" — 2T m(A) < o™ )16 — 7T (A,

where the last inequality uses (3.8). But, as simple calculations reveal,

. 1—m()
16 — =l = et (3.11)

and therefore we have obtained

5TPU(A) — 7 T(A) 5 (1 ’.T(”)S (A)' ", (3.12)
D)
Now,

1
a(A) — T(A < dvlpn. 7Y = sz(u,,;.ﬂ.
But, by (3.8), (3.6), and (3.11)

K Gy = 118TP" — 2T

n

g o2 2e ) 70
< oMd - wl = =0

Therefore,

1
1 —m()\?
187 PA) —nT(A)| < ( i “)) Lo (3.13)
() 2
Combining (3.12) and (3.13) gives (3.9). Inequality (3.10) then follows since dv (o, 8) =
Sup 4 lo(A) — B(A)| (see Lemuma 1.1 of Chapter 4).

a
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3.2 Nonreversible Case

In the nonreversible case, we can still obtain similar bounds, but they feature the SLEM
(actually the SLE) of a reversible matrix intimately connected to the original matrix.

Suppose P is an ergodic transition matrix on the finite state space £ = {1,2,...,r},
with stationary distribution 7. This time do not assume that (P, ) is reversible. Consider
the transition matrix P of the time-reversed chain, defined by

. i
PET TR0
or, in compact form, _
P=D'P'D. (3.14)

From (3.14) we see that if P and R are two ergodic transition matrices with the same

stationary distribution m, then
PR = RP.

In particular, the matrix R
M=MP)=PP (3.15)

is reversible with respect to its stationary distribution 7. Its eigenvalues are real, and all
belong to [—1, +1]. In fact, they all belong to the interval {0, 1]. To see this, observe that M

has the same eigenvalues asDIMD: , and that the latter matrix 1S(D PD™ )(DZPD_')T
a symmetric definitec nonnegative matrix.

The matrix M given by (3.15) is the multiplicative reversibilization of P. The additive
reversibilization of P is, by definition, the reversible matrix

A= AP) = %(P+ P). (3.16)

The following bound is due to Fill (1991).

Theorem 3.4. Contrast Bound
Let y; = yi(M) be the second-largest eigenvalue of M = PP, where P is an ergodic
transition matrix on the finite state space E. Then for any probability distribution v on E,

WPt — TP < (M) v ), (3.17)
Proof. We shall use the following identity, due to Mihail (1989):
Var »(x) = Var , (Px) 4 {(1 — M)x, x), . (3.18)
which is proven as follows. First, from (2.17), if we let £ = x — (x); 1, then
(1 — Mx,x), = {(I - M7 ) = 2112 — (M, £}
— 1812 - (PPx.£) = £} — 1B,
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where we use the fact that P is the adjoint of P in £2(;r). The identity (3.18) follows, since
[X]2 = Var »(x)and HPxH = Var . (Px).

Now set x? = x*(vTP": ), and let p,(i) = “' P )(') . One verifies by inspection that

Var (p,) = x,f

and :
Po, = pni1.
Therefore, from Mihail’s identity,

Xa = Xppr + (1= M)ou, o) -
By the spectral theorcm,
{1 = M)pn. pude = (1 — (M) Var z(pa) = (1 = »i(M))xs

and therefore x2_, < y x2, from which it follows that x. < yx. But by Theorem 3.2,
dy{v. Ty < x*(v;m). and this finishes the proof. =

Fill's inequality is interesting in several respects. It gives a bound that is proportional
to the x*-contrast between the initial distribution and the rarger distribution 7. Secondly,
this bound is in terms of the SLEM of a reversible matrix, for which some powerful bounds
will be obtained in the next section. Also, the SLEM y; (M) is, in fact, the SLE, and good
bounds for the SLE are in general easier than good bounds for the SLEM.

4 Geometric Bounds

4.1 Weighted Paths

In order to use the results of the previous section, it remains to obtain good upper bounds
of the SLEM. For this one has to take a closer look at the transition matrix. The next two
theorems give an upper bound and a lower bound in terms of the geometry of the transition
graph. They concern reversible transition matrices. The two theorems and the two examples
below are due to Diaconis and Stroock (1991) .

In the transition graph associated with P, we shall denote an oriented edge i — j bye,
and call e~ = i and e™ = j its initial vertex and end vertex, respectively. Define for any
such oriented edge e,

Qle) = nli)pi. (4.1)
For each ordered pair of distinct states (i, j). select arbitrarily one and only one path from
i to f,thatis a sequence i, {y, ... . iy, j such that py;, pij, - -- pi,.; = 0, which does not use
the same edge twice. Let I' be the collection of paths so selected. Forapath y;; € T, let

det ! 1 1 !
= + Tt S
vule = 22 Qe) — m(iypii, TP 7 (im)Pij

CEY

(4.2)
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Define the Poincaré coefficient

€ = (T = max Iyl m)()), (4.3)

TEL

Theorem 4.1. Weighted Path Upper Bound
Let P be an irreducible transition matrix on the finite state space E, with stationary distri-
bution 7, and assume (P, ) to be reversible. Denoting by A, its SLE,

1
A< l——. (4.4)
K

Proof. If suffices to show that (2.20) holds for A = «. For this, write

!
Ezynn-ﬂﬂfﬂnﬂﬂ

i,jeE

Var ;(x)

2
1 1 !
5 Z Z -WQ(e)Z(x(e)—x(f))} () (f).

ieE | eey, Qe

This quantity is, by the Cauchy—Schwarz inequality, bounded above by

1
= 3 Aygle ) Qledale ) —x(e™) § aliym(f)
2

ijek €Yy

— ;: Z {Q(e)(x(e) — x(e™)) |:Z |}’ij|QIT(i)JT(j):” < E(x, x)x(D). O

e

Similar bounds in the same vein can be obtained, with a different coefficient (see Problem
6.4.1, or Example 7.7.6).

We now turn to the lower bound. For each state i, select exactly one closed path o; from
i to i that does not pass twice through the same edge, and with an odd number of edges (for
this to be possible, we assume that P is aperiodic), and let T be the collection of paths so
selected. For apatho; € X, let

1
kmzzaa (4.5)

Define
@ = a{X) =max Y _ |o;|gm(i). (4.6)

Theorem 4.2, Weighted Path Lower Bound
Let P be irreducible and aperiodic transition matrix on the finite state space E, with stationary
distribution s, and assume (P, ) to be reversible. Then

2
Ao =1+ (4.7)
o
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Proof. Itsuffices to prove (2.22) with B = % . For this, we use the easily established identity

- Z(x(a)ﬂ(ﬂ) w(D)pi; = (Px, x}y + Xl (4.8)

JJEE
If o; is a path from ¢ to i with an odd number of edges, of the form o; = ({p = £, 11, 02,

.« f2, [, then

1
x(i) *{(x(io) +x(in)) = (x(i) + xt2) + - - 4 (x(i2n) + 2O

—Z( " (x(e) + x(e7)),

eea,

where n(e) = k ife = (iy, ix+) € o;. Therefore,

2

2 i 1 1 —
el =" 5%) { > E@Q(e):(—l)"“’(x(f) + xle ))} ,

iek eEeD,

and by the Cauchy-Schwarz inequality, this quantity is lesser than or equal to

) [i’)a. lo Y (x(et) + x(e” ))ZQ(e)}

fE,

= -Z [(x(e+)+x(e Q)Y o] Qn(:)}

;e

1A

3 23 (e + x(e) Qo).
Therefore, in view of (4.8},
xl2 < 5 {13 + (Prx)s )

and this is the inequality sought.

Example 4.1. The Random Walk on a Graph
For the random walk on a graph of Example 6.3 of Chapter 2, recall that the stationary
distribution is 7 (i) = "’\(" , where d; is the degree of vertex / and |G| is the number of edges.

Hence Qe) ! = 2{G) and
k(M) = max 5o Z lvildid;,
where [y;;] is the length of path y;;. Letd = max d; and |y| = max |y;;|. We have

1
M < —|y|d’B,
k(') < 2'GIIVI
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where B is the bottleneck coefficient

B =max|{y €I';e € ¥}|.
-4

Therefore,
2|G|
Az <1 — .
d*|y|B
Similar calculations give
2
ez -l o
d|a|b

where |o| = max |o;|, and
b=max|{o € ;e € gl
¢

4,2 Conductance

(4.9)

(4.10)

This type of bound concemns, as before, finite state space irreducible reversible transition

matrices P.

For a nonempty set B C E = {1...., r], the state space, one defines the capacity of B,

T(B)ED 7)),

ieB
and the ergodic flow out of B,

FBYE 3 (i) py.
ieB.jcB
Note that 0 < F (B) < 7 (B) < 1. Define for B not empty,

et £ (B)
v {B.P)= —B B’

The conductance of the pair (P, ) 1s

¢(P) % inf (W(B,P); 0<|Bl<r,am(B)< %)

The following result is due to Jerrum and Sinclair (1989).

Theorem 4.3. Conductance Bounds

P2
1= 2p(P) < <1 - 28

2

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)
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Proof. {a) We start with the rightmost inequality. Let « be a left eigenvector of P associated
with an eigenvalue A # 1. In particular, « is orthogonal to 7, the left eigenvector associated
with Ay, and therefore u has positive as well as negative entries. The same is true for x
defined by

u{i}

7))

Assume without loss of generality that for some & € [1, ],

x(i)y=

x(@yz o z2x®)>02xk+ 1) > =x(r).

and that, writing § = {1, ..., k}, we have 7 (§) < % (if necessary, change the order of the
states, and for the last assumption, change  into —u). Define

(i)

vir=1 7o if u (i) > 0,
0

otherwise.

We have
wl (I —P)=u" (1 - 1),

and therefore

W =Py == y=(1-1) m@)y@). (4.16)
icS
Also,
ul (1 -P)y = ZZ(% —pi)u()y @)
ie§S j=I
> ZZ(%‘ — pii)u )y ().
ie§ jes

since the missing terms —p;u (j) v (i) corresponding to { € S and j ¢ § are negative or
null. Therefore.
ul (I =Py = {0, (1 — Pyl

and using (4.16) and Thcorem 2.1,
S A py GO -y G

i<y
PBELGII0

ies

14>

From (a + b)* < 2 (a® + &%), we obtain

S AW ey +y G 23w py (YO + ¥ GV,

(=< i<j
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and, by reversibility,

S @y (P +yUP) = o w O pyy (Y + Y w (D pay QY
[ i< i<j
=Y w (@ pyy (Y
i
< Y a@yGy.

ie§

Thus
S r@p O -y G D m @GO+ yGY
1 —x > i<j _ i<j
Y ow @y 2 w6y
e85 ies

By the Cauchy—Schwarz inequality (and using the identity a* — b* = (a — b)(a + b)),

2

(Zn () pij (y ) — ¥ (1)2))
i<
< (Zn () pis (i) — 5 (j))z) (Zn ) pis 6 O+ ¥ (j))z) ,

i<y i<j

and therefore

S x@ ey (@ -y

1 i<j

2 3wy (Y

i€l

Define S, = {1,...,!}. We have

Y omiiypi (YO =y = Zﬁ(i)Pu (Z (@@ -yt + 1)2))

i=<j i;j isley
=3 W -yU+1¥) > w@py
=1 [E=AYIE-

k
=3 (WP —y+ 1) F(S).
=1

1
Since for{ € [1,k], m (S} <7 (5 =< 7 we have

F(S) = ¢(P} m(S).
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Therefore,

k
e(P) Yy —yU+ 1) = (S)

STy py (v -y () 2
P<f =1
k !
= ¢(P) Z (P =y + DY) ) w)
=1
X
— ¢(P) Zn(r) (Z \(t)2—>-(f+1)2))
|
= ¢ (P) Zn(r)\(
fe§
Therefore,
Lo p(P)
2

{b) Proof of the leftmost inequatity in (4.15). By the spectral theorem,

Eq(x, x)
x|

1 — A <

l—

for any vector nontrivial xector x such that {x}, = 0. Select B C E such that 7 (B) <

and define
o [1=7(B) ifi ¢ B.
x ()= { 7 (B) ifi ¢ B.

Then {x}, = 0 and Hx\l- =x(B){1 — 7 (B)). Also,

1 s
Ex(x.x) = 3 Z(xm—x(j))-:r(e)pu
=—Z PRSP
feR J¢B i¢R jeB
= 5F(B)+§F( B)
= F(B).
Therefore,
L = F(B) ., F(B)

T (B)(1 -m(B) ~ m(B)
This being true for all B such that 7(8) < ,, we have, by definition of ¢ (P),

1 — 3 <2g(P). O
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5 Probabilistic Bounds

5.1 Separation and Strong Stationary Times

In the present section we shall review the basic properties of a special class of coupling times
introduced and studied by Aldous and Diaconis (1981} and Diaconis and Fill (1991), in view
of obtaining sharp bounds for the rate of convergence to steady state. Another thcoretical
advantage of these stopping times is the fact that the chain observed at such times has the
stationary distribution: see (Fill, 1998) in connection with perfect sampling.

Definition 5.1. Separation
Let & and B be two probability distributions on the denumerable space £. The separation
of & from 8. denoted by s (a; 8). is defined by

s(oz'ﬁ)—max(l—@) {5.1)
TN GCE EIGYA |
Note that

O<s(p)=l (5.2)

(for the lower bound, observe that one cannot have & (/) > 8 (¢) for all /}.

Theorem 5.1. Separation vs. Distance in Variation
Let « and 8 be two probability distributions on the denumerable space £. Then

dy (o; B) < s (w1 B). (5.3)
Proof. From the proof of Theorem 1.1 of Chapter 4, we extract the identity

dy(:py= Y (B —a@).

iy alo)

But the latter sum equals

> ﬁ(r‘)(i—%)f( 3 ﬁ(r‘))s(a;ﬁ)fs(a;ﬁ)- .

LB al) P38l )>ali)
We nced a slight extension of the notion of stopping time.

Definition 5.2. Randomized Stopping Time

Let {X,),~q be some E-valued stochastic process, and let {Z,},., be another process. F-
valued and independant of {X,},.o. A random time 7 with values in N = N U {400}
is called a randomized stopping time with respect to {X,},..q using the side information
{Zy}i=o, 0f for all k& € N, the event {T =&} is expressibief in terms of Xy, ..., X, and

{Zn}nzo-
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In the definition, {Z,},~0 is an arbitrary given stochastic process. In the sequel, we
shall generally omit the phrase using the side information {Z,}n-0, and even let the context
dictate the choice of {Z,},>0.

Suppose that in the above definition {X,},,.o is an HMC. Then for all m, n > 0 and for
alli, je E,
PXnin=JjlXa =0T <n)=p;(m).

Indecd, {T = n} is expressible in terms of Xy, ..., X, and {Z,},-, and is therefore inde-
pendent of X, ., given X,, = .

Similar formulas, formally identical to the case where 7' is a usual, nonrandomized,
stopping time of {X,},.¢. hold true and will be used in the calculations below. Their
validity essentially depends on the independence of {X,},- and {Z,},~¢-

We introduce the main concept of this section.

Definition 5.3. Strong Stationary Time
A randomized stopping time T with respect to the HMC {X,.}, ., admitting a unique sta-
tionary distribution 7 is called a strong stationary time of this HMC iff it is almost surely

finite and
{¢) X1 has the distribution 7 and is independent of T'.
In the above definition, condition («) is equivalent to either one of the following two
conditions:
(B)Foralli € Eandalln = 0,
P(X,=i|T =n)=m(i).

(y)}Foralli € EFandalln > 0,
P(X,=i|ITzn)y=mn(i).
The reader is invited to provide the proof (Problem 6.5.2).

Also, if either (@), or (), or (y) holds, then {X1.,),:0 is a stationary HMC with the
transition matrix P and is independent of 7. To check this, just write

P(T =k, Xy =io, Xrs1 =81, s X7gn = in)
= P(T =k Xe =io, Xierr = i1, - o Xign = i)
= P(T =k X, =0)P(Xiq1 =01, oo Xiqn = in|T =k, Xy = ip)
= P(T =kyr(io)P(Xir =11, ...y Xipn = 1| Xy = Ho)
= P(T =k)Pr(Xy = ioy Xiqt = i1y Ky = i)
— P(T =K)P(Xo = io, X1 = i1, X = in).

The announced result then follows.
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Theorem 5.2. Minimal Strong Stationary Time
Let P be an irreducible transition matrix with the stationary distribution . If 7 is a strong
stationary time of the HMC (X, },,..o with transition matrix P and initial distribution g, then

s (" Py < P(T > n). (5.4)

Conversely, if {X,},., is an HMC with transition matrix P, initial distribution p, and
stationary distribution 7, there exists a strong stationary time 7 such that

P(T >n)=s{n'P"m), (5.5
and it is called a minimal strong stationary time.
Proof. Direct part:
P(X,=iy=P{X,=i.T<nm)y=(1-P(T >n)rm(i).

Therefore, for all i,

P(X,=i
P{T >n)=1- —(—12
(i)
Converse part: The strong stationary time 7" is obtained by the following construction. Let
a, = min il (t),
icE (i)

where 1/ = ¢7P", and let k be the smallest integer such that @, > 0. Define T such that
P{(T < k)=0and

) a7 (i)
P(T=k|X;=i)= ——""—,
T=R=D" 500 =)
and, by induction,
P(T |X - T 1) ty Qp—1
=n|lX,=i,T>=n—-1)= -
it (D)
— — n-1
(i)

Note that the right-hand side of the above identity is in [0, 1], by definition of a,.
Suppose that forall mm > kand all / € £,
P(Xm:i-TZm):n(i)(am_am—])- (3.6)

Then 7 is a strong stationary time, since by summing (5.6) with respect to i, we have
P(T =m)=a, — an_1, and therefore

P Xu=iT=m)=na{i)P(T =m).
Also,
P(T>n)=1—P(T <n)
N )
=1-a,
= §(Uni7),
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and this proves (5.5).

It now remains to check (5.6). We do this by induction, and for this, we assume that
(5.6)istrue forallm < n — land all /| € E. This implies

PX,=i,Tsn—-1=n()a,_1. (5.7)

because form < an — |,

P(Xo=iT=k)= Y, PXn=i, X = j,T =K)
=Y P = ilXe = T =) P(Xe=j, T =)
= 2 jeg Pim(i)ax — ax-1)
=m(iMe —a 1),

from which (5.7) follows.

To obtain (5.6) form = n,

PX,=iT=n)=PT=nlX,=i,T>n—1) P(X,=i.T>n—1)
= ﬁ(‘p(){nzn"})(x”:LTEH_I))
7 (i)
T
o un(l) B (;"'H(I) Tt’(l)an_;)
(i)

= ()@ —an-1).

dn—1|

n—1

Thus, if T is a minimal strong stationary time, then for any other strong sationary time
T,

P, (T' > n) = P (T > n) (5.8)
for all n = 0, and therefore a time to stationarity is stochastically smaller than any strong
stationary time (the random variable X is said to be stochastically larger than Y, and this is
denotedby X >, Y, iff P(X = x) > P(¥Y > x)foralix € R).

We proceed to compare strong stationary times with coupling times.

The construction of a minimal strong stationary time in Theorem 5.2 requires the knowl-
edge of " P” and 7, and is therefore mainly of theoretical interest. It shows, however, that
the notion of separation fits perfectly with that of strong stationarity. Similarly, the notion
of distance in variation fits with that of coupling, as the following analogue of Theorem 5.2
shows.

Theorem 5.3. Minimal Stationary Coupling Time

Let{X,},»0be an HMC with initial distribution y, ergodic transition matrix P, and stationary
distribution . Let T be a finite random time such that there exists an HMC {Y, ] ., with
transition matrix P and initial distribution = such that

X, =Y, ifn>T (5.9)
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Then T is called a stationary coupling time of (X,},-0. and
dy (W'P" 7)< P(T > n). (5.10)

There exists a stationary coupling time T such that equality holds in (5.10), and it is called
a minimal stationary coupling time,

Proof. Taking into account the results of Chapter 4, only the existence of a minimal stationary
coupling time remains to be proven. We refer to (Lindvall, 1992) for the proof. g

Set
dy(m)y=dy (P 7)), s, (my=s{(u P'im). (5.11)

We know that &, () < s, (n), and therefore the existence of a strong stationary time T
implies a bound for convergence in variation, since then

dy(ny<=s,(n) = P(T >n).

Also, denoting by T i, and T, i, the minimal strong stationary time and the mimimal
stationary coupling time, respectively, we see that

Tz',min 2t T\.m."rx- (5I2)

Theorem 5.4. Strong Stationary Times Are Stationary Coupling Times
Let T be a strong stationary time of the HMC {X,,},,..o. Then T is also a stationary coupling
time of the same chain.

Proof, For eachm > 0, define on {T = m} the process {¥\™} _ by
Yim = X, ifn > m.

Since for n > m, by definition of a strong stationary time, P(X, =i, T =m) =
7 (i) P (T = m), we see that, conditionally on (7 = m}, {¥{™} _ isastationary HMC. It
can be extended to a stationary HMC {¥{™} __ (see Example 6.1 of Chapter 2). Letting

Y, = Y™ on {T = m},
we obtain an HMC (Y, },-, that is stationary and such that

Xo=Y,forn>T. O

5.2 Convergence Rates via Strong Stationary Times

Rather than developing an abstract framework, we shall give two examples that clearly show
how strong stationary times lead to convergence rates.
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150 15 0 ]
! 14® @2

13 3 13 3 @3 (3)
(2 ) 12 4 12 4
1110 6 ’ 11@ @5 ®10@ @ 6®

987 987

T] T‘2 Td
Figure 6.5.1. Strong stationary time for the symmetric walk on the circle

Example 5.1. Symmetric Walk on the Circle

(Diaconis and Fill, 1991)Let [ X}, be a symmetric random walk on £ = Z, the integers
modulo o, identified with & points on the circle (see Figure 6.5.1). One moves one step in
either direction or remains stifl, each with probability %

This chain is clearly ergodic with the uniform probability on E. A strong stationary time
can be constructed as follows in the case d = 2“. We do the case d = 16 for definiteness.

Starting from 0, let 7 be the first time either state 4 or 12 is visited. Clearly, X, is
uniformly distributed on {4, 12} and is independent of T7. Next, let 7> be the first time after
T; when the chain visits the states at distance 2 from X,. Then Xy, is uniformly distributed
on {2, 6, 10, 14} and is independent of 7>. Time T; is now the first time after 7> when the
chain hits a state at distance 1 from Xr.. Then Xy, is uniformly distributed on the odd
numbers {1,3,5,7,9, 11, 13, 15} and is independent of 73. Finally, let T be the first time
after Ty where the chain makes a clockwise move or stays still. We can take as T the desired
strong stationary time, since it is independent of X, and X is uniform on E.

Ford — 2¢. the random walk travels successively the distances £2¢~2, +2¢7% . 1=
+2¢~¢ The mean time to travel at distance b of this symmetric walk is {(see Example 3.4
of Chapter 2) %bz. The last step from T, to T, = T takes % time units on the average.
Therefore

3 3 .
Eo[T,] = E(ZEH +...41+ )= 522“(2*‘1 4270 4 4 27HamD g 07y

Therefore, fora > 2,

3 3
EaolT,1 < —22“ = “d2.
ol = ¢ 16
By Markov’s inequality,
Ey[T, 34
PUT, > n) < Bl 3 &7
n 16 n

and therefore, since the result would be the same for any state,

2

3d
dy(u"P Ty < -
16 n
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Example 5.2. Top to Random Card Shuffling

(Aldous and Diaconis, 1981) The title refers to a method of shuffling cards whereby the
top card of the deck is removed and placed at random in the deck, and the procedure is
repeated. This defines an irreducible HMC. where a state is an arrangement of the deck.
Its stationary distribution is the uniform ditribution (use symmetry, and to make symmetry
more apparent, arrange the cards in a circle rather than in a deck). Denote by » the card
originally at the bottom. Let 7; be the jth time a card is inserted below «. If there arc N
cards, then at time Ty _; card = has reached the top. Let T = Ty. An inductive argument
shows that for j < N — 1, at time 7; all the j! arrangements of the j cards below » are
equally likely, and that 7 is therefore a stationary time. Also,

T=T1+{(T =T+ - +(T = Tu1),

where T — Ty_; = 1. Attime 7;, card « has i cards below it, and the prebability that the
current top card is inserted below « is therefore ’{T' Therefore, T; 1 — T; is geometric:

i+1 P4+
P(TEH—T:':k): N (1"7) -

Consider now the following problem: Sample uniformly with replacement an urn containing
N balls, and denote by V the number of draws until each ball has been sampled at least
once. Let V; be the number of draws until / distinct balls have been sampled at least once.
We have the identity

V=(V-Vy )+ -+ V)+ V.

Once i distinct balls have been drawn at least once, there is probability 2 sampling 2 ball

not previously sampled. Therefore, V; — Vi is geometric:

N—i N -\
PVi—Vio =k = —5 (1— N) :

[n particular, 7 and V have the same distribution. For each ball A, let Ap, be the cvent that
ball b was not drawn in the first m = N log (N) + ¢N draws, ¢ > 0. We have

l i} i B .
PV > m)= P(UA,) = N(1 — ﬁ)m < Ne % = Ne '08M—v = g~

Therefore
d(N log (N) + ¢N) < (P(T > N log (N) + cN)<e ™,
where d(k) = dy(u” P*, ). In particular, taking ¢ = € log (N),
AN Tog (V) (1+6)) < -
for all € > 0. Aldous and Diaconis (1981} show that forall e > 0
diN log(M)(t—e)) = 1

as N —> oc. In this sense, for large N, N log (N) shuffles suffice, but no less. <



226 6. Figenvalues and Nonhomogeneous Markov Chains

6 Fundamental Matrix of Recurrent Chains

6.1 Definition of the Fundamental Matrix

The fundamental marrix has been defined for absorbing chains in Chapter 4. There is also
a fundamental matrix for ergodic chains. These two types of fundamental matrices are
different objects. The one for absorbing chains is the restriction of the potential matrix to
the transient set. For ergodic recurrent chains, the potential matrix is uninteresting. since
all its entries are infinite. However, if the term in the definition of the potential matrix is
properly modified, as in the formula (6.2) below, the corresponding series does converge.
The fundamental matrix for ergodic chains is interesting because it gives access to a number
of quantities such as, for instance, the mean time E;[T;] to return to j from state /, or the
variance of the ergodic estimate 1 3"1_, f(X,). For a finite state space ergodic HMC, the
fundamental matrix is the matrix

Z=(—(P—-TD"', 6.1)
where
m(ly - 7lr)
a(l)y - m@(r
n=tar =™V i
(1) - wlr)
Here the state space is £ = {1, ..., r}, and 7 is the stationary distribution.

Theorem 6.1. Fundamental Matrix of Ergodic Chains
For any ergodic transition matrix P on a finite state space, the right-hand side of (6.1) s

well defined and
Z=1+Y (P"—1) (6.2)

n=1

Proof. First observe that

MP =M (sincen'P=xn" and 1 = 1z7),
PIT = I (since P1 =1 and [T = 177).
M =MNO(sinceT=1x" andz”1 =1).

In particular, forall £ > 1,
PIT* = M = I*P.

Therefore,

(P _ n)n = i (:)(_l)n—kpknn—k

k=0

n—1
Py (Z)(wl)”"‘)l'l =P 1L
k=0
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Thercfore, with A = P — 11,
(- A +A+- + A" H=T-A"=1+P' —TL
Passing to the limitn — oo,

(=AY +) A =1,

=1

which shows that  — (P — TT) is invertible, with inverse

I+ (- =1+ (P —ID. -

n=1 n=l

Example 6.1. The Diagonal of the Fundamental Matrix
For fixed m > 1, let
S—m+ inf (k=0; Xpop =i}.

Then by Theorem 4.4 of Chapter 3,
S
E; {Z 1X,,;j} = m(i)E; [S].
n=0
that is,

m—1
E,' |:Z 1X..=J} = T[(l) (m + Eu,,I [S!]) .
r=0

where S, is the hitting time of i, and v, is the distribution of the chain at time m. Therefore,

m—1

> (pilm) — () = w(DE,, [S:].
n=0

Since limy, 1o Vi = . We have
3 (pistn) = () = (D) E [S],
n=0

which is easily converted into
zii = m() Ey [Ti1. (6.3}

Example 6.2. Patterns in Coin Tossing
(Aldous and Fill, 1998) Let {¥,},-o be an ii.d sequence of Bernoulli variables, with
P(Y) =1)= P(¥; = 0) = } and let {X,},>q be the snake chain defined by

Xn == (Yn- Yn+|s ey Yn+L—])
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forsome L > 1. Note that both {¥;},..0 and {X,.},..¢ are imreducible ergodic chains, starting
in the steady state. Define

T = (piy(n) = 7()) (6.4)
n=0

(= zij — m())), where P is the transition matrix of {X,},., and (/) = 3 is its stationary
distribution.

Forn > L, Xy and X, are independent, and therefore p,;(n) — 7(j) = 0. so that only

the first L terms of (6.4) are nonzero.
Forn < L, p;;j(n) > Oifand enly if the pattern j = (jy, ..., j._1) shifted # to the right

and the pattemn { = {4y, ..., {;_1) agree where they overlap (see Figure 6.6.1),
J Jo il cow Ji—zon Jroi—n | Jr-a ... Ji-i
I f Il I
7S ST 1 SO B SR M N T Ir_) ’
T
Figure 6.6.1.

In this case p;;(n) equals zi Therefore, defining

L-1

1 _
e, )= 5 x0 J.m), (6.5)

where x{/, j,n) = | if and only if the situation depicted in Figure 6.6.1 is realized,

=
<

g o=cl, j)—L27L,

In view of the result of the previous example,
E.[S1=2%G, ) — L.

But remember that X is always distributed as 7, and that to generate the first pattem, L
coin tosses are necessary. Therefore, 2%c(i, i) is the average number of coin tosses needed
to see pattern { for the first time.

To illustrate this, consider the pattern i = HTTTHT. We have c(i, i) = 68 (see Fig.
6.6.2).

An Extension of the Fundamental Matrix

Expression (6.2) is meaningful only if the chain is ergodic. In particular, if the chain is only
recurrent positive, but periodic, the series on the right-hand side of (6.2) oscillates. This
does not mean, however, that in the periodic case the inverse in (6.2) does not exist. As a
matter of fact, it does exist, but it is not given by formula (6.2).
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HTTTHT 27
HTTTH 0
HTTT 0 c(HTTTHT) = 2° (1 + 5)
HTT 0
H T 24
H 0
Figure 6.6.2.

The following is an extension of the definition of the fundamental matrix due to Kemeny
(1991); see (Grinstead and Snell, 1997) for additional details). This extension does not
require, in principle, knowledge of the stationary distribution.

Let » be any vector such that ]
p'1£0, (6.6}

and define 1
Z=(I-P+107) (6.7)

where P is an ergodic matrix on the finite space £, with the stationary distribution 7. The
matrix differs from the usual fundamental matrix in that 7 is replaced by .

Theorem 6.2.
The inverse matrix in (6.7) exists and

xl =b"Z. (6.8)
Proof. Sincer’1 =landx’ (/ —P)=0,
At (I —P+1b7) =x"1b" = b7, (6.9)

and therefore, for any vector x such that

(1 —P+1b")x =0, (6.10)
we have
BTx=0
and
({-Pyx=0

Therefore. x must be a right eigenvector associated with the eigenvalue A, = 1, and con-
sequently, x is a multiple of 1. But this is compatible with b"x = 0and 671 # O only if
x = 0. Therefore (6.10) implies x = 0, which implies that (I — P + 157) is inversible;
and (6.9) proves {6.8). o]
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6.2 Mutual TimeDistance Matrix

We introduce some notation: For any square matrix B, d(B) is the diagonal matrix which
has the same diagonal as B. In particular ¢(IT)~' is the diagonal matrix for which the
(i, i)-th entry is (i)', Recall also that 117 is the matrix with all entries equal to 1.

Theorem 6.3. Murual Time—Distaince Matrix
The mutual time distance matrix M = {m;;}1<; ;<,, defined by m;; = E;[T;], is given by
the formula

M= -Z+117dZ)d(™". (6.11)

Proof. We first observe that M has finite entries. Indeed, we already know that m;; =
E;[T;] = 1/7(i) and that 7(i) > 0. As for m;; when { # j, it is the mean time to
absorption in the modified chain where j is made absorbing. By Remark 5.2 of Chapter 4,
it is finite,

First-step analysis gives

mi =1+ 3 pumy. (6.12)
kik#j
that is,
M =P(M —d(M)+ 117, (6.13)

We now prove that there is but one finite solution of (6.13). To do this, we first show that
for any solution M of (6.13), (M) is necessarily equal to d(TT)~'. (We know this to be true
when M is the mutual distance matrix, but not yet for a general solution of (6.13).) Indeed,
premultiplying (6.13) by n7 yields

7™M =gTP(M —dM) + T D17
=al(M —dM)+17,

and therefore w7 d{M) = 17, which implies the announced result,

Now suppose that (6.13) has two finite solutions M| and M,. Since d(M) = d(M>), it
follows that
M, — M- = P(M; — M>).

Therefore, any column v of M) — M, is a righteigenvector of P corresponding to the
eigenvalue 1. We know that the righteigenspace R; and the lefteigenspace L; corresponding
to any given eigenvalue A have the same dimension. For A = 1, we know that the dimension
of L; is one, since there is only one stationary distribution for an ergodic chain. Therefore,
R; has dimension | for A = |. Thus any righteigenvector is a scalar multiple of 1. Therefore,
M| — M> has columns of the type a1 for some « (o may a priori depend on the column).
Since d(M;) = d({M>), each column contains a zero, and therefore ¢ = 0 for all columns,
i.e., M[ — M2 = 0.
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At this point we have proven that M is the unique finite solution of (6.13). It remains to
show that M defined by (6.11) satisfies equation (6.13). Indeed, from (6.11) and (M) =
d(rm',

M —d(Iy™" = (—Z + 17T d(Z)d(I)~".

Therefore,

P(M — d(TTYy ") = (—PZ + P17 d(Z))d(1T)™!
= (—=PZ + 117 d(Z)d()!
= M+ (—PZ— [ +£)d(dm~",

where we have used the identity P1 = 1 for the second equality and (6.11) again for the
third. Using now (6.1), i.e. I — Z = IT — PZ, we see that

PM —d() ™ y=M -~ =M — 117,
and (6.13) follows, since d(M) = d(T1)~". 0

Theorem 6.4, Time—Distance and the Fundamental Matrix
Let Z be the fundamental matrix as in (6.7). Then forall i # j,

E[1]] = Z“T(—j—)”—f (6.14)

Proof. We shall need two preliminary formulas. First,
71 =61, {6.15)
where 6~' = b7 1. Indeed, from the definiton of Z,
Z(I-P+1p")1=1 (6.16)

But (/ — P)1 = 0, and therefore (6.15) follows.

Next we need the formula
Z(—P)=1-01b7, (6.17)
which follows from (6.7) and (6.15).

We now proceed to the main part of the proof. Call N the mutual distance matrix M in
which the diagonal elements have been replaced by 0's. From (6.13), we obtain

(1 —P)N =117 = D!,

where D = diag {m(1)....,z(n)}. Multiplying both sides by Z, and using (6.15), we

obtain
Z(I -P)N=611" —ZD".
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Using (6.17),
Z(I-PYN=N—-061p"N

Therefore,
N=011" —ZD7" + 0167 N.

Thus, foralli, j € E,
Zij
7(Jj)

T(‘}) +6 (BTN ) = 0, which gives (bTN)j. Finally, fori # j,

T
+6(bTN) ..

ny =6 —
FOI’ij,)’l,'j =0 —

L T L o
7(Jj)

nij =

6.3 Variance of Ergodic Estimates

For a positive recurrent Markov chain, we know from the ergodic theorem that the estimate
%ZL, f(X) of Ex[f(Xe)] = (f), (where f : E — R is such that {|f|}, < oc, a
condition that is always satisfied when the state space is finite) is asymptoticalty unbiased,
in the sense that it converges to {f), asn — 00,

Theorem 6.5, Asymptotic Variance of Ergodic Estimates
Let{X,),>0beanergodic Markov chain with finite state space. Forany function f : £ —» R,

n—noC H 1

lim L v, (2 f(Xk)) =2{fZf), — (/. (] + TS}, (6.18)

for any initial distribution z.

In (6.18), f* = (f(1),..., f(r)), where r is the number of states. The notation Vp,
indicates that the variance is computed with respect to P,,.

The quantity (6.18) will be denoted by v( f, P, 7).

Proof. We first treat the case where 4 = , the stationary distribution. To simplify, we
write V; for Vp_. Then

1 n
~Vr (Z f(xk)) Z Va(f(X3)) +2 Z cov A (F(Xe), F(X;))
k=1

k=l
K<j

— ¢
cov ; (f(Xo), f(X))

n—1
= ValF X + 3 2
f=1
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where we have used the fact that when the initial distribution is 7, the chain is stationary,
and in particular, cov . (f(X), f(X;)) = cov (fF(X), f(X;_i) fork < j. Now,

Vel F(Xo)) = ExLf(Xo¥] — Ex[F(X0)’

=) xS - (Z rr(i)f(i))

3 ref

= (f*f);r 7(f’nf)ﬂ
Also,

cov 2 (F(Xo), F(X)) = Ex[f(Xa) f(X)] — Exl f(Xo)T’
= 33 2OpiOFOF) — Exlf (X

iceE jeE
= {fPf) — (£ TIf)s
= (f.(P* ~TD)f}, .

Since lim, . ¥ y_(P* =TI} = Z — [, we have

n—1
.
lim S S -m =21
n— oo n

£=1

(This is Cesaro’s lemma (Theorem 1.5 of the appendix): If A, = 3 i e tends to A as
1 — 50, then limy o L 070 Ay = A But £ 37001 A = (e + (o o)+ o+

n
) =300 "—n_iag.) Therefore,

1 n
lim =V, (Z f(Xk)) = oy = L)y + 20U E = D f
k=1

n—=oc Fl

which is the announced result {for ¢ = 7).

To prove the result in the general case where the initial distribution is arbitrary, it suffices
to show that for two chains {X{"},»¢ and {X{?},=o with transition matrix P, and arbitrary
initial distributions ¢ and v, respectively, that couple at a time ¢ such that £[t2] < oo (this
is the case here, see Theorem 2.6 of Chapter 4),

lim v (i f(x;”)) ~ lim LV (i f(x;”)).
n—~ R0 =1 H—=X N =t

But with X, = X! or X,

n n 2 n 2
v (Z f(xk)) =E (Z f(xk)) ~E [Z f(xk)}
k=1 k=1 k=1
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|2 [l [2)

][ o)
] {£] (8 (z)

Since Y 0_ ., F(XV) = Y0, FXP), it follows (with obvious shorthand notations)

i D @y _ 2 2
;{v(;ﬂxi )) (Zf(X )} —A + = B,,ﬁEC,,.

T

where
Ay = [ (Z“)) ~E Zm J Z(n +E[Z(2)}
B, = IE[( > (1.2)) (Z(l)— Z(z))”.
k=141 k=1 k=1

n rl’:\l! rAn
C, = lE [ > (1.2)] E 2(1)2(2)”.
k k=1 k=1

=T+

Write

%Bn = 2p | Zi=n(l2) (i(l) - Zm)]

H = =1

and observe that the quant:ty under the expectation converges, as n — o0, towards £, [ f(X)]
Gl (f(X(” f(X( )))) and is for fixed n bounded in absolute value by 2(sup | f|)t, an
integrable random variable. Therefore, by dominated convergence,

lim > B, = 26, [f(X)E [Z(f(X“‘ f(}d”))} .
A similar argument shows that %Cn has the same limit. Therefore, tlim,, . o %(B,, —~Cp)y=10.
As for A,. it is bounded by 4(sup | f[)*E[r?] < oo, and therefore lim,_, 4, 14, =0. O

We shall now give an expression of the asymptotic variance in terms of the cigenvalues,
when P has r distinct eigenvalues. We have, in view of (1.1),

r

(P — 1) = > Ml

i=2
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and therefore
r }\.
Z=I+S @ -T=1+Y ——uvul. 6.19
Z]j ) ; e (6.19)
Also, from (6.18),
Aj

vk () (6:20)

v(f, P, ) = Va(f(Xp) +2 Z
i=2

For a reversible pair (P, 7), we have u; = Du;, and therefore £ u; = {f. v;),. Using this
observation and (2.9), we obtain from (6.20),

ST :
W(f Py = 3 T e P (6.21)

i=2 L—A

Recall that when one is interested in the speed of convergence to equilibrium, it is
the second-largest eigenvalue modulus that is important. However, if one is interested in
simulation, i.e., the computation of [ f(Xp)] as the ergodic mean lim,,_, LS F(Xu
all cigenvalues play arole if we measure the guality of the ergodic estimator by the asymptotic
variance, as the above formulas show.

7 The Ergodic Coefficient

7.1 Dobrushin’s Inequality

The Perron—Frobenius theorem shows that the SLEM determines the rate of convergence 1o
equilibrium of a finite state space ergodic HMC. We have seen in previous sections methods
for obtaining upperbounds of the SLEM, mainly for reversible matrices. For theoretical
purposes, there is an upper bound of the SLEM that is often very tractable, due to Dobrushin
(1956); see (Isaacson and Madsen, 1976) or (Seneta, 1981} for additional references. When
the state space E is finite and the chain is ergodic, it provides a computable geometric rate
of convergence to steady state. It will be especially useful in the present chapter to obtain a
necessary and sufficient condition of weak ergodicity (yet to be defined) of nonhomogeneous
Markov chains (also to be defined).

In the sequet, E, F, G denote countable sets, finite when so indicated.

Definition 7.1. Ergodic Coefficient
Let Q be a stochastic matrix indexed by F x E. Its Dobrushin’s ergodic coefficient §(Q) 1s
defined by
1
5Q) == sup Y Igix — gl = sup dv(gi-q;)- (7.1)

2ijeF iR ijeF

Observe that
0<=8Q) <1, (7.2)
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and, using (1.5) of Chapter 4,

Q) =1—infjer ¥ qix A qj. (7.3)

kek

The ergodic cocfficient is most of the time useless if F is infinite. Indeed. ifthe stochastic
matrix Q has two orthogonal rows {that is. rows i, j such that g;;q;+ = 0 forall k € £, and
this is the most frequent case with an infinitc state space), then §(Q) = 1. However, for
finite state spaces, this notion becomes very powerful.

Example 7.1.
The ergodic coefficient of

[owe R SVIT NETPE] Y

2

1
falw o2 —
Bl = S

(LoD (2 0y 3 v 1y 243 1y 1oy 3
A CIERE Ry b Ty -t Ve Rl il s

Example 7.2. 2-Row Matrix
An important special case is when Q has only two rows:

_f MY M2 M3
Q= ( vy e ) '
The ergodic cocflicient is then just the distance in variation

QY =dv(p, v). (7.4)
<

LetQ; = {a;;} and Q2 = {b,; be two stochastic matrices indexedby F x Gand G x E,
respectively, and define the stochastic matrix Q = {g,;) indexed by F x E by

gij = Zai!’(bkj-

keG

Theorem 7.1. Dobrushin’s Inequality

d(Q1Qn) = 5(Q)8Q2). (7.5)

Proof, By Lemma 1.1 of Chapter 4,

1
3 Z lgix — qji| = sup Z(Q‘ik = gjkh

8
keE ACE ey
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and therefore

1
Q1) = 5 Sup sup Z (Z(GM - ajf.’)b(?k) .

i jeF ACE tea \ieG

But using (1.5) of Chapter 4,

Z(Gie —a;)" = Z(aif —ap) = Z laie — ajel,

G {eG PeG

and therefore

Z Z(auf —ae)ba

ke e
= Z(alt - a_,‘f) Zblk - Z(arif a}!) bek

(el ke A [458 keA

( >l - a;ti) sup Y bu — ( > laie *a;e|) inf e Y b
teG LeG rea e ked

( Z ay — “M) ( sup Z(bu — by k))
feGG eG pen

The announced inequality follows, since
sup sup ) (by — bpy) = - sup |bex — bex| = 8(Q2). =
AcEé‘.f‘eG; ‘ ezec;;

Theorem 7.2. Convergence Rate in Terms of Dobrushin’s Coefficient Let P be a stochastic
matrix indexed by £, and let 4 and v be two probability distributions on £. Then

dy (" P, vTP") < dy(u, v)S(P)". (7.6)

Proof. Let

(1) 2y - ~
Q_(V(l) v(2) ) Q: =P,

and therefore . .
_ Py (wPp .-
0= =({p) ey )

Inequality (7.6) with n = 1 then follows from Dobrushin’s inequality (7.5), because as
observed in Example 7.2,

3(Qi) = dy(p.v),  8(Q)=dy(n"PVTP).

Forn > 1, replace P by its nth iterate, and use Dobrushin’s inequality: 4 (PHYy<§(Py. O
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We shall give a variant of Theorem 7.2 that will be needed later. For this, we shall use
the fact that
|Al =sup ) lay;]
ek jef
defines a norm on the vector space of square matrices.

Corollary 7.1.
Let Q). Q. and P be stochastic matrices indexed by £ x E. Then

Q1 — Q)P < [Q) — Qz|8(P). (7.7)
Proof. Call y; and v, the kth rows of Q; and Q., respectively. Inequality (7.7) reads

sup |uf P — v P| < (SUP ler — Vk|) a(P)
keE keE

and is therefore a dircct consequence of Theorem 7.2. c

Theorem 7.2 implies that Dobrushin’s coefficient is an upper bound of the SLEM, as a
comparison of (7.6) above and (!.3) shows.

7.2 Interaction Coefficients and Coincidence

Recall that the distance in variation between two probability distributions « and 8 on a
set £ has the following interpretation {see Theorem 1.1 of Chapter 4): | — dy(«, B) is
the maximum value of P (X = ¥) among all couples (X, ¥) of E-valued random variables
having the prescribed marginals « and 8. Therefore, clearly, Dobrushin’s coefficient can be
interpreted in terms of coupling. We shall use this interpretation in a slightly more general
setting.

Definition 7.2. Awutraction and Binding
Let P and Q be two transition matrices on the same state space E. Define the attraction

coefficient

1
a(P.Q)=1-_ sup Zipik = G (7.8)

2 jeEiti foF
and the hinding coefficient
1
B.Q=1— 35w} o~ qul. (79)
ek ke E
Clearly, o (P, P)=1 — (P, P)and S(P,P) = 1.

We shall now interpret the above coefficients in terms of “coincidence” of the two
HMCs governed by P and Q, respectively. For this we construct a Markov chain {Z,.} .o =
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{(Xs. Ya)luso such that {X,},50 and {¥,},5o are HMCs with the respective transition ma-
trices P and Q, as follows.

IfX, =i, Y, = j,construct X, and ¥,1| in such a way that
P(Xyer = k|Xy =i, Y, = j)= pyand P(Yos1 = k|Xp =i, ¥y = J) = qji.
with maximal coupling. In particular, for i # jf,
P(Xopt = Yopil Xy =0 Y, =)= 1—dv(pi.q;) Z (P, Q),
and fori = j,
P(Xop = Yol Xy =i, Yn=jy=1—dv(p..q;) = B(P.Q}.

Thus, if the chains do not coincide at time #, they will attime n+ 1 witha probability at least
o (P, Q), whence the appellation attraction coefficient. Similarly, if the chains coincide at
time n, they will still coincide at time 2 4+ 1 witha probability at least 8 (P, Q), whence the
appellation binding coefficient.

Theorem 7.3, Coincidence Rate Lower Bound
The long-range coincidence rate satisfics

. il a(P, Q)
lim ;; et Z 7T Q= F ) (7.10)

Proof. Suppose (for instance) that Xy # Yp, and call Dy, Py, ... the lengths of the
successive time intervals where the two chains are different and Cy, €2, ... the lengths of
the successive intervals where they coincide. Then for some ii.d. sequences ﬁo, ﬁi. .
and ¢, C,, ... that are independent, and where f)k is a geometric random variable with
parameter « (P, Q) and G is geometric with parameter 1 — 8 (P, Q), we have forall k > 0,
{>1,

D, <D, C =G (7.11)

The proof follows readily from these observations (Problem 6.7.4). O

8 Nonhomogeneous Markov Chains

8.1 Ergodicity of Nonhomogeneous Markov Chains
Let { X, },=q be a stochastic process with values in a countable set E, and such that
P(Xpe1 = j1Xy =i, Xo =gy Xny =in 1) = P(Xper = JI1Xa = 1) (8.1)

for all n > 0 and all states i, j, ig, i1, ..., {y—1. In other words, {X,,},>0 is 2 Markov chain.
In this section, we consider nonhomogeneous Markov chains, that is, the quantity

Prij = P(Xn+l = ]|Xn - j), (82)
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in general depends on #. The matrix

P(n) = {pu;i itijee (8.3)
is called the transition matrix at time n. We introduce the notation
P(m, k) = P{m)P(m + 1)--- Ptk — 1) (k > m > O). (8.4)

Using Bayes’s sequential rule. we sce that if the distribution of X, is u,,, the distribution
of Xy 1s pu P(m, k).

Definition 8.1. Weak Ergodicity
The above nonhomogencous Markov chain is called weakly ergodic if for all m > 0,

kliTm supdy (1 P(m, k), v P(m. k)) = 0, (8.5)
O gk
where the supremum is taken over all the probability distributions 4, v on £.

Definition 8.2. Strong Ergodicity
The chain is called strongly ergodic if there exists a probablity distribution 7 on £ such that

forall mr = 0,
lim sup dv (,uTP(m, k. R’) =0, (8.6}
ktoo “

where the supremum is taken over all the probability distributions 1 on E.

Somctimes one says that the family of transition matrices {P{rn)},.¢ (rather than the
chain) is weakly ergodic (resp., strongly ergodic).

Strong ergodicity implies weak ergodicity, since
dy (1" POn, k), v POm, k) = dy (3" POm, k). ) + dy (v P(m, k). 7).

However, there are weakly ergodic chains that are not strongly ergodic, as the following
example shows.

Example 8.1, Weakly but Not Strongly Ergodic
Here the state space has 2 elements, P(0) = /, the identity, and forn = i,

_f1/2n 1—1/2n {1 =1(2n+1) 1/2Zn+1)
P(z”)_(uzn 11/2;1)‘ P(2”+])_(1—1/(2?1+1) l/(2r1+1))'

Elementary computations show that for any probability distribution ¢ on £ = {1, 2},

1 1 | |
TP, 2k+ y=1[1— s — ), TP 2K = [ —. 1 — —
W Pm 2+ D=1 = wORm 2k = {5 1= op )

and therefore, for all k > m,

1w P, kY — v P(m. k) = 0.

Thus, the chain is weakly ergodic. But it cannot be strongly ergodic, since " P(m, k) has,
as £k — o0, two limit vectors: (1, 0) and (0, 1). &
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Remark 8.1. If the finite state chain is homogeneous and ergodic, then it is strongly ergodic
in the sense of Definition 8.2, by the theorem of convergence to steady state for ergodic
HMCs. =

8.2 Block Criterion of Weak Ergodicity

As one might guess, weak ergodicity is in general not easy to check directly from the defini-
tion. Fortunately, there is a somewhat useable criterion in terms of Dobrushin’s coefficient
of ergodicity.

Theorem 8.1. Basic Weak Ergodicity Criterion
The chain is weakly ergodic if and only if for allm > 0,

Jim 8(Gn, k) = 0. (8.7)

Proof. Using Corollary 1.1 and the observation dy{u, v) = 1,
dy (W P(m, k), v P(m, k) < dy (. v)&(P(m, k) < 8(P(m, k).

Therefore (8.7) implies weak ergodicity. Now we have

1
§(POn. k) = = sup Y pie(m, k) = pjem. K
LJ€E geE
1
< 3 sup | PGn, k) — viP(m, k).
TRy
It follows that weak ergodicity implies (8.7}, O

By Dobrushin’s inequality, §(P(m. k}) = ﬂf;; §(P(r)), and therefore nullity of the
infinite product [, §(P(r)) is enough to guarantee weak ergodicity. However, in many
applications, weak ergodicity occurs without the above infinite product diverging to zero. Tt
turns out that the consideration of blocks gives a useful necessary and sufficient condition

due to Hajnal(1958).

Theorem 8.2. Block Criterion of Weak Ergodicity
The chain is weakly ergodic if and only if there exists a strictly increasing sequence of
integers {#n;},=0 such that

00

D (1= 8(P(n, ngan)) = 00, (8.8)

s=0

Proof. Since O < 8(P(n;, ns41)) = 1, (8.8) 1s equivalent to nullity of the infinite product
[_[520 §(P(n,, n,41)). But denoting by ¢ the first integer s such that n, = m, and by j the
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last integer 5 such that n; < & — 1, Dobrushin’s inequality gives

-1
S(P(m, k}) < &(P(m, n;}) {Hcﬁ(l’(ns,nwa)’ 8(P(ny, k)

£=i

1A

=1
[18®@ ..

Since j -» oo as k& — o0, we see that (8.8) implies weak ergodicity, by Theorem 8.1,

Conversely, if we suppose weak ergodicity, then by Theorem 8.1 we can inductively
construct for any y € (0, 1) a strictly increasing sequence of integers {n,},»0 by

ng = l.n, = inf {k > n,; 6(P(ng, k) < 1 =y}

For such sequences, the product I-[PO 3(P(n,, )y is null, and this is equivalent to
(8.8). h m

8.3 Sufficient Condition of Strong Ergodicity

Knowing that a given nonhomogeneous Markov chain is weakly ergedic, itremains to decide
whether it is strongly ergodic. No useful criterion of strong ergodicity is available, and we
have to resort to sufficient conditions.

Theorem 8.3, Sufficient Condition of Strong Ergodicity
Suppose the chain is weakly ergodic, and assume that for alln > 0, there exists a probability

distribution 7 {n) on £ such that

xT(n) = a7 (m)Pn) (8.9)

and
o

x4 —m()] < . (8.10)

n=0

The chain is then strongly ergodic.
Proof, Condition (8.10) implies the existence of a probability distribution 7 such that

]iTm\ |{n) —m| = 0. (8.11)

Define I, (resp., IT) to be the matrix with all rows equal to s (n) (resp., 7). In particular,
T, — | = |7 (n) — x| and similarly |[T,.; — I1,| = |7 (n + 1) — 7 (n)].
Also, for any probability distribution x on E, u” [T = =7, and therefore (8.6} is equiv-
alent to
lim sup |u” (P(m, k) — [1)| = 0,
ktoc m



8 Nonhomogeneous Markov Chains 243

which is in turn implied by
JLl_iTm|P(m,,’c)—1'[| =0 (8.12)

We therefore proceed to the proof of (8.12), writing for € between m and k,

Pim,k)—I1=P (m, OP(L, k) — My PE k)
+ Thyy (P, iy — T + T, — 1.

The triangle inequality for matrix norms gives

|POn, k) — T1| < (P(m, OP(E, k) — TP, k)|
+|TPE kY = T |+l — T = A+ B+ C. (8.13)

An upper bound for A is given by Corollary 7.1:
A < |P(m, £) — [1,|8(P(€, k) < 28(P(€, k), (8.14)

where the last inequality follows from the definition of the matrix norm used here.
In order to bound B from above, we first observe that IT,P(¢) = IT; and therefore

0,P(€, k) = (T, — Ty OPE+ 1, k) -+ T (PCE+ 1K)

Iterating the process, we obtain

k=1
P k) = Y (Mymy = TP k) + My,
JE+l

and therefore

k—1

k—1
B< Y Moy —TLB®GEY < ) 2 =D ==, (8.15)

j=t+1 J=t+l

where we have used the triangle inequality, Corollary 1.1, (8.10), and the observation
M=y — M| = () — 1) =/} Asfor C, we have, using the last observation,

C=rnk—-1—ml| (8.16)

The rest of the proof is now clear: For a givene > 0, fix £ such that 8 < % forallk = £
(use (8.10)), and take k large enough so that A < £ (use Dobrushin’s inequality) and € = §
(use (8.11)). O

Remark 8.2. Tt is not required that P(n) be an ergodic stochastic matrix, or that m(n) be a
unique stationary probability of P(n).

The question is: How useful is Theorem 8.17 1t seems that in order to satisfy (8.10),
one has 1o obtain a closed-form expression for (), or at least sufficient information about
7(n). How much information? It turns out that very little is needed in practice. More
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precisely, a qualitative property of {m(n)},=0 in terms of bounded variation extensions (to
be defined) is sufficient to guarantee (8.10), and therefore strong ergodicity, if the chain is
weakly ergodic.

The results below are due to Anily and Federgruen (1987). We first recall a definition:
A function f : (0, 1] — R is said to be of bounded variation (BV) if

sup [fo(x,—)‘ Flxi 0 <x; <---<xy=1and lim x; —0] <00, (8.17)

- P00
=1

A vector function g : (0, 1] — REZ (or equivalently a vector u(c) = {ui(c)}ies) is said to
be of bounded variation if

‘ i—00
=1

sup lZu(x;)—,u.(x,-_I)i;O<x,- <. <x;=1land limx; = o] <00, (8.18)

&

Definition 8.3. Bounded Variation FExtension

The vector function 7 : (0. 1] — RE is called a bounded variation extension of {7(n)},-q
if there exists a sequence {¢,],>0 in (0, 1] decreasing to 0 and such that 7(e,) = n(n) for
allm > 0.

Theorem 8.4. Bounded Variation and Strong Ergodicity

Suppose that {P(n)},-0 15 weakly ergodic and that for all n > 0, there exists a probability
vector m(n) such that m(n)P(r) = m(n). If there exists a bounded variation extension 7 (c)
of {z(#)},-0. the chain is strongly ergodic.

Proof. We have

Yolmn+ D —rm) =Y |7 (enn) = Al < o0,

n=0 n={

since 7(c) is an extension of {7 (n)},>p and of bounded variation, and the conclusion follows
by Theorem 8.1, G

Let P(c) be an extension of {P(r)},=0: i.e., there exists a sequence {c,},>¢ in (0, 1],
decreasing to {} as n goes to infinity and such that for all n > 0,

P(c,) = P(n). (8.19)
Suppose that for each ¢ € (0, 1], there exists a probability vector 7 (c) such that

7 ()P(c) = 7(c). (8.20)
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Is it enough for 7 (c) to be of bounded variation that P(c) be of bounded variation, i.¢., that

o

sup HZ P(xis1) — P(x)0 < x < --- < x; = 1and limx; = O} < oo?
i 1eD0

A simple counterexample shows that this is not the case.

Example 8.2. Counterexample
Let

1—¢ e
P = (rnd () 1 st (2)
- 1 — e V" g1/ _
P(o) = ((’“"sinz (2) 1—e'sin® (%)) ‘

Clearly, P(c) is a bounded variation extension of {P(n}}.>o. If the corresponding stationary
probability 77(c) were of bounded variation, then as shown in the proof of Theorem 6.5,
2”20 |7 (n + 1) — m(n)| would be finite. Computations give for the second coordinatc of

()
() = (1 + sin? (%))_I ,

a quantity that oscillates between | and % Therefore, ano lmin+ D —rmn)=0c. <

In order to give conditions on P(c} ensuring that 7(c) is of bounded variation, we shall
first give a precise description of 7(c) in terms of the entries of P(¢). This can be done in the
case where E is finite, identified with (1, ..., N} for simplicity. Indeed 7(c}1s a solution
of the balance equations

N
7o) = 3 PlO)uf(e);,
i=1

fori e [1, N — 1], together with the normalizing equation

N

> wen =1
i=|

That is, in matrix form,

1-P(e) - —Ply-1 —P(C)n.1 0
—P{c) e —Pic)v-i2 —P(civ2 0
7(c) : : : =1:|. (8.20)
“Plchw - 1=P@yoinor —P) 0
1 1 1 1

Cramer’s rule gives
A;(c)

Bi(¢)

T{c) =
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where A;(c) and B;(c) are finite sums and differences of finite products of the entries of
P(c).

Example 8.3. Rational Polynomial—£xponential Transition Matrices
This case covers most applications. The elements of P{c) are ratios of functions of the type

n 1 o
> o () e (8.22)
=

where the @ are polynomial functions and the 4 ; are real numbers. Thenso are the elements
of 7 (c), as well as their derivatives with respect to ¢. But ratios of terms of type (8.22) have
for sufficiently small ¢ > 0 a constant sign. Therefore a given element 7(c); = ¥{c) is
such that

(o) for some ¢* > 0, ¥ : (0, cx] — R is monotone and bounded;
(B} ¥ : (0, 1] — R is continuously differentiable.

Properties (o) and (8) are sufficient to guarantee that v : (0, 1] — R is of bounded
variation. &

We have spent some time explaining how the sufficient condition of strong ergodicity
(8.10) can be checked, One may wonder whether this is really worthwhile, and whether
a weaker and easier to verify condition is available. A natural candidate for a sufficient
condition of strong ergodicity, given weak ergodicity, is

l%m Imin)y —m| =0, (8.23)

for some probability 7.

Example 8.4. Counterexample
Define foralln > 1,

P(Zn—l)z(? (l)) P(2n)—(1_OL i)
n 2n

The sequence {P(n)},- 1s weakly ergodic (Problem 6.8.2). The corresponding stationary
distributions are
2Zn—1 2n

4n—1‘4n71)’

a(2n—1)= (%, %) T(2n+ 1) =(

and thercfore (8.23) is satisfied with m = (3, 3). On the other hand, if we define for all
k=1

1 1
R(K) = PQK)P(k + 1) = (1 o zlk)
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and

S(k) = P(2k — 1)P(2k) = (} | 0 )

2k %

then the sequences { R(k)}«»1 and {S(k)};=, are weakly ergodic {(exercise), and their station-
ary distributions are constant, equal to (1, 0} and (0, 1), respectively. Therefore, by Theorem
3.1. they are strongly ergodic. and in particular,

. 0 1
lim P()PQ) -+ Pk — DP(26) = (0 1)
and
lim P(1) (PQIP(3) - PP + 1)) = (} g)

Therefore, the sequence {P(n)},>1 is not strongly ergodic. <

Problem 6.8.4 shows what can be added to (8.23) to obtain a sufficient condition of
strong ergodicity.

We shalt quote without proof the following natural result; see Theorem V.4.5 of (Isaacson
and Madsen, 1976).

Theorem 8.5.
Let {P(n)},> be a sequence of transition matrices each having at least one stationary dis-
tribution, and such that
lim |P(n) — P} =0 {8.24)
ntoo

for some ergodic transition matrix P. This sequence is strongly ergodic.

Note the requirement that P be ergodic. This condition will be found too strong in the study
of the convergence of simulated annealing algorithms, where typically the limit transition
matrix is reducible (see Chapter 7).

Problems

6.1.1 For the homogeneous Markov chain with state space E = {1, 2, 3} and transition

matrix
1 —« o 0
P=( 0 1-8 B ).
4 0 1-v

where o, 8, ¥ € (0, 1). compute lim, 1, P" and give the corresponding rate of convergence.
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6.1.2 With the notation of the Section 1.2 on quasi-stationary distributions, show that for
any transient state j,

. . wi ()
lm PX,=jlve>m+n= og-""-"T—"—.
mteo.ntoo (X» /1 ) ZEET wy(i)vi(i)

6.1.3 Let P be a stochastic matrix on the finite state space E, and let T and R be the sets
of transient states and recurrent states, respectively. Suppose, moreover, that the recurrent
classes consist of only one state; that is, the block decomposition of the transition matrix

with respect to the partition R+ T = E is

I 0
(4 3)
where 7 is the |R| x |R| identity matrix. Show that P is diagonalizable if and only if Q is
diagonalizable.

6.1.4 Show that for a finite-state ergodic HMC with diagonalizable transition matrix, the
existence of a finite time & such that irrespective of the initial distribution X, has the
stationary distribution x is equivalent to the fact that {X,},>0 is an i.i.d. sequence. Give a
simple counter-example when the hypothesis of diagonalizability of the transition matrix is

abandoned.
6.3.1 Show that
XApelny () = D A7),
j=2

where v; is the jth righteigenvector associated with the reversible ergodic pair (P, ), and
A 1s the corresponding eigenvalue.

6.3.2 Show that A; is equat to the maximum of the correlation coefficient between f( X))
and f(X ) among all real-valued functions f such that E[ f(X}] = 0, where {X,.},z0 152
stationary HMC corresponding to (P, ), and 25 is the SLE of P.

6.4.1 Prove the version of Theorem 4.1 where Poincaré’s coefficient « is replaced by

K = max Qfe)! Z [yl (@) ().

Yij €E€Vij

where|y | is the length of path y. (This version is due to Sinclair, and Jim Fill pointed out
to me that it generally does better than that of Theorem 4.1, when the two versions differ).

6.4.2 Consider a random walk on a graph (see Exaple 6.3 of Chapter 2), where the graph is
now a full binary tree of depth L. Show that the second largest eigenvalue ) satisfies

1
Ay <1 — —9L2L—i .
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6.4.3 This is a continuation of the previous problem. Explain why the formula (4.10} does
not apply dircetly. Show that

1
L

which is equivalent for large L to 1 — 27+~'. Hint: Use Rayleigh’s characterization with
x as follows: x{i) = 0. 1, or —1 according to whether i is the root, a vertex on the right of
the tree, or one on the left.

6.5.1 Let M, (E) be a collection of probability distributions on the countable set £. Show
that foralla, g € M, (E),

s(ef)y=inf {s>0;a=(1-)p+sy. v € M, (E)},
where s denotes the separation pseudo-distance.

6.5.2 Show that condition () of Definition 5.3 is equivalent to either one of the following
two conditions:

(ByForalli € Eandall n = 0,
P(X,=ilT=n)=x({).

(yyForalli € Eandalln =0,
Pi(X,=ilT <=n)y=mx().

6.6.1 Let 7 be the stationary distribution of an ergodic Markov chain with finite state spacc.
and denote by T, the return time to state i. Let Sz be the time necessary to visit for the first
time the random state Z chosen according to the distribution 7, independently of the chain.
Show that £;[S,] is independent of ¢, and give its expression in terms of the fundamental

matrix.

6.6.2 Show that max{~—— LU . T) ;f # 0} = {2, Recall the definition of v(f, P. x): itis
the left-hand side of (6. 1 18) that is, the asymptotlc variance of the ergodic estimate of
E, [f(XU ]

6.7.1. Let P be a transition matrix on £. Show that § (P) = 0 iff the rows of P are identical,
and that § (P) = 1 iff there exist two rows of P that are orthogonal.

6.7.2. Let P be an ergodic transition matrix on the finite set E. Show that its SLEM is
bounded above by inf ;3§ (P")”k.

6.7.3. Let P be an ergodic transition matrix on the finite state space E. Suppose, moreover,
that P is diagonalizable (for simplicity, since the result is the same for the general case).
Show that
1 k
In(SLEM(P)) = lim - In (8 (P*)).
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6.7.4. Prove in detail (7.10).

6.7.5. Let P and Q be two crgodic transition matrices on the finite state space £, with
respective stationary distributions w and o. Let f : E -+ R be such that || |l =
sup,c z | f({)}|. Show that

44
[{fle = {fls | = Hmem,

where o = o (P, Q) and 8 = B (P, Q) are defined by (7.8) and (7.9), respectively. Show
that

o
d L
viro) = l+a-—p

6.7.6. Show that for two transition matrices P and Q on the same space,

|6(P) — 8(Q)| = [P — Q.

), P(2n) = (? (1))

Show that the nonhomogeneous Markov chain with transition matrices {P(n)},>¢ 15 not
strongly ergodic (Hint: take ;¢ = (0, 1) as initial distribution, and compute the distributions
of the chain at even and odd times). Show that the chain is weakly ergodic.

6.8.1 Forn > 0, define

— 3
Dt

P2n—1)= (

6.8.2 For n > 0, define

30 3 |

P30 Pl

P2n— 1) = o 1 o CPCR)=| ¢ 3 3
2 L |

0 % % 203 3

Show directly that the nonhomogeneous Markov chain with transition matrices {P(#)},30
is strongly ergodic.

6.8.3 Show that the sequence {P(n}},-¢ defined by

I I 2
= (10

= |—
S

=T
[P ‘

is strongly ergodic.

6.8.4 (Isaacson and Madsen, 1976) Let {P(n)},>0 be a sequence of transition matrices such
that for some D < oo and for all k > 1,

k-1
Y 8(PG. k) = D.
j=0
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Show that this sequence is weakly ergodic.

Show that it is strongly ergodic if in addition there exists a probability vector such that
{8.23} holds, where m(n) is a stationary distribution. assumed to exist but not necessarily
unique, of P(x). (Hint: Mimic the proof of Theorem 6.1, only adapting the argument for

the term B thereof))
LA T |
P(n) = ( '11 0 n )

satisfies the conditions of Theorem 8.1, but not those of the theorem just proved.

Show that



CHAPTER7

Gibbs Fields and Monte Carlo

Simulation

1 Markov Random Fields

1.1 Neighborhoods and Local Specification

The Markov property of a stochastic sequence {X,},»o implies that for all n = 1, X,, is
independent of (X, k & {r — 1, n,n+ 1}) given (X,—1, X, 41)-

If we call r a site, X, the value of the process at site n, and the set {# — 1, n 4 1} the
neighborhood of site #, the above property can be rephrased as: For all n = 1, the value
at site # is independent of the values at sites k & {n — 1, n, n + 1} given the values in the
neighborhood of site n. This is the starting point for a natural generalization of the Markov

property.

Definition 1.1. Random Field

Let S be a finite set, with elements denoted by s and called sites, and let A be a finite set
called the phase space. A random field on § with phases in A is a collection X = {X(5}},es
of random variables X(s) with values in A.

A random field can be regarded as a random variable taking its values in the configuration
space AS. A configuration x € A¥ is of the form x = (x(s), s € §), where x(s) € A for all
s € 5. For a given configuration x and a given subset A C S, define

x(A) = (x(s),5 € A),

253
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the restriction of x to A. If S\ A denotes the complement of A in S, one writes x =
(x(A), x(5\A). In particular, for fixed s € §, x = (x(s), x(8\s)), where S\s is a shorter
way of writing §\{s}.

Of special interest are the Markov fields characterized by local interactions. In order
to state the Markov property for random fields, we need first to introduce a topology on the
sites.

Definition 1.2. Neighborhoods
A neighborhood system on S is a family N = {A]},c5 of subsets of § such that forall s € §,

(i) s g N,
(i)t e N, =>s e N,

The subset /V, is called the neighborhood of site 5. The couple (S, N) is called a graph, or
a topology. The boundary of A C § is, by definition, the set dA = (U, 2V A.

In the graph interpretation, S is the set of vertices and N defines the edges: Sites s and
t are linked by an edge if and only if they are neighbors, i.e., r € A..

In the following, N, denotes the set A, U {s]).

Definition 1.3. Markov Random Field

The random field X is called a Markov random field (MRF) with respect to the neighborhood
system N if for all sites s € § the random variables X(s) and X($\N,) are independent
given X{AN)).

In mathematical symbols:
P(X(s) = x(s) | X(§\8) = x(5\5)) = P(X(5) = x(s) | X(N;) = x(N})) (1.1)

foralls € §,x € AS. Property {1.1) is clearly of the Markov type: the distribution of the
phase at a site is directly influenced only by the phases of the neighboring sites.

Note that any random field is Markovian with respect to the trivial topology, where the
neighborhood of any site is the whole set S. However, as will become evident, the interesting
Markov fields (from the point of view of modeling, simulation, and optimization) are those
with relatively small neighborhoods.

Definition 1.4. Local Specification
The local characteristic of the MRF at site s is the function 7° : AS — [0, 1] defined by

7' (x) = P(X(s) = x(s) | X(No) = x(A))). (1.2)

The family {r'},¢5 is called the local specification of the MRF.
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One sometimes writes

mi(x) = m(x(s) | x(N5))
in order to stress the role of the neighborhood system.

Finiteness of the phase space A is so far not essential. An immediate extension not
requiring a change in the notation is to a denumerable phase space. Arbitrary phase spaces
do not present a difficulty except for notation, since 7*(x) = 7{x(s) | x(N} ), considered as
a function of x(s) for a fixed x(A;), is now interpreted as a density function with respect to
some measure. A simple case that contains all that is needed in applications will be briefly

outlined.

Here the phase space is A = F' x R*, where F is a denumerable set. Thus x = (u, v),
where « = (u(s),5 € 8), v = (v(s5),5s € 5), u(s) € F,v(s) € R*. In particular, X =
(U, VY= {(U(s), V(s))es- The local characteristic =* 18 now interpreted according to

P(U(s) = a, V(s) < B | UN) = u(N), V(N = o)) =

8
/ \n(a, v (N v N )My,

where the integral is, of course, a multiple integral of order k. Thus 7 (e, YN, v(ND)
is a probability density with respect to y for fixed &, The Markov property now reads

PU(s) = a. V(sy < B | U(S\s), V(S\5)) = P(U(s) = . V(s) = B | UN), VIN,D)
foralle € F, B e Bf s € §.

Definition 1.5. Positivity Condition
The probability distribution 7 on the finite configuration space A, whereS ={1,2,.... K}
is said to satisfy the positiviry condition if forall j € 5. x; € A,

() =0y = (s o Y=ty X Ykt - YK = 0) (1.3)
forall yi.....¥—1.¥j+t,.... ¥k € A, where 7, is the marginal distribution on site j.

Theorem 1.1. 4t Most One Distribution _for a Local Specification
Two distributions of an MRF with a finite configuration space A § that satisfy the positivity
condition and have the same local specification are identical.

Proof. Enumerate § as in Definition 1.5. The result follows from the identity

K

T | X1y e XKimly Yiglo oo

() =[] (xi [ x Xi—1. ¥itl )’K)n(y) (1.4)
LGl x, X Yiels o YE)

for any x, ¥y € AY with strictly positive probability. Indeed, if the local specification is
specified and y is fixed, then 7 is determined up to the multiplicative factor m(y). But the
latter is in turn determined by normalization.
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For the proof of the above identity, one checks that

mlxg | X, .., xk-1)
aT(yx | X1, xk_1)

7{x) = (X1, ..., XK-1, YK)

by simply rewriting the conditional probabilities thereof using Bayes’s definition. Similarly,

T(Xg—1 | X1, ..., Xk_2, YE)
XL, XK1, ¥K) = X1 XK -2, YK—1, ¥K)
m(yg_r X, oo Xk—2, YK)
and so forth. The above calcuiations make sense because the positivity condition and
the strict positivity of w(x) and m(y) imply that for all j € [1, K], m{x1. ..., x;, ¥j41.
e ,"'K) > 0. U

Note that Theorem 1.1 is not true in general for an infinite number of sites, and this is
why the basic assumption on the finiteness of S was recalled. In the case where S is infinite,
there may be several distributions corresponding to a given local specification: One then
speaks of phase transition (Section 5 gives a brief introduction to this topic).

The positivity condition is also important (see Problem 7.1.3).

1.2 Cliques, Potential, and Gibbs Distributions

The basic notion in this subsection comes from physics, where it was introduced by Gibbs
(1902). Consider the probability distribution

I,
— —7&lx)
Ar(x)= —e 7 1.5
) =5 (1.5)
on the configuration space A, where T > 0 is the temperature, £(x) is the energy of
configuration x, and Zy is the normalizing constant, called the partition function. Since
wr(x) takes its values in [0, 1], necessarily —no < £(x) < +o0. Note that £(x) < o if
and onty if wy(x) > 0.

Such distributions are interesting for physicists when the energy is expressed in terms
of a potential function describing the local interactions. The notion of cligue then plays a
central role. Remember that in ordinary parlance, a clique is a group of people who know
(and favor) one another.

Definition 1.6. Cliques

Any singleton {s} is a clique. A subset C C S with more than one element s called a clique
of the graph (S, V) if and only if any two distinct sites of C are mutual neighbors. A clique
C is called maximal if for any site 5, C U {5} is not a clique.

Example 1.1, Ferromagnets
In statistical physics, the following model is regarded as a qualitatively correct idealization
of a piece of ferromagnetic material. Here § = Z2 = {((i, ) € Z,i,j € [l,m]} and
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A = {+1, —1}, where %1 is the orientation of the magnetic spin at a given site. Fig. 7.1.1
depicts two particular neighborhood systems, their respective cliques, and the boundary of

a 2 x 2 square for both cases. <&
(e (B}
® ® 00
e C @ e O ® neighborhoods
L o 00

(h o ® >
(2) o ° o f
cliques
(3) & (up to a rotation)
3
e O e 0o 00
® O C @ e C C @® in black: boundary
e O C e ® C C e (of the white square)
e o ® & 0 O

Figure 7.1.1. Two examples of neighborhoods, cliques, and boundaries

Definition 1.7. Gibbs Potential and Gibbs Distribution
A Gibbs potential on A® relative to the neighborhood system A is a collection {Vc}ecs of
funetions Ve 1 AS — B U {+o0) such that
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(1) Ve = 01f C is not a clique,
(iiYforallx,x’ €« A¥andall C C S,

(X(C) = ¥(©)) = (Vo) = Ve(x)). (1.6)

The energy function &£ : AS — R U {-+0oc) is said to derive from the potential (Vc¢}ccs if

Exy=Y Velx). (1.7}
C

The function V¢ depends only on the phases at the sites inside subset C. One could
write more explicitly V(x(C)) instead of V¢(x), but this notation will not be used.

In this context, the distribution in (1.5) is called a Gibbs distribution.

Example 1.2. Ising Model

This model was introduced by Ising {1925) for understanding qualitatively the phenomenon
of phase transition in ferromagnetic materials. In Ising’s finite model, § = Z., A =
{+1, —1}, and the neighborhood system is as in (&) of Fig. 7.1.1. The Gibbs potential is

H
V{\'](x) = ——k—x(s),
J
Vien(x) = *;x(r)x(s).

where (5, 1) is the 2-element clique {s, 1}, where 1 € N;. Here. & is the Boltzmann constant,
H is the external magnetic field, and J is the internal energy of an elementary magnetic
dipole. The energy function corresponding to this potential is therefore

g H
Ex) = % Zx(s)x(r) - Zx(s). &
(v.0)

seSs

Example 1.3. Neural Network

In this example, the graph structure (S, V) is as in the Ising model, but now the phase space
is A = [0, 1}. A site 5 is interpreted as being a newron that 1s excited if x(s) = 1 and
inhibited if x(5) = 0. If t € N, one says that there is a synapse from s to 1. and such a
synapse has a strength w,,. If w,, > 0, one says that the synapse is excitarory; otherwise it
is called inhibitory. The energy function is

Exy =Y wix(x(s) = D hex(s),
LA T=h' yes§
where /1, is called the fhreshold of neuron s {we shall understand why later). From the
expression

E(xy =) (wys + w)x(t)x(s) = ) hex(s),

{v.7) se¥
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we see that the energy derives from the Gibbs potential

V[_,«I()C) = *-hsx(s),
V(s.r)(x) = (wy, + we)x(2)x(s).

From a biological point of view, the above model is not interesting because the coefficient of
x()x(s) is symmetric in ¢, s, and this implies a symmetry between two interacting neurons
that is not found in nature. However, this model is of interest to artificial intelligence and 13
then called an artificial neural network. <

One of the challenges associated with Gibbs models is obtaining explicit formulas for
averages, considering that it is generally hard to compute the partition function. However,
physicists have gained some expertise in this domain with relatively simple models; see, for
instance, (Baxter, 1982). Herc is the simplest one, which Ising solved in 1925,

Example 1.4, Ising s Toric Model

This is the classical Ising model of Example .2, except that the site space § = {1, 2,.... ¥ )
consists of N points arranged in this order on a circle. In particular, sites 1 and N are
neighbors. The neighbors of site / are i + 1 andi — 1, with the convention that site N + 1

is site 1. The phase space is A = {+1, —1}. A configuration x € £ = A® is denoted by
(x1. %2, . ... xy). Therefore, with K = £ and & = >

1 N N
R'T(x) = Z—BKEI::J\r-‘rH+h Zi:l-‘l!

where the partition function is

Zy = eX SIRERTRES SRR
! E .

feE
It takes the convenient form

Zy =) R xRz x3) . Rlxw. 31, (1.8)

xeE

where
R([I b) — eKub+%h(d+b)-

Defining the transfer matrix

p_ (RELHD RGHL-DY ekth oK
“AREL4D R-1.-1D ) " \e® &)

we see that the general term of the sum in (1.8) is equal to

3 Y R RO x).. RGy ) = ) RY (ki x1),

XJEA XL AN EA X, EA
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Therefore, Zy is the trace of RV, In particular, if we denote by A and i _ the eigenvalues
of R, then
Zy = ()" + ). (1.9)

The reader is directed to Problem 7.5.3 for further study of this model. The transfer matrix
method can be applied in principle to other translationally invariant toric models. For further
examples of exactly solved models, which are all kin to the basic Ising model, see (Baxter,
1982). &

2 Gibbs—Markov Equivalence

2.1 From the Potential to the Local Specification

Gibbs distributions with an energy deriving from a Gibbs potential relative to a neighborhood
system are distributions of Markov fields relative to the same neighborhood system. This
result admits a (partial) converse. given in the next subsection.

Theorem 2.1. Gibbs Fields Are Markov Fields

If X is a random field with a distribution 7, of the form (1.5). where the energy £(x) derives
from a Gibbs potential { V)¢ relative to the neighborhood system N, then X is Markovian
relatively to the same neighborhood system N. Moreover, its local specification is given by

the formula
e Y s Vel
R) _
T Yien € ecn Velhatsion? (2.1)
AEA

where the notation 3., means that the sum extends over the sets C that contain the site s.

Proof. First observe that the right-hand side of (2.1) depends on x only through x{s} and
x(N). Indeed, V(x) depends onlyon(x(¢). ¢t € C), and foraclique C, ift € Cands ¢ C,
then eithert =5 or¢ € AV,

Therefore, if one can show that P(X (s} = x(s)| X{S's) = x(S\s)) equals the right-hand
side of (2.1), and in particular is a function of x(s) and x(A}) only, then by Theorem 2.3
of Chapter 1, the Markov property (1.1) and equality (2.1) will be proven. By definition of
conditional probability,

m(x)

Y ien Tl X(S\s)) (2.2

P(X(5) = x(s} | X(S\s) = x(S\s)) =

But
j'[(x) = le' 2ca Vel 2o Vel
7 B

and similarly,
:T(}u, X(S\Y)) _ %e—):raj "’(U‘"((‘Y\"'))_ZG\' Vc(l._\‘(S'\S))'
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If C is a clique and 5 is not in C, then Ve(A, x(S\s)) = Vc(x) and is therefore inde-
pendent of A € A. Therefore, the righthand side of (2.2) is found, after factoring out

exp [f 2 Vc(x)], to be equal to the righthand side of (2.1). B

The local energy at stte s of configuration x is

£x) =) Vel).

Cs5

With this notation, (2.1) becomes

e~ 5 Y)

Zie/\ otk x($\s))

Example 2.1. Neural Network
This is a continuation of Example 1.3. One finds by application of (2.1), and recalling that
A = {0, 1}, that

e T D e (o, Fue dx(r)—h, fris)
1 + e'iT {E:e\'w {w”+w” i )_kJ .

T3x) = 2.3)

<

Example 2.2. [sing Model
This is a continuation of Example 1.2. The local characteristics in the Ising model are

eTJT{j Z:,!r—nrl "’(I}+H}"’(T)
Sy} = ) 24
(X} e+ﬁ[,rzi_%_ﬂ:[x(n+ﬁ}+e—ﬁ{!Z,L‘,,,‘:,.r(r)+H} (2.4)
The local energy at s is
E =111 Y x@+H ) o
x)=— X x(s).
' k nle—x|=1

2.2 From the Local Specification to the Potential

Theorem 2.1 above is the direct part of the Gibbs—Markov equivalence theorem: A Gibbs
distribution relative to a neighborhood system is the distribution of a Markov field with
respect to the same neighborhood system. The converse part, due to Hammersley and
Clifford (1968), is important from a theoretical point of view, since together with the direct
part it concludes that Gibbs distributions and MRFs are essentially the same objects, with a
provision explained in the statement below.
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Theorem 2.2, Hammersley—Clifford Theorem
Let 7 be the distribution of a Markov random field with respect to a graph (S, N) satistying

the positivity condition. Then

1 .
wix) = Ee’tm

for some cnergy function £(x} deriving from a Gibbs potential { V¢ }¢ccs associated with the
topology (S, V).

Proof. The following proof, due to Grimmett (1973}, is based on the Mdbius formula.

Lemma 2.1. Mdbius Formula
Let @ and W be two set functions defined on P(E), the collection of subsets of a finite set

F.. The two statements below are equivalent:

P(A) = Y (=) F(B), forall A C £, (2.5)
BCA
Y(A) = Z $(B), foralt A C E, (2.6)
BCA

where || is the number of elements of the set C.

Proof, We first show that (2.5) implies {2.6). Write the right-hand side of (2.6) using (2.5).

STaB)y =) > (P

RCA BCcA DCH
=3 3 ey =) WD) Y (—Hel
DCACCA-D DcA CCA-D

Butif A— D =10,
Y D= = = - =,

CCA-D
whereas it A — D £ 4,
|A=D|
3 =pf = 3 (=1 card {C;|Cl =k, C € A - D)
CCA-D k=0

A- D
Z (—-I)I‘(A ; D|) — (1 — Ao =,
k=0

and therefore

dowd) Y (=1 =w(A).

DCA CCA-D

We now show that (2.6) implies (2.5). Write the right-hand side of (2.5) using {2.6):

Sy = Y DA Femy =D D) Y (—1“

BCA DCcBcA DCA CCA-D
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By the same argument as above, the last quantity equals ®(A). O

We now prove Theorem 2.2. Let 0 be a fixed element of the phase space A. Also, let 0
denote the configuration with all phases equal to 0. The context will prevent the confusion
between 0 € A and 0 € AS. We may suppose in view of the positivity condition that
m(0) > 0. Let x be a configuration, and let A be a subset of §. The notation x* represents
a configuration of A¥ coinciding with x on A, and with phase 0 outside A.

Define for A € S, x € A5,

VaGy = YA 2O

BTA m(xF)’ @7

From the Mdbius formula,

AL o )

”(XA) BCA

Taking A = § gives In 7% = 3~ - Vg(x); that s,

T{x)

JT(__X) = ﬂ(O)e_ 2acs VA(-":).

It remains to show that V4 depends only on the phases on A, and that V4 = 0 if A isnota
clique of (5, N).

If x, y € A® are such that x(A) = y(A), then forany B C A, x® = y°, and therefore,
by (2.7), Valx) = Va(y).

Using an arbitrary site t € A, write (2.7) as follows:

gy, 7(0)
vA(x)w{ S+ > }(—1)’* Blnﬂ(xB)

BCA.Bi#t BCA.B3t

Cas . m@ L w(0) }
> =D {mn(xg) 1“;r(xb*+r) .

BCA—

Il

That is,

( B+f)
Va)= ) (=D"*"Fm (2.8)
BCA—! )
Now, if t 1s not in B C A, then
JT(IB'H) B J’r"(xB+r)
m{x8)  m'(x3)’
and therefore
r( B+r)

Va)= > (DA P I ———=

B
BCA—1 r( )
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and, by the same calculations that led to (2.8),
Va(x) == > (=1D* P nx' (7). (2.9)
BCA

Recall that r € A, and therefore, if A is not a clique, one can find s € A such that s is nota
neighbor of ¢. Fix such an s, and split the sum in (2.9) as follows:

VA(X) - _ Z (_I)M—Br lnnl(xﬁ)_ Z (_1)|A—(B+I)\ lnn,f(xB+r)
BCA—s—1 BCA—y—1
_ Z (_1)\A7(B+.\'H lnn.t(xBJr.\') _ Z (_])|A—(B+A‘+{)\ lnﬂ_{(xﬂ-f-!-i-f)
BCA—s—! BCA-s5-1
_ Z (_I)I/’-*BI In HI(XB)I!'I(XBHH)
Al R’(XB"'"‘)JT’(XB'H)'

Butsince s #£ 7 and s ¢ A, we have 7/ (x %) = 77 (x#*) and 7' (x #7) = 7' {(xF'), and
therefore Va(x) = 0. |

It must be noted that the energy function £ and the partition function are not unique,
since one can add a constant to the energy function and then multiply the normalizing factor
by an appropriate constant. Likewise, and more importantly, the Gibbs potential associated
with s is not unique. However, unigueness can be forced into the result if a certain property
is imposed on the potential, namely normalization with respect to a fixed phase value: See
Theorem 2.3 below.

In many situations, the potentiai as well as the topology of § can be obtained directly
from the cxpression of the energy.

Definition 2.1. Normalized Potential
A Gibbs potential {V¢)ocy is said to be normalized with respect to a given phase in A,
conventionally denoted by 0, if Vo(x) = 0 whenever there exists ¢ € C such that x(r) = 0.

Theorem 2.3. Uniqueness of Normalized Potential
There exists one and only one potential normalized with respect to a given phase 0 € A

corresponding to a Gibbs distribution.

Proof. Formula (2.8) produces for potential (2.7) the expression

. H.(XS-&-.')
Ve(x)= > (=1)*#n ey

BCOC—i

independent of r in the clique C. In particular, choosing any r € C such that x(¢) = 0,
x8+ = x8 forall B ¢ C — 1, and therefore V(x) = 0. This shows that (2.7) gives a
potential normalized with respect to 0 € A. To prove uniqueness, suppose that

A awm e

mT(x) =
v YAY



2 Gibbs—Markov Equivalence 265

for two energy functions £ and Ey deriving from potentials ¢/ and W, respectively, both
normalized with respect to 0 € A. Since £y (0) = 3.0 Ue(0) = 0,and similarly Ew(0) =
0. it follows that Z;; = Zy = m(0)~', and thereforc £; = Ey. Suppose that Uy = Wy
for all A € C such that |A| < k (property 7). It remains to show, in view of a proof by
induction, that P, = P, and that P, is true.

To prove Py = Py, fix A € S with |A| =k + 1. To prove that /4 = W, it suffices
to show that U 4(x) = Wa(x) for all x € A such that x = x*. Fix such an x. Then

Ey(xy =Y Uclx)= Y Uclx),
C

CcA

since x has phase 0 outside A and U is normalized with respect to 0. Also.

Eox) =Y Ue)=Usx)+ 3 Uclo), (2.10)

CCA CCAGCI=k

with a similar equality for Eg(x). Therefore, since £,(x) = Ewx), we obtain Uu(x) =
W (x) in view of the induction hypothesis. The root P; of the induction hypothesis is true,
since when |A| = 1, (2.10) becomes Ep(x) = Ualx). and similarly, Ew(x) = Wa(x), so
that U/ 4(x} = Wa(x) is a consequence of £ (x) = Ew(x). O

Example 2.3. Markov Chains as Markov Fields.

LetS = {0.1,...N)and A = E, a finite space. A random field X on § with phase space
A is therefore a vector X with values in EV*!. Suppose that Xp, ..., Xy is a homogeneous
Markov chain with transition matrix P = {p;;}; ;< and initial distribution v = {vitiee- In
particular, with x = (xq, ..., Xy);

T(X) = Ve Prgr; =" Py iy

that is,

H'(I) — 875(“,

where

N—1
E(xy=—Inv,, — Z(ln Privin )
—0

Clearly, this energy derives from a Gibbs potential associated with the nearest-neighbor
topology for which the cliques are, besides the singletons, the pairs of adjacent sites. The
nonnull potential functions can be chosen as follows:

Vigy(x) = — Inv,,, Vinnry(x) = — In pyx,-

The local characteristic at site s = n € [2, N — 1} is given by Formula (2.1),

N”(x) _ exp(ln Pr,_x, T In Px,‘.x,,ﬂ)
ZyeE exp(ln Px, ¥ + In P,\‘-l’nﬂ ) '
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that is,
7 x) = EJ"%TELL;

RS R YRS
where pf.;’ is the general term of the two-step transition matrix P2, Similar computations
give 7(xyand 7 (x).

In view of the neighborhood structure, for n € [2, N — 1], X,; is independent of
Xo,..., Xn,g, X,Hrg,..., XN giVCI’an,] 3nan+]. O

Example 2.4. Two-State Markov Chain
Example 2.3 will be particularized to a Markov chain with state space £ = {—1, 1} and

transition matrix
p— ( l -« o )
B 1-8)"

where o, 8 € (0, 1), and with the stationary nitial distribution

1
{vp, v) = m(ﬁ- a).

=% — ],__,and #2 = 1,_,,, we have

Observing that if x € {1, 1}, then
4lnpyy = (I —x}1+y)In(e) + (1 —x)(1 - »)In(l — &)
+(1+x)1 = () + {1+ x)}1+ ¥)In(l — 8)

and

21nv(x) = (1 —x)ln(aiﬂ) +(l+x)n (ﬁ)

Therefore. particularizing the expression for the energy in Example 2.3, we obtain

1 : P
—E(x) = N In(Ba(l ~ A1 —a) + 5 In ((a+ﬁ))

1 -8 & 1 all — 8)
+§ In (1—(1) ;X,‘ + Z()C() -F-xN)ln (m)

1 {3 1—a)1—B)
‘+‘Z (HZ; JC,,X,,H) !n (T) .
Here the normalized potential with respect to 0 appears naturally in the nonconstant
terms. &

Example 2.5. Unilateral MRF
Example 2.3 shows that the Markovian character of 2 Markov chain may be expressed in
two ways, the choice being between a unilateral description in terms of the transition matrix
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and a bilateral description in terms of the local characteristics. The notion of unilateral
Markov random field generalizes this situation.

A unilateral Markov random field receives a description analogous to that of a Markov
chain, except that the time sequence 1.2, 3, ... is now a sequence of sites 51, 52. ..., 5y
exhausting all sites of § without repetition. Time is ndirectly involved in that at least for
some applications in image processing, the sites of S are scanned sequentially in the above
order. For this reason, such enumeration is called a scanning of S.

From Bayes’s sequential rule,

m(x) = P(X(s)) = x(s) D [ | POX(s;) = x(5;) | XCs1) = x(s1), - X{sj) = x(5,-1)):
j=2

Let X be a random field on § with phase space A, and lets;. ..., sy bea scanning of
S. Let P, = P(s) = ¢, P> = P(s2). ..., Px = P(sn) be a sequence of subsets of § such

that forall j = |,
P(Sj) C {S],...,Sj71} = Sj_|.

Suppose that forall j > 1,
P(X(s;) = x(5;) | X(§;21) = x(S;—0)) = P{X(s;) = x(5;) | X(P(s;) = x(P(s;))-
(2.11)

Then {P(s)),es is called a past refevance structure with respect to the scanning sy, ..., Sy
P(s) is called the relevant past at site s; and X is called a unilateral MRF with respect to
{P(5)}ses and the scanning sy, ..., Sy.

The transition function of X atsite s € § is the following function of x(s) and x(P(s)):
p(x(s) | x(P(s)) = P(X(s) = x(s) | X(P(s)) = x(P(s))), (2.12)

and therefore, for any configuration x,
N
w(xy = [ ] pxts) | x(Ps;))) (2.13)
i=1

I

The random field of Definition 2.2 is an MRF with respect to the neighborhood system
given by
N, v( U [’P(r)Ur}\s) U P(s). (2.19)
P

Toprove this, it suffices, by Lemma 7.1 of Chapter 1, to show that P(X(s) = x(s) | X(S\s) =
x{S\s)) depends only upon x(N, U (s}), where A, is given by (2.14). Bayes’s rule gives

(), xS\
)= e R xS\ @13
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From (2.13) we have m (A, x(5\s)) = A x B, where A is independent of A and therefore
factors out in the last ratio, and

B = p( | x(PEN) X Tisepinp(x(0) | 2, x(Prs)).

Thercfore,
Ti(x) = plx(s) | x(P(s)) x Hr;.\'e'P(f)P(x(f) 'q-’-’(,p(.f)) ‘ (2.16)
2ien PO x(P(s)) X Mrgepin p(x (1) | &, x(P(\s))
a quantity depending only upon x{N; U {s)) as announced. O

3 Image Models

3.1 Textures

For the purpose of image synthesis, one seeks Gibbs distributions describing pictures fea-
turing various textures, lines separating patches with different textures (boundaries), lines
per se (roads, rail tracks), randomly located objects (moon craters), etc. The corresponding
model is then checked by simulation (see Section 6): Images are drawn from the proposed
Gibbs distribution, and some tuning of the parameters is done, until the images correspond
to what is desired. Image synthesis is an art based on trial and error, and fortunately guided
by some general principles. But these principles are difficult to formalize, and we shall
mainly resort to simple examples with a pedagogical value. Note, however, that there is a
domain of application where the model need not be very accurate, namely Baycsian esti-
mation. As a matter of fact, the models proposed in this section have been devised in view
of applications to Bayesian restoration of degraded pictures {see Section 4). We shail begin
with a famous all-purpose texture model.

Example 3.1. Autobinomial Model

This model was introduced by Besag (1974) to describe the texturc of various materials.
The set of sites is § = 77, and the phase space is A = {0,1,..., L}, In the context of
image processing, a site s is a pixel (PICTure ELement), and a phase A € A is a shade of
grey, or a color. The neighborhood system is

N, ={reS;t #sand it —s|i® < dl, (3.1)

where 4 is a fixed positive integer and where ||z — s5|| is the euclidean distance between s
and ¢. In this model the only cliques participating in the energy function are singletons and
pairs of mutual neighbors. The set of cliques appearing in the energy function is a disjoint
sum of collections of cliques
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where C; is the collection of singletons, and all pairs {s,r} in C;, 2 < j < m(d), have the
same distance ||r — s || and the same dircction, as shown in Fig. 7.3.1. The potential is given
by
L .
Velx) = { —In (_‘_m) + ayx(s) %fC ={s} e,
o x (s )x(r) ifC ={s,1}eC;.
where «; € R. For any clique C not of type C;, Vo = 0.

The terminology (“autobinomial™) is motivated by the fact that the local system has the
form

L (s —x(y
n(x) = (x(s))r‘(”(l A (3.2)
where T is a parameter depending on x(NV,) as follows:
e—(ﬂ.h)
T =T(N)) = TTe@n (3.3)

Here («. b) is the scalar product of
o = (o, ..., ) and b = (b1, ..., buay),
where b, = 1, and for j € [2, m(d)].
by = bi(x(N)) = x(r) + x(1),

where {7, s] and {z, s} are the two pairs in C; containing s. To prove (3.2), one uses the
explicit formula (2.1) giving the local characteristic at site s to obtain

exp Iln (‘\(L‘_]) — ayx(s) — [Z’J’fg) O Y e, x(r)] x(s)}
2 sen SXP [ln (i) —ah — [ZT(:(? o Zr.{v.r]ec, x(f)] ll .

The numerator of the fraction equals

L e—(a.h).\'(,\')’
x(s)
and the denumerator is

Z (i)e(u‘bm _ i (lg) (e—:'a.m)f (1t e-(a.h))ﬂ_

AEA £=0

mi(x) =

Equality (3.2) then follows,

Expression (3.2) shows that 7 is the average level of grey at site s, given x(N), and
expression (3.3) shows that 7 is a function of (, &). The parameter o; controls the bond in
the direction and at the distance that characterize C;. &

Generalizations of the autobinomial model are easy to conceive: Replace (_r(t})) in the
expression of the potential by a function of x(s). See¢ Problem 7.3.3 featuring the auto-
Poisson model.
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Figure 7.3.1. Neighborhoods and cliques of three autobinomial models

3.2 Lines and Points

Let X = {X(5));cs be a random field on S with phase space A, with the following structure:

S=5+5%. A=A UA,,
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and

X(S) Y(S])EA]ifS:S] €5

Z(52) e Aqifs =50 € 55,

Here $, and S» are two disjoint collections of sites that can be of a different nature, or have
different functions, and A, and A are phase spaces that need not be disjoint. Define

¥ = {¥(s)les Z=1{Z(s2)}sse5::

50 that
X=(Y,2Z)

As such, the field X is justthe juxtaposition of ¥ and Z. The statistical interactions between ¥
and Z are described by the distribution of X derived from an energy function, or equivalently
from a potential, with a neighborhood structure N. Efficient models have neighborhoods
where both types of sites are present, and their neighborhoods are relatively small.

In some situations, Y is the observed field, and Z is the hidden field. The introduction of
a hidden field is in principle motivated by physical considerations. From the computational
point of view, itis justified by the fact that the field ¥ alone usually has a Gibbsian description
with large neighborhoods, whereas X = (Y., Z) hopefuity has small neighborhoods.

Example 3.2. The Pixel-Edge Model

The philosophy supporting the model introduced by D. and S. Geman ( 1984} is the following.
A digitized image can be viewed as a realization of a random ficld on § P =72 . Asitecould
be, for instance, a pixel on a digital television screen, and therefore $¥ will be called the set
of pixel sites. For an observer, there is, in general, more in an image than just the colors at
each pixel. For instance, an image can be perceived asa juxtaposition of zones with various
textures separated by lines. However, these lines. or contours, are not seen directly on the
pixels, they are inferred from them by some processing in the brain. On the other hand, if
one is to sketch the picture observed on the screen, one would most likely start by drawing
the lines. In any case, textures and contours are very much linked, and one should seek a
description featuring the interaction between them. But as was mentioned, contours do not
exist on the digital screen, they are hidden, or more accurately, they are virtnal.

In the model of D. and S. Geman, there is a set §7 of edge sites, one between each pair
of adjacent pixel sites, as indicated in Fig. 7.3.2a. The possible values of the phase on an
edge site are blank or bar: horizontal (resp. vertical) for an edge site between two pixel sites
forming a vertical (resp. horizontal) segment, as shown in Fig. 7.3.2b. In Fig. 7.3.2b not
all edge sites between two pixels with a different color have a bar, because a good model
should not systematically react to what may be accidents in the global structure.

Let (i, j) denote a pixel site and {«, B) an edge site (these are the coordinates of the
sites in two distinct orthogonal frames). The random field on the pixels is denoted by
xf = {Xf;}(,-‘j)esp, and that on the edge sites is X* = {XZ}ha gjese; X* is the observed
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Figure 7.3.2. Example of a neighborhood structure for the pixel-edge model

image, and X * is the hidden, or virtual, line field. The distribution ofthe field X = (X7, X %)
is described by an energy function £(x 7, x):

P
n(x?, xF) = Ee*E("“”. (3.4)

Wher_e xf = {xi’; ](f:.j)ejp xE = (xh}a gesr. The energy funct.ion derives from a potential
relative to some neighborhood system, a particular choice of which is pictured in Fig. 7.3.2c.
The energy function separates into two parts

ExP By = £(x7, x5 + &G, (3.5)
where £, features only cliques formed by a pair of neighboring pixels and the edge pixel

in between, whereas &, features only the diamond cliques shown in Fig. 7.3.3. The energy
E1(x?, x) governs the relation between an edge and its two adjacent pixels. For instance,
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for some real constant > 0 and some function ¢,

E E
Ex’ by = —OJZ@(XIP — 53 )Xoy
(L2}

where (1, 2) represents a pair of adjacent pixel sites and xﬁ 2y 1s the value of the phase on
the edge site between the pixel sites 1 and 2, say 0 fora blank and 1 for a bar. A possible
choice of ¢ is

[+l ifxEG
o) = [4 ifx = 0.

Since the most probable configurations are those with low energy. this model favors bars
between two adjacent pixel sites with different colors, as is natural. More sophisticated
choices of ¢ with a similar effect are possible. The organization of the contours is controlled

by the energy
Extx") = B wp(x"),
3}

where 8 > 0 and the sum extends to all diamond cliques, and wp is a function depending
only on the phases of the four edge sites of the diamond clique D. Up to rotations of 3.
there are six possible values for the four-vector of phases on a given diamond clique D, as
shown in Fig. 7.3.3. If the modeler believes that for the type of images he is intcrested in
the likelihood of the configurations shown in Fig. 7.3.3 decreases from left to right, then
the values of w p(x £) attributed to these configurations will increase from left to right. This
is generally the case because four-country border points are rare, broken lines also, and the
same is true to a lesser extent for three-country border points. Also, when the picture is not
a clutter of lines, the no-line configuration is the most likely.

A diamond clique
S X of edge site
*
o O o O OHO O O Oﬂ i 7 ._2_. ” ._2_1
o O O 0 O G O 0 O C ouo
no-line ending turn continuation 3-countries 4-countries

Figure 7.3.3. Six configurations of the diamond clique

Although this example is representative, it admits many variations, However, too many
sophisticated features could ruin the model. The purpose of the model of D. and 5. Geman
is not so much to do image synthesis as to have a reasonable a priori model for the image
in view of Bayesian restoration of this image from a noisy version of it. This topic will be
taken up later on in Example 4.2, where the model will be further discussed.
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Example 3.3. Foints
A (Markov) random field X on § with phase space

A =101}

is also called a (Markov) point process on S. If X(s) = 1, one says that there is a point at 5.
When taking the point process point of view, a configuration x is identified with its support;

supp{x) = {s € S;x(s) = 1}.

The notation x U 5 represents the configuration identical to x but with phase | at site 5. If
5 € x, then x = x U s, The configuration x\s is x with phase 0 at 5, and it is identical to x
ifs & x.

Let 7 be a probability distribution on the configuration space {0, 1}*. The positivity
condition implies that

(y Cx)y= (r(x) > 0= n(y) > 0).

The following result is a particular case of a result due to Kelly and Ripley (1977) in the
context of Gibbs point processes on a general space.
Let 7 be a probability distribution on {0, 1)° satisfying the positivity condition. There exists
a function ¢ : {0, 1}* — (0, 1] such that

rx) = e (3.6)

vex

and
(V)< = (5.t ex =5 ~1t)ory =),

where s ~ r means that s and ¢ are neighbors.

This is a rephrasing of the Hammersley—Clifford theorem. according to which there
exists a potential {Vc}cs normalized with respect to the null phase, and such that

1 .
= Do X Vel
T{x) Ze .

Now, Vc(x) > 0if and only if C is a clique and C C x (normalized potential). Identifying
C with a nonempty configuration y, and setting

o(y) =e ),

we obtain the announced result, having observed that if y C x then Vi(x) = V,(»), and that
o) = § = T(®). o
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Figure 7.3.4. A point process

4 Bayesian Restoration of Images

4.1 MAP Likelihood Estimation

A number of estimation problems arising in various areas of statistics and engineering, and
particularly in image processing, are solved by a method of statistical analysis known as
the maximum a posteriori (MAP) likelihood method. The theory will not be presented,
but the examples below will show its substance. These examples compute the a posteriori
probability, or conditional probability, of a given MRF X with respect to another MRF ¥,
the observed field, say,
mix | yy=PX=x|Y =y}

and the MAP method estimates the nonobservable field X given the observed value y of ¥,
by £ = x(¥), the value of x that maximizes 7(x | ¥):

#(y) = argmax z(x | ¥).
X
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Usually, this maximization problem is doomed by combinatorial explosion and by the com-
plexity of standard methods of optimization. However, if

(x| y)ox e EI (4.1

(the proportionality factor depends only on y and is therefore irrelevant to maximization
with respect to x) with an energy £(x | y) that as a function of x corresponds to a topology
N with small neighborhoods, then one can use a simulated annealing algorithm or a related
algorithm (see Section 8).

Example 4.1. Random Flips or Multiplicative Noise
Let X, Z be random fields on § = 72 with phase space A = {—1, +1}, and define the field
Y = XZ by y(s) = x(s)z{s), s € S. The ficld Z will be mterpreted as multiplicative noise,
and one can call it a random flip field, because what it does to X is to flip the phase at site s
ifz(s) = —1.

The computation below uses the fact that if @, b, ¢ € A%, where A = {—1, +1}, then
ab=c & b=uagc:

PY=y)PX=x|Y=y})=PX=x.Y=y=PX=x.Z2X=1)
=P X=x.Zx=yv)=P(X=x.Z = yx).

In particular, if the noise field Z is independent of the original field X, then
(x| vy x P(IX = x)P(Z = yx).
The random field X has the distribution
P(X =x)oce &9,

Suppose that (Z(s), s € §) is a family of i.i.d. random variables, with P(Z(s) = —1} = p,
P(Z(s) = +1) =g = 1 — p. Therefore (see Problem 7.2.5),

P(Z =2) = [| P(Z(s) = 2(s)) ox & Zoes™), (4.2)
el
where y = % In (%) Finally,

(x| v) o eIy s yisx(s) (4.3)

Note that if p > 3, then y > 0. O

Example 4.2. Image Restoration

This example continues Example 3.2. Recall that we have a Gibbs field X = (X, X%)
corresponding to some energy function £(x’, x£), which need not be made precise here
(see, however, Example 3.2).
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The image X" is degraded into a noisy image Y. and it is this corrupted image that is
observed. Degradation combines two effects: blurring, and a possibly nonlinear interaction
of the blurred image and the noise. Specificalty,

Yij = o(H(XT)j Nij). (4.4)
where (i, j) is a pixel site and ¢, H. and N are defined as follows.

First N = {N;;}q jep, is. for instance, a family of independent centered Gaussian
random variables with common variance o2, and is independent of (X POXE). As for
H(X?), it is the random field obtained by blurring X P that is,

H(XP)y =) HuX i, (4.5)
k.€

where H = {Hi¢}_w<k.e<n 18 the blurring matrix. In(4.5), XP,, =0~k j-O¢
§F. A typical blurring matrix is

1/80 1780 1/80
H:(I/SO 9/10 1/80).
1/80 1/80 1/80

for which N = 1. In this case
HX); = —x? 1 Xt
( )”_10 UJF% ; IXE

where the sum extends to the pixel sites adjacent to (i, j). As for g, itisa function such that
for fixed a, the function b — @(a, b) is invertible. The inverse of this function, for fixed a,
is then denoted by b — yr(a. b). A typical example for ¢ is the additive noise model

Yi; = H(XPYy; + Ny (4.6
To estimate X given Y, one is led to compute the a posteriori probability of image x
given that the noisy image is y:
axf xE | y)= PXT =x" XP =xF | Y =)
Writing w(y) = P(Y = y), we have
axP xE |y = r(MP(X" = P XE=xF Y =y)
= r(MPXT =x" X* =2, p(HX"). N) =)

= aMPXT =x" XE = x5 N = Y (HED), y)
— 2(WPXT =x", XE = x5)P(N = y(H(x"), ).

The reader will have noticed the abuse of notation by which the continuous character of ¥
was ignored: The second to fourth terms are actually probability densities, and similarly for

P(N = Y(H(x"), y) x o~ mr WA
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Using the expression of the distribution of the pixel+line image in terms of the energy
function, one finds

P —E7 = e g ) ) ) (4.7)

a(x? x|y oce

Therefore the a posteriori distribution of (X, X£) given ¥ = g is a Gibbs distribution
corresponding to the energy function

Ux” x5y =ExP, x5+ 357 I (H(x"), v)II*. (4.8)
o2
For instance, if the noise is additive, as in (4.6), then
. 1

U ey = 80 x5 + s lly = HEOIP. (4.9)

<

Example 4.3. Bernoulli-Gaussian Mode!
Let {Y. )i <n<n be a real-valued stochastic process of the form

N
Y, = Z Xihnok + Zn,
k=1

where {Z,},<,<n 15 a sequence of independent centered Gaussian random variables of
variance o2, { X, 1<n=y I8ani.i.d. sequence of {0, 1}-valued random variables with P(X, =
1) = p, and {h}icz is a deterministic function .

This is a particular case of the one-dimensional version of the model in Example 4.3.
Here § = {l,..., N}, aconfiguration x € {0, 1} is of the form x = (x|, x2, ..., xx), X is
the original image, ¥ is the degraded image, Z is the additive noise, and 4 corresponds to
the blurring matrix. For this particular model, the energy of the i.1.d. field X is of the form
y Z;\:l x; (see Problem 7.2.6), and the energy of the conditional field x|y is

N 2

N
VZXI—FZU%Z W= > hixi;
i=1

i=1 fil=i—j=N

This model is often used in problems of detection of reflectors. One says that there is a
reflector at position { if X; = 1. The function & is a probe signal (radar, sonar), and {#;_; }cez
is the signal reflected by the reflector at position /, if any, so that ¥, = fo:l Xih,_y 1s the
reflected signal from which the map of reflectors X is to be recovered. The process Z is the
usual additive noise of signal processing.

Of course, this model can be considerably enriched by intreducing random reflection co-
efficients or by using a more elaborate a priori model for X, say, a Markovchainmodel. ¢
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4.2 Penalty Methods

Consider the simple model where the image X is additively corrupted by white Gaussian
noise N of variance o2, and let Y be the resulting image. Calling £(x} the energy function
of the a priori model, the MAP estimate is

- - 1
% = argmin {E(x) + — ¥ —~x|I’}.
x a

If we take an a priori model where all images are equiprobable, that is, the corresponding
energy is null, then the above minimization is trivial, leading one to accept the noisy image
as if it were the original image. A nontrivial a priori model introduces a penalty term E(x)
and forces a balance between our belief in the observed image, corresponding to a small
value of ||y — x||%, and our a priori expectation as to what we should obtain, corresponding
to a small value of £(x). The compromise between the credibility of the observed image
and the credibility of the estimate with respect to the prior distribution is embodied in the
criterion £(x) + (Tlf Iy — x]|>. A non-bayesian mind will, somehow rightly, argue that one
cannot even dream of thinking that a correct a priori model is available, and that Gaussian
additive white noise is at best an intellectual construction. All that he will retain from the
above is the criterion
MEE) -+l —xIP,

with the interpretation that the penalty term AE(x) corrects undesirable features of the
observed image y. One of these is the usually chaotic aspect, at the fine scale. However,
he does not attempt to interpret this as due to white noise. In order to correct this effect he
introduces a smoothing penalty term £(x), which is small when x is smooth, for instance

Ex) = Y (xls) — x(0),
5.0}

where the summation extends over pairs of adjacent pixels. One disadvantage of this smooth-
ing method is that it will tend to blur the boundary between two highly contrasted regions.
One must choose an edge-preserving smoothing penalty function, for instance

Ex) = Y W (x(s)—x(),

{s.4)

where

W = - (1+¢7)

with § > 0. This energy function favors large contrasts and therefore prevents to some
extent blurring of the edges. A more sophisticated penalty function would introduce edges,
as in Example 4.2, with a penalty function of the form

gt xFy = £,(xP xB) + &(F),

where the term £, (x 7, xF) creates the edges from the pixels, and £;(x &) organizes the edges.
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Note that the estimated image now consists of two parts: £ solves the smoothing problem,
whereas £© extracts the boundaries. If one is really interested in boundary extraction, a
sophisticated line-pixel model is desirable; see (Winkler, 1995) for examples. If one is only
interested in cleaning the picture, rough models may suffice.

The import of the Gibbs-Bayes approach with respect to the purely deterministic penalty
function approach to image restoration lies in the theoretical possibility of the former to
tune the penalty function by means of simulation. Indeed, if one is able to produce a
typical image corresponding to the energy-penalty function, one will be able to check
with the naked cye whether this penalty function respects the constraints one has in mind,
and if necessary to adjust the parameters in it. Simulation is the topic of Sections 6 and
7. Another theoretical advantage of the Gibbs—Bayes approach is the availability of the
simulated annecaling algorithm to solve the minimization problem arising in MAP likelihood
method or in the traditional penalty method. This algorithm is essentially stochastic and
is based on the notion of Gibbs measure and on the associated sampling methods (see

Section 8).

5 Phase Transitions

5.1 Spontaneous Magnetization

Consider the slightly generalized Ising model of a piece of ferromagnetic material, with
spins distributed according to

mr{x) = e L (5.1)

The finite site space is enumerated as $ = {1, 2, ..., N}, and therefore a configuration x is
denoted by (x(1), x(2), ..., x(N)). The energy function has two terms,

H& |
E(x) = &alx) = — > x(i), (5.2)
i=1
where the term £o(x) is assumed symmetric, in the sense that for any configuration x,

Ea(x) = Eo(x). (5.3)

The constant H is the external magnetic field. The magnetic moment of configuration x is

N

m(xy = x(i), (5.4)

i=l

and the magnerization is the average magnetic moment per site

1
M(H,T)= N 2 Tr(x)m(x). (5.5)
xeE
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In Problem 7.5.2. the reader is invited to check that

aM(H, T)
—— = 0. .6
aH - (5-6)
Also, it i1s ¢lear that
M(—~H, TY=—-M(H.T) 5.7
and
—1<M(H,TYy<+1. {(5.8)

In summary, at fixed temperature 7, the magnetization M(H, T) is a nondecreasing odd
function of H with values in [—1, +1]. Also,

M0, T) =0, (5.9)

since for any configuration x, m{(—x) = —m(x), and therefore mr(—x) = mr(x) when
H — 0. Moreover, the magnetization is an analytic function of H.

However, the experimental results seem to contradict the last two assertions. Indeed, ifan
iron bar is placed in a strong magnetic field A parallel to the axis, it is completely magnetized
with magnetization M{#, T) = +1, and if the magnetic field is slowly decreased to 0, the
magnetization decreases, but tends to a limit M(0, T) = My = 0. in disagreement with
(5.9). By symmetry. we therefore have a discontinuity of the magnetization at H = 0 (see
Fig. 7.5.1a), in contradiction to the theoretical analyticity of the magnetization as a function

of H.

This discontinuity is called a phase transition by physicists, by analogy with the dis-
continuity in density at a liquid—gas phase transition. It occurs at room temperature, and
if the temperature 1s increased, the residual, or spontaneous, magnetization Mp decreases
until it reaches the value 0 at a certain temperature T, called the eritical temperature. Then
for T > T.. the discontinuity at 0 disappears, and the magnetization curve is smooth (see
Fig. 7.5.1c). AtT = T, the slopeat H =0 is infinite, i.c., the magnetic susceptibility is
infinite (see Fig. 7.5.1b).

The discrepancy with experience and theory observed below the critical temperature
is due to the fact that the experimental results describe a situation at the thermodynamical
limit N = oo. For fixed but large N the theoretical magnetization curve is analytic, but it
presents for all practical purposes the same aspect as in Fig. 7.5.1a.

To summarize the experimental results, it seems that below the critical temperature, the
spontaneous magnetization has, when no external magnetic field is applied, two “choices.”
We shalt now explain this phenomenon within the classical Ising model.

5.2 Peierls’s Argument

Consider the Ising model in the absence of an external field (H = 0). The energy of 2
configuration x is of the form

Ex)=—J4 ) x(s)x(), (5.10)

{s.0)
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i b c
Figure 7.5.1. Magnetization and critical temperature

where (s, r} represents an unordered pair of neighbors. When the cardinal of the site space
§ is infinite, the sum (5.10) is not defined for all configurations, and therefore one cannot
define the Gibbs distribution 777 on A*® by formula (5.1). However, the local specification

B Lo 1)

HT(I) - eﬂx:u: \.(” + e_ﬁ X:‘.s.!‘- \(I] ’ (5-11)

where § is. up to a factor, the inverse temperature, is well-defined for all configurations and
all sites,

In the sequel, we shall repeatedly use abbreviated notation. For instance, if 7 is the
distribution of a random field X under probability P. then m((x(4)) denotes P(X({A) =
x(A)), T(x () = +1) denotes P(X(0) = + 1), etc.

A probability distribution 7t on A is called a solution of the DLR problem if it admits
the local specification (5.11). Here DLR stands for Dobrushin (1965), and Lanford and
Ruelle (1969).

When S = Ky = Z° N[—N, +N]*, we know that there exists a unique solution, given
by (5.1). When § = Z?, Dobrushin has proven the existence of at least one solution of the
DLR problem. One way of constructing a solution is to select an arbitrary configuration z,
to construct the unique probability distribution n'(TN) on AS such that

M ASNK v ) = (5.12)

(the field is frozen at the configuration z outside Ky _;} and such that the restriction of
srr}N) to Ky_, has the required local characteristics, given by (5.11), and then let N tend to
infinity. A solution 77 of the DLR problem corresponding to the configuration 7 selected
is obtained as follows. For all configurations x and all finite subsets A C S, the following
limit exists:

mr(x(A) = lim 77 (x(4). (5.13)
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and moreover. there exists a unique random field X with the local specification (5.11} and
such that, for all configurations x and all finite subsets A C S,

P(X(A) = x(A)) = 7 (x(A)).

Note that rr;'m depends on the configuration z only through the restriction of z 1o the
boundary KN\KN—I .

If the DLR problem has more than one solution, we say that a phase transition OCours.
The method given by Dobrushin (1965) to construct a solution suggests a way of proving
phase transition when it occurs. It suffices to select two configurations z; and z2, and to
show that for a given finite subset A C S, the right-hand side of (5.13) is different for z = 2,
and z = z». It has been proven by Peierls (1936) that for sufficiently small values of the
temperature, phase transition occurs. Peierls applied the above program with z; being the
configuration with all spins positive and z» the all negative configuration, and with A = {0},
where 0 denotes the central site of Z2.

Denote then by rrf;m (resp., 7" the restriction to Ky of :rr(TN’ when z = z; (resp..

z = z»). We shall prove that if 7 is large enough, then nﬂ\')(.:c(O) =-1) < % forall V.

By symmetry, rr(_N}(x(O) =+1)< %, and therefore rr(,N)(x(O) =—-1)= % Passing to the

limit N 1 0o, we see that 7, (x(0) = —1) < % and 7_(x(0) = —1) > 3, and therefore, the
limiting distributions are not identical.

We now proceed to the execution of the above program. For all x € A%,

—2fn,(x)
(N € -
AN = — (5.14)
Z+
where n,(x) is the number of odd bounds in configuration x, that is, the number of cliques
{s, 1) such that x(s) ¥ x(r), and where Z(;V) is the normalization factor. To obtain (5.14), it
suffices to observe that

=3 T x)x(e) = np(x) — ne(x),
(s.0)

where #.(x) is the number of even bounds, and that n.(x) = M — n,(x), where M is the
total number of pair cliques. Therefore,

E(x)=28n(x)— M,

from which (5.14) follows.

Before proceeding to the proof of the announced upper bound for niN)(x(O) =-—1)a
few definitions are needed. Actually, no formal definition will be proposed; instead, the
reader is referred to pictures. For instance, Fig. 7.5.2 features circuits C of various lengths.

For a given configuration x, C(x;0) denotes the circuit which is the boundary of the
largest connected batch of sites with negative phases, containing site 0. Tt is a circuit around
0. If the phase at the central site is positive, then C(x; 0} is the empty set.



284 7. Gibbs Fields and Monte Carlo Simulation
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Figure 7.5.2. Circuits in the Ising model

For a given configuration x, denote by X the configuration obtained by reversing all the
phases inside circuit C(x;0). For a given circuit C around 0,

—28n,(x)
NSy s o 2 sClr=C €
Ty (C(x, 0) = C) - Z e—2Bn.0¥)
¥

But
Z o 2B > Z o2
o viC(v:0N=C
{one can always associate to a configuration y such that C(y;0) = C the configuration
z = ¥, and therefore the sum on the right-hand side is a subsum of the left-hand side).

Therefore,
Z e—Zﬂn,,(.r)
nCleth=C

C(s0=C €
If x is such that C(x;0) = C, then no{X) = ne(x) — L, where L is the length of C, and
therefore

Jriw(C(XQ O=0C) < 280033

aM(Cx:0) = C) < 7L,

In particular,
w(x(0) = 1) < 3 r(Lye L,

where the latter summation is over all lengths L. of ¢ircuits around 0, and r(L) is the number
of nenempty circuits around 0 of length £.. The possible lengthsare 4, 6, ..., 2 f(¥), where
F(N) 1 ocas N 1 oo. In order to bound r(L) from above, observe that a circuit around
0 of length L must have at least one point at a distance smaller than or equal to £ of the
central site 0. There are L.? ways of selecting such a point, and then at most 4 ways of
selecting the segment of C starting from this point, and then at most 3 ways of selecting the
next connected segment, and so on, so that

r(L) < 4L73%
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Therefore,
AVEO = < Y 4iBeT

L=46...

if 3¢7# is small enough, or equivalently if 7 is large enough, rrer ’(x(O) =-1)< % for all
N.

Now, the series 3, _, o L’x" has a radius of convergence not less than I, and therefore,

We shall not pursue the study of phase transition, mainly because it is an advanced topic
requiring additional background in probability. It interests mainly statistical physics. This
does not mean that engineering applications are immune from phase transitions. However,
the situations where phase transitions show up are usually unsafe and are in general to be
avoided, whereas in statistical physics they impose themselves, and the physicist cannot get
around them.

An elementary introduction to infinite Gibbs fields in statistical physics is the monograph
of (Kinderman and Snell, 1980).

6 Gibbs Sampler

6.1 Simulation of Random Fields

Consider a random field that changes randomly with time., We then havea stochastic process

{X 1 }nx0. where
X, =(Xa(5),5€9)

and X,(s) € A. The state at time » of this process is a random field on § with phasesin A, or
equivalently, a random variable with values in the state space E = A%, which for simplicity
we assume finite. The stochastic process { X, }a=o will be called a dynamical random field.

The purpose of the current section is to show how a given random field with probability
distribution )
= —etW 6.1
m{x) > e (6.1)

can arise as the stationary distribution of a field-valued Markov chain. This problem is
interesting in the following simulation context.

Suppose there exists an irreducible aperiodic Markov chain {X,},>o with state space
E = AY and stationary distribution (6.1). By the fundamental result of convergence to
steady state (Theorem 2.1, Chapter 4), for any initial distribution,

lim dy(P(Xy = 3, 7) = 0. (6.2)

if one is able to generate a realization of the above HMC, its distribution at a large time
n will be close to 7, and one will therefore have simulated 7. In this context, the transition
mechanism of the chain will be called a sinulation algorithm, or sampling algorithm, and
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the asymptotic distribution 7 the target distribution, or simulated distribution, or sampled,
distribution.

The first problem is that of identifying a chain { X, },»o with the above properties. The
Gibbs sampler uses a strictly positive probability distribution (g,,5 & §) on S, and the
transition from X, = x to X,.; = y is made according to the following rule.

The new state y is obtained from the old state x by changing (or not) the value of the
phase at one site only. The site s to be changed (or not) at time # is chosen independently
of the past with probability ¢,. When site s has been selected, the current configuration x
is changed into y as follows: y(S\s) = x{(§\s), and the new phase y(s) at site 5 is selected
with probability w(y(s) | x(S\s)). Thus, configuration x is changed into y = (y(s), x(S\s))
with probability m(y(s} | x(S\s), according to the local specification at site s. This gives
for the nonzero entries of the transition matrix

P(Xpp1 =y | Xp = x) = gm(y(s) | 2(S\s N y(s\5)=x(510)- (6.3)

The corresponding chain is irreducible and aperiodic. To prove that 7 is the stationary
distribution, we use the detailed balance test (Theorem 6.1 of Chapter 2). One has to check

that forall x, v € AS,
TP (Xt = ¥ | Xp = x) = m2(0)P(Xppy = x | Xy = ),
that is, in view of (6.3}, forall s € §,
(g (¥(s) | x(S\s)) = w(y)gsm{x(s) | x(S\s)).
But the last equality is just

2O6) x(S\s) 7(x)
PIX(S\) = xSy T XS e S S mey

7 (x)gy

Example 6.1. Simulation of the Ising Model!

The local specification at site s depends only on the local configuration x(N;). Note that
small neighborhoods speed up computations. Note also that the Gibbs sampler is a natural
sampler, in the sense that in a piece of ferromagnetic material, for instance, the spins are
randomly changed according to the local specification. When nature decides to update
the oricntation of a dipole, it does so according to the law of statistical mechanics. Tt
computes the local energy for each of the two possible spins, E, = E(+1, x{A})) and
E_ = E(—1. x(N)), and takes the corresponding orientation with a probability proportional
to e®+ and e%-, respectively. &

Example 6.2. Gibbs Sampler for Neural Networks
The framework and notation are those of Examples 1.3 and 2.1, where we obtained the local

characteristics
e % [er.\'} (wy +a ),\'(I)-.ft‘}x(.\‘)

(6.4)

mr(x(s) { x(Nf)) = P NS
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Therefore. at a given time #, the Gibbs sampler examines site s (with probability ¢,} and
updates its phase. It chooses phase {0 with probability
_ 1
Po=1 ee/T’

wherc
a =¥ (w +wedx(n) = Ay, (6.5)

reN;

and it chooses phase 1 with probability py = 1 — po.

This procedure can also be described in terms of a random threshold jitter o with the
cumulative distribution function

—u/T
Plo <a)= W (6.6)
The Gibbs sampler sclects phase 0 if
3wy + wa)x(t) < by o, (6.7)

reN,

and 1 otherwise. Indeed.

1
P(phase 0) = P (o > (i b wx(0) = "‘") = T T e

reN; +e 7

One can interpret A, as the nominal threshold at site s and k. + o as the actual (random)

threshold. Also the quantity 3 (wy, + wy,)x(7) is the input into neuron s. Thus the
excitation of neuron s is obtained by comparing its input to a random threshold (see Fig.

7.6.1). o

Example 6.3. Gibbs Sampler for Random Vectors
Clearly, Gibbs sampling applies to any multivariate probability distribution
al(x(1), ..., x(N))

onaset E = AV, where A is countable (but this restriction is not essential, as we mentioned
carlier). This trivial remark is intended to remind us that there are many applications of
Gibbs sampling, and more generally of Monte Carlo Markov chain simulation (see Section
7), outside physics or image processing. and especially in statistics.

The basic step of the Gibbs sampler for the multivariate distribution = consists in se-
lecting a coordinate number i € [1. N, at random, and choosing the new value y(i) of the
corresponding coordinate, given the present values x(1), ... x(i — 1), x(i + 1), ..., x(N)
of the other coordinates, with probability

a(y(y | x(D), ... x({ = D, xi + 1), ... ,x(M)).

One checks as above that 7 is the stationary distribution of the corresponding chain. <
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x(n) —
x(17) + I = x®
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g

Figure 7.6.1. Jitter sampling of a ncural network

Example 6.4. Periodic Gibbs Sampler

In practice, the updated sites are not chosen at random, but instead in a well-determined
order 5(1), s(2). ..., s(N), where {s(i)}, <;=n is an enumeration of all the sites of S, called
a scanning policy. The sites are visited in this order periodically. The state of the random
field after the nth sweep is Z, = X, 5, where X, denotes the image before the £th update
time. At time £, site 5s(k mod N} is updated to produce the new image X;,,. If X; = x
and s(k mod N) = s, then X4 = (3(s), x(S\s)) with probability w{(y(s) | x(S\s)). The
Gibbs distribution z is stationary for {X;};»g. in the sense that if P(X; = -) = 7, then
P(Xy;1 = -y = m. In particular, 7 is a stationary distribution of the irreducible aperiodic
Markov chain {Z,},.¢. and lim 4o P(Z, = ) =7

The transition matrix P of {Z,},-0 is

N
P=]]Puw. (6.8)
k=1
where P, = {pi | \vense and the entry pi, of P is nonzero if and only if y(S\s) = x(S\s),
and then '
‘ e—E(_\‘[.\‘)..l’(j'\.\‘})
P = 5 E sl (6.9)
o

6.2 Convergence Rate of the Gibbs Sampler

One can, in principle, use the algebraic tools of Chapter 6 to obtain rates of convergence for
the Gibbs sampler.

Example 6.5. Periodic Gibbs Sampler
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Expression (6.9) will be used to produce a geometric rate of convergence of the periodic
Gibbs sampler, namely,

1
P —m| < 5“1, —ml(l —e Ay (6.10)
where
A = supd, (6.11)
58
and
8, = sup{|€(x) — EWI; x(S\s) = y(S\s)h. (6.12)
The proof of {6.10) uses Theorem 7.2 of Chapter 6, which gives
H ] n
uP" — | = Sl — r|5(P)".

Using (7.3) of Chapter 6, it follows that for any transition matrix P on a finite state space E,

S(P)=1- infjeg » pucApu < 1—IE(infijeepy)- (6.13)
keE

If we define my(x) = inf {£(y); ¥(S\s) = x(S\s)}, it follows from (6.9) that

exp{—(E(¥(s), x(5\s)) — m; )} e

Ay

Pas = S expl(E(s) xS\ — m(x)) T 1AL

v

and therefore, from (6.8),

N =ban —-NA
. e e
min pe, > =
Nens P 'Dl |A] JAIN
Using {6.13),
Ne_VA NA
SPy=1-—1A =1—-e "7,
) <1 - 1A
and (6.10) follows. &

Convergence in variation of the Gibbs sampler to the target distribution takes place with
geometric speed. This is a common feature of all the Monte Carlo Markov chain simulation
algorithms, and more generally of all finite ergodic HMCs. However, the Gibbs sampler
has a special feature. It turns out that the distance in variation to the target distribution
decreases 10 0, as the following result shows.

Theorem 6.1. Monotonicity Property of the Gibbs Sampler
Let g be an arbitrary probability measure on AS and let v be the probability measure obtained
by applying the Gibbs sampler at an arbitrary site s € S. Then dy(v. 7) < dv(i, ).
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Proof. Take s = | for definiteness. We have
3 o) = 0] = 3mSRV — 7))
| = ZIfr(x(l)\x(S\l)[H(X(S\l)) = T (x(S\INI

= > {Zn(x(mx(S\m] |a(x(S\1)) — (x(S\ 1))

o Syhy | alh
- Z | X (SN 1)) — m(x(S\ 1))
AYAXY B
= Z \Z(;L(x)—-?!(xm
(8wt
< Z\u(x)ﬁr(x)\. o

It is quite unlikely that a good simulation algorithm chooses a short-sighted strategy in
which the distance in variation is decreased at every step. 1t is an experimental fact that the
Gibbs sampler is not the best Monte Carlo Markov chain simulation algorithm.

7 Monte Carlo Markov Chain Simulation

7.1 General Principle
We shall now take a more general approach to simulation.

In view of evaluating the expectation Ei¢(Z}] of a random vector Z of dimension &
with a probability density f({x), where ¢ : B — R and E[|¢(Z)]] < oc, the formula

E[¢(2)] = ]1; Plx) flx)dx

can be used if one is able to compute the integral analytically, which is seldom the case. A
first alternative 1s numerical integration. A second alternative is to generate a sequence of
i.i.d random vectors {Z,},>; with the same distribution as Z, and to invoke the strong law
of large numbers

1 n
E[@(2)] = lim ~ > ¢(Z))
i=]

to obtain an estimate based on a finite sample (Zy, ..., Z,), namely 1 3" ¢(Z;). The
choice of the sample size n can be made via the theory of confidence intervals in order to
attain a given accuracy; see, for instance, (Ross, 1987), (Ripley, 1987), or (Fishman, 1996).

This method, known as Monte Carlo, must be compared with numerical integration. It
is a fact that Monte Carlo simulation is competitive with numerical integration for large
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dimension k. In some applications, the Monte Carlo method is unavoidable. One of them
occurs when Z, is a complicated functional of the nth cycle of a regenerative process.

Another situation is that in which the probability density f(x) is known only up to a
normalizing factor, that is, f(x} = K f(x), and when, of course, the integral of f{x) that
gives the normalizing factor is difficult, or impossible, to compute. In physics, this is a
frequent case: The partition function of a Gibbs distribution is usually uncomputable in
closed form, due to the size of the state space in the corresponding models.

A third situation is that in which the standard methods of random-variable generation that
we shall introduce next are not applicable, because of round-off errors, or coding problems
(see the discussion after Example 7.2).

Method of the Inverse and Acceptance—Rejection

Given that one has to resort to Monte Carlo simulation, the problem is that of generating
replicas of Z. The inverse distribution method uscs a sequence of 1.i.d. random variables
{Uy}y=1 uniformly distributed on [0,1], and generates {Z,}y=1 bY

Z, = F~ U,

where F~'(x) is the inverse function of u = F(x) = [ f(y)dy (we consider the one-
dimensional case, but this is not essential in the discussion). (See Fig. 7.7.1.) The scope of
this method is limited by the fact that £~!(u) is often difficult to obtain, and in any case the
inverse function method requires full knowledge of the probability density function f {x).

Fix)

Figure 7.7.1. The inverse method
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Example 7.1. Exponential Random Variable
The inverse function of F(x) = | —¢™ is F~!(y} = —4In(1 — y). Therefore, if U is
uniformly distributed on [0, 1], then é In(1 — U) is an exponential random variable with
mean 8L, Sois |
Z = —1In(l),
7 )

since I/ and 1 — U are identically distributed. &

Another method, called acceptance—rejection {A-R for short}, brings us nearer to an
efficient solution. Tt is, in fact, the ancestor of the Monte Carlo Markov chain (MCMCQ)
method.

Suppose one can generate a sequence of i.i.d. random vectors {¥,},>, with the proba-
bility density g(x) satisfying, for all x,

fx)
glx}

<c

for a finite constant ¢. Let (U,),>1 be a sequence of i.i.d. random variables uniformly
distributed on [0, 1]. If we define T (o be the first index # > | for which

n S f(Y”)
cg(Yy)
and let
Z=Y,,

then (Problem 7.7.1) Z admits the probability density function f(x) and
Elr]=c.

Example 7.2.

Fig. 7.7.2 summarizes the operations in the A-R method in an artificial example (where
the A—R method is certainly not needed!). Here the target density f(x) is a “triangle” of
base [0, 1] and summit at (%, 2), and g{x) is the uniform distribution on [0, 1]. We take the
smallest possible ¢, here ¢ = 2. The average number of tests to obtain a sample is therefore
c=2. <

Both the inverse method and the acceptance—rejection method have abvious counterparts
when Z is a discrete random variable with values in a finite space £ = {1, 2, ..., r]. We then
denote by m the distribution of Z. The inverse method is in this case always theoretically
feasible: It consists in generating a random variable I/ uniformly distributed on [0, 1] and
letting Z = i if andonly if ¥ 4"\ w(£) < U < ¥,_, w(£). When the size r of the state space
E is large, problems arise that are due to the small size of the intervals partitioning {0, 1]
and to the cost of precision in computing. In random field simulation, another, maybe more
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cglxy=2

gtxy=1

accept

reject

Figure 7.7.2. The acceptation-rejection method

important, reason is the necessity to cnumerate the configurations, which implies coding
and decoding of a mapping from the integers to the configuration space.

The A—R method uses a distribution p on E such that % <¢<ocforalli € E. The
main problem is that 7 is often known only up to a normalizing factor {the inverse method

suffers from the same ailment}.

MCMC

In a number of applications, and especially in the simulation of large random fields occurring
in statistical physics. all the above problems arise, and the quest for a random-variable
generator without these problems is at the origin of the Monte Carlo Markov chain method.
We have already seen in Section 6 the basic methodology:

One constructs an irreducible aperiodic HMC {X,},»0 with state space £ with the
stationary distribution . Since F is finite, the chain is ergodic, and forany initial distribution

pandalli € E,
lim P.(X, =i)=m(i) (7.1)
n—0

and

N
lim n;qs(xn) = Ex[¢(X)]. (7.2)
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By (7.1), when n 15 “large,” we can consider that X, has a distributton close to . Of course,
one would like to know how accurately X, imitates an £-valued random variable Z with
distribution 7. For this we shall seek to obtain estimates of the form

|P? — | < Aa”,

where @ < 1. The Perron—Frobenius theorem gives a theoretical answer, in terms of the
second-largest eigenvalue modulus (SLEM). To make it applicable, it is necessary to find
good upper bounds of the SLEM, since the eigenstructure of a transition matrix is often very
hard to obtain exactly. We have given results in this direction in Chapter 6. They concern
mainly reversible chains, and fortunately, this is the most frequent case in MCMC, as we
shall now see.

For the time being, the basic problem is that of designing the MCMC algorithm. One
must find an ergodic transition matrix P on E, the stationary distribution of which 7 is the
targer distribution. There are infinitely many such transition matrices, and among them
there are infinitely many that correspond to a reverstble chain, that is, such that

T()piy =i (7.3)

We seek solutions of the form

Pij = qijij (7.4)
for j # i, where Q0 = {gi}; jer 15 an arbitrary irreducible transition marrix on £, called
the candidate-generating matrix: When the present state is i, the next tentative state j is
chosen with probability ¢;;. When j # i, this new state is accepted with probability o;;.
Otherwise, the next state is the same state 7. Hence, the resulting probability of moving
from i to j when i # j is given by (7.4). It remains to select the acceptance probabilities
;. A quite general form of the acceptance probabilities covering most well-known MCMC
algorithms is due to Hastings (1970); see (Fishiman, 1996) for additional bibliography.

Srj
o = , (7.5)
/ 14+ ffj
where £ = {5i;}; jeg 15 a symmetric matrix and
_ Tf(f)CIfj (‘7 6)

LT

Of course, & must be selected in such a way that the constraint &;; € [0, 1] 1srespected. One
can check that the reversibility condition (7.3) is satisfied, and therefore 7 is the stationary
distribution, by the detailed balance test (Corollary 6.1 of Chapter 2).

The particular forms of the Hastings algorithm that follow are due to Metropolis et alii
(1953) and Barker (1965}, respectively.

Example 7.3. Merropolis Algorithm
In order to satisfy the constraint &,; € [0, 1], one must have

Sijp = I+ miﬂ(f,'j, fj',')
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(recall that T is assumed symmetric). Equality corresponds to the Metropolis algorithm

o = min (1, ”(f,)qf"). (7.7)
(i )i
A special case is that for which the candidate-generation mechanism is purely random, that

is, ¢;; = constant. Then

t;j = min (l, z(({))) . &

Example 7.4. Barker's Algorithm
With the choice s;; = 1, we have Barker’s algorithm, for which
ay = = DA (7.8)
m()gi + 7 i)a;

In the special case of a purely random selection of the candidate,

v = Y)Y
M {OE {0}
As we shall see later, Barker’s algorithm is connected to the Gibbs sampler. &

It is important to observe that Hastings algorithms require the knowledge of the tar-
get distribution 7 only up to a normalizing constant, since it depends only on the ratios
7(j)/m(i). The latter statement is true only as long as the candidate-generating matrix ()
is known. This is nor the case in the following example.

Example 7.5. [ndependent Sampling
With ¢;; = =(j) and oy = 1, for all i, j € E we have independent sampling, that is,

pi; =mn(j)foralli. j e E. O

7.2 Convergence Rates in MCMC

If a Monte Carlo simulation algorithm is stopped at the nth iteration, the closeness to the tar-
get distribution of the sample obtained is measured by the distance in variation dv (§; P", ),
where i is the initial state. Upper bounds on this performance index can be in principle
derived with the help of the results of Chapter 6. For instance, assuming that (P, 7} is
reversible, Theorem 3.3 of Chapter 6 gives

er:

(i)’

where p, the SLEM of P, can be bounded above using any of the techniques (Poincare,
Cheeger, .. ) explained in Chapter 6.

Ady(5;P", 7)< (7.9)
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Example 7.6.
(Diaconis and Saloff-Coste (1996)) Let 7 be the distribution on £ = {1, ..., r} given by

7(i) = z(a)a™,
where a € (0, 1), and where fori € [1,r — 1],
i+ 1)y—h(iy=c> 1. (7.10)
We use the Metropolis algorithm with acceptance probability

m{(j)qi; )

a;; = min (1, -
(g ;i

where the candidate-generating matrix @ = { gij }I. K corresponds to a symmetric random
walk on £ with holding probability % at the extreme states 1 and r. Therefore, the simulation
matrix P is

gh2—Hy gM—htl) 1
pPu =1““—*“2—*‘ po=o s P =P =3
andfori e [2,r — I]
1 DA
Piicl = 5o Piit) =~ Pii = V= piiet — Piitr
We are going to show that
WP Ul i
Fop— 2 *

According to (2.18) and (2.19) of Chapter 6, it suffices to show that for all x € R”,
Vary(x} < A&y (x, x)

for some A such that

< =y 71D

For this purpose, one can use an adaptation of the Diaconis-Stroock geometric method. The
notations are those of Section 4 of Chapter 6. Let 8 e (0, 1). Proceeding as in the proof of
Theorem 4.1 of Chapter 6, with Q(e)’ replacing Q(e)?,

P

Warg(x) = » {Z ooy 2@ s )-x(e*))} 7y ())

i.jek |eey;

> IZ Qe (x(e™) — x(e*)f] l

LJEE Lecy,

[ A

Y — oG )w } (),

ey,

where the last inequality is Cauchy—Schwarz.
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Therefore, defining
1

\y,-jle:;w. (7.12)
we have
Ware(x) = 3 yle D Qe x(e) — x(eMN r(DT ()
i, jek eE Yy,
= > (x(e7) — x(eW Q)Y Y D (NIWislo-
I3 Yi; ¢

With

A =max § Q@' 3wl (- (7.13)

yiioe

we finally have
Vary(x) < A&px, x).

It now remains to bound A as in (7.11), making use of the freedom in the choice of the y;;’s
and of #. First, take y;; = (i, i+ 1, ..., j— 1, jyforalli, j e E,i=].

For the specific algorithm considered,
hii+1D)—A(i) ah(i+1) :r(i + 1)

. i a
QUi+ 1) = m(i)piin = @)™ ———— =) —5— = —3

and therefore by reversibility,

a{i + 1}

QUi+ =0(+1i)=—5—

o\ 26
The dominating term in |y,-j |ra is QG — 1. )% = (”%’)) . Put it in factor to obtain,

using (7.10},

(DN r()\ N\ (DY L w0
"’""3‘(( () ) +"'+(ﬁ) )( 2 ) ST
Lete = (k. k + 1). We have to bound (see (7.13))

28
Q" 1 oo aim()

]
Oi<k k+1<j<n

1 —a-

The sum in j is bounded by % and the sum in i by 1. Therefore,

2
A = 1 — af“*w)(l — aZfﬂ)’
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from which (7.11) follows by the choice 6 = % The Gershgorin bound (see Theorem 2.3
of the Appendix) gives, for the smallest eigenvalue A,

1 ¢
by = =1+ 2min p; > —1 +2(ﬁ -5 ) =a
2 2
and therefore, ,
1 —a*/
0 = min(ks, |A]) < min{l — (fa),ﬂ")- ©

As we have already observed, upper bounds are a necessary recourse, since the eigen-
structure of a large transition matrix, even a reversible one, is usually out of reach. There
is, however, a notable exception concerning the very important Metropolis algorithm.

Theorem 7.1. Eigenstructure of Metropolis
(Liu (1995)) Let r and p be two strictly positive probability distributions on £ = {1, 2,
..., r}, and define
(i) = M
‘ pli)
The Metropolis algorithm corresponding to the candidate-generating matrix ¢ given by
gi; = p; forall{. j € E has the transition matrix P given by

pij = p(j)min (1 wy ’) ,

T wl(i)
fori{ # j. Assume that the states of F are ordered in such a way that
wl) = w2)z - = wir).

The eigenvalues A;. k € [1, r], and the corresponding right cigenvectors vy, k € [1, r]. of P
are i, =1, vy =1, and fork = 1,

I 1
At = i ————1.
! JZ},;”(”(wU) w(k))
, T
Uiyl = (0,...,0, > =), —Jr(k),...,—rr(k)) ,
E=k+1

where the first & — 1 entries of v, are null.

Proof. By inspection (Problem 7.7.2) g

Example 7.7.
(Diaconis and Saloff-Coste (1996)) Define the probability distributionr on £ = {1, ..., r}
by
L8 —-6)
=T
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where 8 € (0, 1). Generate candidates randomly, ie., plj) = % Here the states arc
naturally ordered as in Theorem 7.1, w(j) = rr(j) and

A B {0) RN U
AzZ(r I’R’(l))_l rl—-6’

=1

Since in this algorithm p = A; and all the eigenvalues are nonnegative, the upper bound (7.9)
gives, after some pertinent bounding,

2 2n
Ady (5, P", M) <877 (1 — ) . <

r

7.3 Variance of Monte Carlo Estimators

The previous subsection concerned the problem of assessing the quality of MCMC in terms
of the closeness of its output from the target distribution. We now consider the problem of
evaluating cxpectations with respect to the target distribution by ergodic estimates,

In Theorem 6.5 of Chapter 6, we obtained the formula
v f, Py =2{fZf), — (LU +TDSf); (7.14)

giving the asympiotic variance

1 n
o(f,Pom) = lim - Var, (’; f(Xk)) . (7.15)

Here {X,} is an ergodic HMC with finite state space E, transition matrix P, and stationary

distribution . and
Z=(-P+ID7", (7.16)

where T = 1- 77 is the fundamental matrix.

In this section, we consider reversible transition matrices, such as those corresponding
to the MCMC simulation algorithms proposed by Hastings. We are interested in designing
the best simulation algorithm in the sense that v(f, P, ) is to be minimized with respect
to P, uniformly in f, and of course for a fixed . The following result of Peskun (1973}
answers the question in general terms.

Theorem 7.2.
Let P, and P> be reversible ergodic transition matrices on the finite state space £, with the

same stationary distribution 5. If Py has all its off-diagonal terms greater than or equal to
the corresponding off-diagonal terms of Py, then

v, Py < u(f, P, mm)

forall f: E - R
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Proof, Letk, £ ¢ E withk £ £. From (7.14) we have

d a7
U(fvPiﬂ')=2(f!—_f) -

Opie Opie
From ZZ ! = I, it follows that (U%Z) 7'+ 7 (H%Z“) = 0, and therefore
aZ 87!
2 72 g
P i
so that
azZ"!
o Pmy=—2(f (252} f) .
174 derj T

Since P is autoadjoint in £2(rr), so is Z, and therefore

B] azZ~! az~!
——u(f.P, )= =2 (Zf, ( ) Zf) = - AZfYd(n)——Zf
dpue AP ,T Py
Now, from (7.16),

) §

Py B 78[’.&-(”

and therefore 3

i
Observe that since P is a stochastic matrix and (P, ) is reversible, the free parameters are
(pie k< £). In view of the reversibility condition, the only nennull elements of d(H)%
are the (£, £), (£, k), (k, £), and (k, k) elements, respectively equal to —m(k), +m{k). +rr(f<)._
and —m (k). Therefore, d(I'I);:% is a negative definite symmetric matrix, and

;o dP
o(f. P ) = ULF) dlT)y =2,

a
—v(f P, w)y<0,
e

from which the conclusion follows.

Example 7.8. Optimality of the Metropolis Algorithm
In the Hastings algorithms s
i
Pij dij 1+ [U
where ; depends on Q = {g;;} and m only. We would like to find the best MCMC
algorithm in the Hastings class where ( is fixed. We have observed that from the constraints
< w; € (0, 1) and the required symmetry of {s;;},

5i; =< 1 +H‘lin(!,'j, fj,'),

with equality for the Metropolis algorithm. It follows from Peskun'’s result that the Metropo-
lis algorithm is optimal with respect to asymptotic variance in the class of Hastings algo-
rithms with fixed candidate-generating matrix Q. <
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It is interesting to compare a given MCMC algorithm corresponding to a reversible pair
(P, ) to independent sampling for which P = 7 (see Example 1.3). From the variance
point of view, it follows from (7.14) that an MCMC algorithm based on P performs better
than independent sampling uniformly in f if and only if

{(LZf)y = f)x (7.17)

forall f: E — R.

From (7.14), {f. Zf), > Oforall f, and we have already observed that Z is self-adjoint
in £(rr) (its inverse is self-adjoint). Therefore its eigenvalues are real and nonnegative.
Condition (7.17) is equivalent to the fact that these eigenvalues are less than or equal to 1.
Therefore, in view of (7.16), (7.17) is equivalent to P — I having all its characteristic roots
nonpositive.

Example 7.9. Barker vs. Independent Sampling
The trace of a matrix is by definition the sum of its diagonal clements. For a stochastic
matrix it is therefore the sum of its elements minus the sum of its off-diagonal elements. In

particutar, tr (P) =r — Z,-:,j(p,-j + pji). Since tr (IT) = 1, we have

tr(P—TH) =r — 1 — Z(p;j+pj;).

P>/
One can verify that for Barker’s algorithm
min(g;;, g7i) < pij + pji < max(qij. 4;i)

with equality if Q is symmetric. Therefore, in the case where Q is symmetric,

1
tr(PvI'I):r—l-Q-Zq,-jzi(r—,?).

i>j

Thus, if r > 2, the sum of the characteristic roots of P — T is positive, which implies that
at least one characteristic root is positive.

Therefore Barker’s algorithm, is not uniforraly better than independent sampling. This
does not mean that Barker’s algorithm cannot perform better than independent sampling for
a specific f. Moreover, and more importantly, the fact that an MCMC algorithm performs
not as well as independent sampling is not too alarming, since MCMC algerithms are used
when independent sampling cannot be implemented. &

We now give a lower bound for the asymptotic variance of any MCMC estimator. Let
(P, ) be a reversible pair, where P is irreducible. Its r (real) eigenvalues are ordered as

follows:
M=l=hzry>... >k =L
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For a given f, the formula

Y
v(f.P,:r):Zl_Ajl
i

i=l

l(f’ Uf)n' |2

obtained in Section 6.3 of Chapter 6 {ully accounts for the interaction between f and P,
in terms of the asymptotic variance of the ergodic estimate of {f),. Since the function
x — If; is increasing in (0, 13, and A; is the second largest eigenvalue of P, the worst
{maximal) value of the performance index

CwfP)  Lerrtful P

v(f P )= = : (7.18)
varﬂ(f) Z;‘:Ql(f! Uj)n.’ I2
is attained for f = vs, and is then equal to
1+ A
(P = 22 (7.19)
1—=2X;

Let M (i) be the collection of irreducible transition matrices P such that the pair (P, 7}
is reversible, and denote by A2 (P) the second largest eigenvalue of P. Assume that

) =x2)< - =nw(r)

In particular, 0 < (1) < %

The result below is due to Frigessi, Hwang and Younes (1992} .

Theorem 7.3. Best Worst Asymptotic Variance
LetP ¢ M(m). Then

(1)
MP)> —————, 7.20
2P = (D) (7.20)
and the bound is attained for some P € M (). In particular,
inf peseny sup ¥ (f P, r) =1 —2a(1). (7.21)
F#0

Proof, Clearly, (7.21) follows from (7.19) and the first part of the theorem.

To prove (7.20), we use Rayleigh’s representation

Pf e
Az =sup{%; (fi, =0 f #0]
£z
and exhibit a vector f # 0 such that {f), = 0 and
Pf [ m{l)

12— 1=x(y
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We try
vy =8 — (81), 1= (1 = (1), —m(1), ..., —w(INT, (7.22)

where §; has zero entries except for the ith one, which is equal to 1. Using the reversibility
of (P, 7} and the fact that P is a stochastic matrix, the i-th coordinate of Pv; is

pin(l— ()~ > pym(l) = pn(l — 7)) = (1 = p)r(h)
=2

s
= - m(y= 2D ),
(i)
Therefore,
n(1) :
(Pus, v2)y = (pu — (XL — w(1)re(l) ~ Z i (1) ) w(Dm(j)
= (p1i — (1N (D).
Also,
livallz = (D1 = 7 (1),
Therefore,
(Pva.va),  pu—n(l) . _ (1)
iz~ 1-a) — 1-=()
This proves (7.20).
We must now prove that the bound is attained, and we do this by explicitly constructing
P such that A>(P} = — ”(“ . In view of the last display, this implies that
pu =0 {7.23)

Ifa,(P)y=— J;l()l) (and for this (7.23) must hold), we necessarily have

{Pva, v2),
llva 112

= 2a(P),

and therefore (Theorem 2.2 of Chapter 6) v, is the corresponding eigenvector, as anticipated
by the notation. Writing down explicitly

_ =
=T
we obtain fori > 1,
) n()
c—m(l)=— -
w7 =Ty T
that s, .
pi= 0 (124)

(1-7(1)
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By reversibility, this implies

i = (D) 7.25
pil = (T—Tt'—(l)) (7.25)

In summary, imposing the second eigenvalue to be equal to “f‘—;()m determines the first row
and first column of P.

We must now complete the construction by determining the restriction P» of P to

(2..... r}. In view of (7.235},
B )\,
: ‘(1 l—n(l))P’

where P’ is a stochastic matrix. Define

( 7{2) 7@y \'
= 1—n(1)""’1—n(1)) '

Since P is in detailed balance with 7, P is in detailed balance with 7’ and therefore 7° 1s
a stationary distribution of P’.

P, and P’ have the same eigenvectors. In particular, a right eigenvector of P, different
fromv; = (1, ..., 1Y e R"~ must be =’-orthogonal to v;.

Now, finding a right eigenvector of P, that is 7w "-orthogonal to v| is equivalent to finding
a right eigenvector of P m-orthogonal to vy and v;. Indeed, if v is a right eigenvector of P
m-orthogonal to vy and v, it must be r-orthogonal to v, —vy = §), that is, its first coordinate
is0.ie.v=1(0x2....,x) . and v’ = (x3,....x,) is m’-orthogonal to v}, and the latter
is easily scen to be a right eigenvector of P2 corresponding to the same eigenvalue.

Conversely, if v' = (x2. ..., x,)7 is a right eigenvector of P; that is 7'-orthogonal to v},
then v = (0, xs. ..., x,)7 is a right eigenvector of P corresponding to the same eigenvalue,

This shows that the second eigenvalue of P; is the third eigenvalue of P.

We choose P» such that its second eigenvalue is the smallest possible, and therefore the
third eigenvalue of P is the smallest possible, under the constraint that its second eigenvalue
is the smallest possible. Since the eigenvalues of P and P, are proportional, it suffices to
perform on the pair (P', 7’) the same treatment as for (P, ). This leads to

I AC N {©)
T-7@ 73+

A’2=

and the corresponding eigenvector is

v =(1-7'Q2). ~7'Q), ... —7'@Q) =
(1 7(2) 7(2) 7(2) )T

T A+ w) a@+ w0 A@ 4+ al)
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Therefore
w(2) (1)

AJ:_rr(3)+--v+rr(r)( JT(2)+"'+?T(r))

and

U:(m_ n(2) - 7(2) B 7(2) )T
T TR A @ km) T @+ b T)

and the first column of P; is
(0, —hs, ..., —A3) .

By reversibility, the first row of P, is also determined. At this point it therefore remains
to determine P, the restriction of P to {3, ..., ). The iteration is now clear and the end
product is a stochastic matrix with the following properties:

(i) Its eigenvaluesare I =4 >0 > Ay > -+ > 4, such that fori e [1,r — 1], A;41 18
the smallest ;(P) for all P € M(r) that already have 1, ..., &; for eigenvalucs.

(ii) Its diagonal elements are all null except perhaps the last one.
(1ii) It has constant entries under the diagonal for each column, namely Az, ..., A,
(iv) Its right-cigenvectors are v; = 1 and fork > 1

_(0 ol 7 (k) _ (k)
Ut = AT T @+ () w4 ()

~ (k) )T
Cowlky 4+ ()

where the first k — 1 entries are null. The eigenvalues are, fork > 1,

; (k) - ()
Apr] = — k=1 1 - — .
* alk+ 1)+ -+m(r) =1 (€ + -+ ()
Under condition (i), the above matrix is unigue. O

8 Simulated Annealing

8.1 Stochastic Descent and Cooling

Let £ be a finite setand U : £ — R a function, called the cost function, to be minimized.
More precisely, one is looking for any element iy € £ such that

Ulig) < U(i) forall i € E.

Such an element is called a global minimum of the cost function U/, The so-called descent
algorithms define for each state i € E a subset N(i} of E, called the neighborhood of i,
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and proceed iteratively as follows: Suppose that at a given stage solution / 15 examined. At
the next stage one examines a solution j € N (i} chosen according to a rule specific to each
algorithm, and compares /(i) to U(j). If U(i)} < U{J), the procedure stops and i is the
retained solution. Otherwise a new solution £ € V() is examined and compared to j, and
so on. The algorithm eventually comes to a stop and produces a solution, since E is finite.
However, this solution is usually not optimal, due to the possible existence of local minima
that are not global minima, where i is called a local minimum if

UG < U()) forall j € N(i).

In most interesting situations, local optima exist and are sometimes abundant, and the
algorithms often become trapped at one of these local minima.

Example 8.1. The Traveling Salesman

A salesman must find the shortest route visiting each of K cities exactly once. Here E is
the set of the K! admissible routes, i is one such route, and /(i) is the length of route .
One popular choice for the neighborhood N (f) of route i is all the routes j obtained from /

by a 2-change, as explained below.

AT L T
o+ 1 B—1
o B o p
1 K 1 K
Figure 7.8.1. A 2-change of a salesman’s route
If the cities are numbered 1. 2, ..., K aroute i can be identified with a permutation o of
{1,2,..., K}, where o () is the order of the visit to city ¢ in the route corresonding to o.

By renaming the cities, there is no loss of generality in supposing that ¢ is the identity. The
2-change involving cities ¢ and 8 consists in cutting the segments (¢, & + 1)and (8 — 1. ),
and in replacing them by the new segments (e, # — 1y and (8 — L. ). (See Fig. 7.8.1.) In
this construction |8 —@| = 3 and K > 4, and one can count exactly K (K — 1)+ 1 neighbors
of a given route. The sizes of the neighborhoods are therefore reasonable in comparison to
the size of the total search space. Note also that the computation of /() from U(i} when
J € N(i) involves only four intercity distances. <

Typically, and this is indeed the case in the traveling salesman problem, the neighborhood
structure is communicating.
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Definition 8.1. Communicating Neighborhoods
Let £ be a finite set and let {N(i), i € E}bea collection of subsets of £ satisfying condition

i & N(i). (8.1)

Such a collection is called a neighborhood structure. If for all pairs of state i, j € E
there exists a path from i to j, that is, a sequence of states ij,..., iy € E such that
i1 € N(i), 12 € N(1), ..., j € N(im), the neighberhood structure is called communicating.

The basic idea of stochastic combinatorial optimization is to leave a possibility to escape
from a local minimum trap.

A canonical form of the stochastic descent algorithm is as follows: Let @ = {g;;} be an
irreducible transition matrix on E. Also, for each parameter value T, and all states i, j € E,
let a;j;(T) bea probability, Calling X, the current solution at stage n, the process {X,}n=0
is a homogeneous Markov chain with state space E and transition matrix P(T') of general

off-diagonal term
pij(T)y = qgia; (T} 8.2)

We assume the chain irreducible. It is positive recurrent, since the state space is finite
(Theorem 3.3, Chapter 3). Therefore, it has a unique stationary distribution (7).

One possible choice of the candidate-generating matrix Q consists in first choosing a
communicating neighborhood structure such as in Definition 8.1, and taking g;; > 0 only
ifi = jor j € N({). The matrix Q is then irreducible. Conversely, one can associate
with an irreducible transition matrix ¢ a communicating neighborhood structure defined

by N() = {J: j # iv qij > O},

Example 8.2. Metropolis Sampler
Suppose that the current solution at stage n is i. Atstagen + 1, a tentative solution j is
selected according to the probability g;;. This solution is accepted with probability

viint

. LG =10 _ it
w ;(T)=min{l,e” 7 }=e T, (8.3)

where T is a positive constant; otherwise, ; is rejected. The meaning of (8.3) is that if
Ui) = U(j), then j is accepted, whereas if (i) < U(j). a chance is left to the solution
j. although it is worse than . In this particular algorithm as well as in others, the chance
left to a candidate j that is worse than i diminishes as its deviation from /, measured by
U{(jy— Ui}, increases.

Suppose that the matrix Q is symmetric. With this special structure, the stationary
distribution 7 (T) does not depend on Q and is given by

p=U/T

<
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Example 8.3. Barker's Sampler
This simulation algorithm differs from the Metropolis sampler by the choice of the accep-

tance probability, here
1

aif{T) = | +e WO UGWT (8.5)
The usual reversibility argument shows that the target distribution of Barker’s algorithm is
the same as that of the Metropolis algorithm. &

For both the Metropolis and Barker samplers, if (J is irreducible and I/ is not a constant,
then P{T) is irreducible and aperiodic for all 7 > 0 (Problem 7.8.1}.

Example 8.4. Gibbs Sampler as a Stochastic Descent Algorithm

First, we shall see how the Gibbs sampler connects to the general descent algorithm cor-
responding to the transition probabilities (8.2). This is only a matter of notation. For
simplicity, we assume that the phase space is A = {0, 1}.

In this context, a “solution” / is a value x € A® of the random field. The neighborhood

N{x)ofthe solution x € A (not to be confused with a neighborhood AV, of some site s € §)
is the set of configurations y € A” such that y and x agree on all sites except onc:

¥ = {x(s). x(S\$)), (8.6)
where X(s5) = 1 — x(s5). The configuration y in (3.6} will be denoted by x*. Therefore,
Nx)={r':s € §}. (8.7)

The Gibbs sampler does this: After examining the image x € A® at time n, it selects
X* € N(x) with probability g, (with the notations of (8.2), i = x, j = x*, and ¢;; = g;).
The image %' is accepted with probability m(x(s) | x(N})) (with the notations of (8.2),
aij(T) = m(x(s) | x(N)). <

Example 8.5. Barker’s Algorithm for Neural Networks
The model and the notation are those of Example 1.2:

— L3 e () =) — X))

T (F(s) | 2(N)) = 2 . (8.8)

1 + e~ 7B wetuwn)s(ni—hy)

In the notations of (8.2), with { = x, j = x%, the right hand side of (8.13) is a; (T") =
a, (7). In this case, the simulation algorithm is a special case of Barker’s algorithm.
Indeed,

E() = EE) = 1 D (we + widx(t) = by [ (x(5) = X(s)-
TeA;
Therefore, if x(s) = 1, then £(x) — E(X*) = ¥y (wyy + wy)x(1) — hy), and if x(5) = 0,
then £(x) — E(x*) = — 3, o a- ((wys + wy)x(t) — ). Therefore, the quantity on the left

side of (8.8) is equal to
1

| + e rlE-EED
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ifx(s) =1, and to
e FEW—EEY 1

| 4 b & EGFD ] 4 gm HEW-EE)

if x(s) = 0. In either case, the probability of acceptance of x* is equal to

: &
1 4 e~ 1 E=EEN

Consider the chain with transition probabilities (8.2), and suppose that the corresponding
HMC is irreducible, so that the stationary distribution 7(7T’) exists and is unique. Suppose,
moreover, that the chain is aperiodic. By Theorem 2.1 of Chapter 4, it converges to steady
state, in that for all / € E and all initial distributions g,

lim Pu(X, = i) = 7(T). (8.9)

We see, in particular, that if the stationary distribution 7 (T') puts most of its mass on the states
minimizing the cost function &/(i), then if one stops the algorithm at a stage n sufficiently
large, the current solution X, will be a global minimum with high probability.

Example 8.6. Metropolis Sampler (8.2 continued)
The stationary probability is given by (8.4). Define the set of global minima

H={ie E;U({y<U(j)forall j € E}. (8.1
Then clearly, ;(T) is maximal on i € H. But there is more:

_l -fu
lim(T) = | 71 €A
Tlo

0 ifigH. .10

To see this, call m = min;.x U(i), and write the right-hand side of (8.11), after division of

its numerator and denominator by e~ 7, as

)=
T

_ (U Uk —m)

|Hi+zkeﬁe T

The result follows, since as T | 0, ™ “ tends to 0 if U (k) > m,and to 1 ff U(k) =
&

m.

This observation suggests the following heuristic procedure (Kirkpatrick, Gelatt, and
Vecchi (1982); see (Aarts and Cors, 1989) for additional details) indexVecchi . Start the
algorithm with the value 7 = a, of the parameter, and wait a sufficiently long time for the
chain to get close to its stationary regime. Then set T = @) < ao and again wait for the
steady statc, Then set T = ay < a), etc. Atthe kth change of the parameter 7', the chain
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will be close to the stationary regime m(a;), and therefore if limgs ¢ = 0, one expects
that for large n, X, will be with very high probability in H. the set of global minima.

However, for this to happen, the times in between the parameter changes must be suf-
ficintly long for the chain to come close to the stationary distribution corresponding to the
current value of the parameter. What is “sufficiently long™?

Simulated annealing algorithms all have a cooling schedule, that is, a sequence {7, }1z0
of positive numbers decreasing to 0 controlling the transition rates of {X,},>0: At time
n, P(X,p1 = j | X, =) = p;;(T,). The question becomes, How slowly must {T,},>¢
converge to zero so that

_ . 0 ifigH,
l]TTL P(X,=i)= ﬁ ifie M. {8.12)
Since { X, ),=0 is now a nonhomogeneous Markov chain, the results concerning convergence
in distribution of such chains of Chapter 6 will be especially useful. They will be applied
in Section 6 to obtain cooling schedules with the desired convergence property in various

situations.
The next example features an avatar of the simulated annealing algorithm involving

on-line estimation of the cost function.

Example 8.7. Stochastic Ruler
Int a number of situations the cost function {/ is not directly computable, but of the form

UGi) = E[H()). (8.13)

where H(i) is a nonnegative random variable. Moreover, it is assumed that one can generate
at will, for any i ¢ E, a random variable H(i), but that cne is not able to compute its
expectation. Therefore, the simulated annealing procedure as described before cannot be
applied as it is. In one way or another, the expectation will have to be estimated from
independent samples. The stochastic ruler algorithm of Yan and Mukai (1992) does this in

an indirect manner.

It works under the assumption that the domains of the random variables H (i) are all
containcd in a fixed interval, i.e., forall i € £,

—oo<a<H(i)y<b<oo

and it uses at each step a random variable U, called the ruler, which is uniform on [a, b]:

x—d
b—a’

PU<x)=

for all x € [a,b]. The stochastic ruler algorithm is based on the observation that the
simulated annealing algorithm (8.2) with the acceptance probability

ay(T) = p()!/7 = e 7171wl ®.14)
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where

plj) = P(H(j) = U},
leads., with a good cooling schedule, to the minimum of g(i) = — log p(i). Butif H(;j}and
{/ are independent, then

b U(i)

1 b 1
[} = T lu> i = —F - [ -
pij} E[b—afa li=H( )}du} 5, Elb— H] = = —

Thercfore, the simulated annealing with acceptance probability (8.14) will provide, for a
good cooling schedule, a minimum of the original cost function U.

The problem now is: how to implement the acceptance rule based on (8.14), since p( 5
is not computable? Of course, one also has to give a cooling schedule that makes simulated
annealing work. For the time being, suppose that we have a cooling schedule {7;} of the
form T, = Mik for some integer M;. The problem is therefore to realize for any integer

M the acceptance probability p(j)* without computing p(j). A solution is as follows.
Generate 2M independent random variables Vi, ..., Vi, H1(J), ..., HuJ/), where the V;
are uniform on [a. b] and the Hi(f) have the same distribution as /(). Then

P(H() < Vio .. Hy(G) < Vi) = PCH() < V)Y = (i)Y
The acceptance rule for j is therefore to accept if Hy(j) < Vi fork =1..... M.

This procedure works, theoretically, but it requires more and more time as M increases
to oo. As the algorithm makes progress, more and more care must be taken for the estimation

of U{i). O

8.2 Convergence of Simulated Annealing

We begin with an example, and then proceed to the general theory.

Example 8.8. Adnnealed Gibbs Sampler.

(D. and S. Geman (1984) ) We use periodic scanning as in Example 6.4, only at the nth
sweep, we introduce a temperature 7,. Thus {Z,},»0 isa nonhomogene¢ous Markov chain,
the transition matrix at time » being

N
ron=[T#%,
k=1

where the (x, y)-entry of P] is

exp {— 1 E(¥(s), 2(S\9))}
3 ien exp {—HEG. x(S\)

if ¥y = (y(s), x(5\s)). The bound of Example 6.5 gives

P < | —e .
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In particular, by the block criterion of weak ergodicity, Theorem 8.2 of Chapter 6,
YT = (8.15)

is a sufficient condition of weak ergodicity.
Now, P(#) admits the stationary distribution

efﬁf(n

Zr

"

7T, (x) =

Also, forall x € AS, limy o 7r(x) = ﬁ if x € H and is 0 otherwise, where H = [x €
A*: £(x) = min}. Moreover, it can be shown that for x € H, the quantity 7y (x} it increases
as T | 0, whereas for x ¢ H, it it eventually decreases, and this guarantees that

[» ]
Z ITr(eery — 71| < 0C.

n=1

Therefore, by Theorem 8.3 of Chapter 6, if 7,, | 0 insucha way that(8.1 5)isrespected, then
the nonhomogeneous MC {Z,},»0 is strongly ergodic, with the limit distribution uniform
on H. <&

The general results of Chapter 6 will be applied to the simulated annealing algorithm
corresponding to the transition matrix P(7') given by (8.2). We follow the analysis of Anily
and Federgruen (1987).

The transition matrix P(T') is assumed uniformiy irreducible for sufficiently small 7 €
(0, 1]. This means that for all ordered pair of states (i, /), there 1§ a P(T)-path from { to J
which is independent of T € (0, ¢] for some ¢ > 0. This is always satisfied in practice. For
instance, for the Metropolis or Barker samplers, it suffices that ¢ is irreducible and that U/
is not a constant {see Problem 7.8.1).

Define
d=inflg;; j#1i py(1)>0), (8.16)

a positive quantity, since the state space is finite.
The crucial assumption is the following: There exists 7* & (0, 1} such that on (0, T*],
o Tyl 0as T L 0if U(j) = U(), {8.17)
a Tyt 1asT L OifU() < U(), (8.18)

and
ljilf(;a'ij(T) > Qexists if U (i) = U(J). (8.19)
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Assumptions (8.17) and (8.18) imply, in particular, that in the vicinity of 0, the functions
a; (T) are monotonic if U(i) # U()). They force the algorithm less permissive as 7
approaches 0, rejecting more often the nonlocally optimal solutions. Define foreach T €
(0, 1]

a(Ty = inficp jeneyoi(T). (8.20)

Assumptions (8.17)~8.19) imply that in the vicinity of 0,
inf,-gg‘j#,-oc,-j(T) = inf nLe(EJ;-:;‘{'nJJ C\!,‘J,'(T),

and therefore. in the vicinity of 0, (T} is decreasing to zero.
We are now ready for the main result.

Theorem 8.1. Weak Ergodicity of Simulated Annealing
Let {P(T)}r<o.1 satisfy the above assumptions. Let {7, },>0 be a sequence of numbers in
(0. 1] decreasing to zero as n — oo. Then if

=]

3 (@@w)” = oo, (8.21)

k=0
{P{T,}}n=0 1S weakly ergodic.
Proof. Define, with a slight and innocuous ambiguity, P(n1) = P(7,). The uniform irre-

ducibility assumption guarantees the existence, for all ordered pair of states 7, J), of a path
ig=1,1. ...ty = j such that

Pii, KN+ j AN+ 7+ 1) = pi i (Tine ) > 0.
But py(T) > 0 implies pu(T) > da(T), and therefore
Pii, (kN + j kN + j+ 1) = datTivsj)-
Since (T} is, in the vicinity of 0, monotone decreasing, then for sufficiently large k
Pi i, (kN + j kN + j + 1) = do(Tyqin)

and therefore N
piikN, (k + DN = d™ (e Turniv)) -

Therefore. in view of (7.3) of Chapter 6,

N

1~ 8PN, (k+ DN = d¥ (@(Tasw)

Therefore, (8.21) implies
D (1~ 5PN, (k+ DN)) = 0,
k=1

and the conclusion follows from the block criterion, Theorem 8.2, Chapter 6. O
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Example 8.9. Simulated Annealing with the Metropolis Sampler
The acceptance probabilities of the Metropolis sampler are

[ eUOmTONT SE UG > UG),
oif(T) = [ | if U(j) < U().

We see that conditions {8.17), (8.18), and (8.19) are satisifed. We have

Ty = inf jevo e WH=UDYT
=L

and therefore .
wT)z e T, (8.22)

where
A =sup{U(j) — Ui}, j € N(i)} (8.23)

It follows that
o r LN
> Tt = ) e n
k=0 A=0

For a cooling schedule {7, }4~¢ satisfying

NA
T > —. 8.24
“ = log(k) (8.24)
we see that
o0 D 1
(T} = — =,
g{_( O = ;kN

and therefore, {P(T,)},> 18 weakly ergodic.

Therefore, in view of Theorem 8.2 and Example 8.2 of Chapter 6, {P(T,)} is strongly
ergodic. Asshown in Example 8.6, the limiting probability vector puts all its mass uniformly
on the set A of global minima. Therefore a cooling schedule verifying (8.24) guarantees
convergence in distribution to the set of global minima. &

We shall now sce the effects of fast cooling. Denote by P(lim) the transition matrix
corresponding to the limit case T | 0. In particular, p;;(lim) = 0 if U{) < U()).
Call R, the recurrent communication class of some global minimum, and R; the recurrent
communication class of some strictly local minimum. Note that R| only contains global
minima, and in particular, | and R; are disjoint. Define

a2, Ty= sup i (T). (8.25)
ieRy jENII)

Since for j € Ry,

Y P =1~ qua;(Ti) 2 1 = &2, Th),

(eR: faky
JeN)



8 Simulated Annealing 315

the probability of staying in R» forever is bounded from below by [Teo (1 —&(2, Ti)). This
infinite product is strictly positive if Y oo &2, Ty} < oc¢. Therefore, if the chain has at
least one strictly local minimum, then under the condition

&2, T, < . (8.26)
|

k=

the probability that it stays eternally in R- is strictly positive. [n particular. since no globally
optimal solution is in R», with positive probablity the algorithm will never visit a globally
optimal state.

Example 8.10, (8.2 continued)
Define
S»= inf{U/{(j—U(i)ie Ry j& R je NN (8.27)

and suppose that
d > 0. (8.28)

Since@(2,T) < e‘fr:, we have
[e.9] oC
Y a2 )<y e
k=0 k=1

Therefore, if the cooling schedule satisfies

for some « > 0 such that §; — & > 0, we have

X [eo]
Z&(z’ TL) S Ze—[logk)(|+€)’
k=1 k=1

|

where 1 4+ ¢ = — (and therefore ¢ > 0). Thus

;
1%

> 1

oC
> aR, )< zl: o <o
k=

k=1

which impties that the cooling schedule does not yield convergence in distribution toward
the set of global minima. &

For the simulated annealing algorithm based on the Metropolis sampler, a necessary and
sufficient condition of convergence was found by Hajek (1988). It says that there exists a
constant y, such that a necessary and sufficient of convergence of the Metropolis simulated

annealing algorithm, whatever the initial state, is

e ¥
Z e % =00,
k=1



316 7. Gibbs Fields and Monte Carlo Simulation

In particular, a logarithmic cooling schedule

a

= ———
Ttk + 1)

yields convergence it and only if
az=y.

The results of convergence given in the present section are of theoretical and qualitative
interest only. Practical algorithms use faster than logarithmic schedules on a finite horizon.
The theory and the performance evaluation of these algorithms is more difficult and outside
the scope of this book.

Problems

7.1.1 Define on § = Z’ the two neighborhood systems of Fig. P7.1.1. Describe the
corresponding cliques and give the boundary of a 3 x 3 square for each case.

® o o 0 0
e OO0 @ Ce
e 0 ® 090

Figure P7.1.1

7.1.2 Consider the nonoriented graph on § = {1,2,3,4,5,6,7} in Fig. P7.1.2. Let the
phase space be A = (—1, +1}. For a configuration x € A%, denote by n(x) the number of
positive bonds, i.¢., the number of edges of the graph for which the phases of the adjacent

sites coincide. Define a probability distribution 7 on A® by 7(x) = f——. Give the value
of Z and the local characteristics of this random field.

7.1.3 Inspired by the cellular automaton of Example 3.4, Chapter 5, give a counterexampie
for Theorem 1.1 if the positivity hypothesis is abandoned.

7.2.1 Let § be a finite set of sites and A a finite set of phases. Let { X (5)},cs be an MRF with

values in A* and admitting a Gibbsian description in terms of the neighborhood structure

N on § and the Gibbs potential {Vc}ccs. Prove that for all subsets A, B, of § such that
ANB = ¢

it holds that for all x € A,

P(X(A) = x(A) | X(B) = x(B)) = P(X(A) = x(A) | X(IB) = x(3B)).
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Figure P7.1.2

7.2.2 Let X = [X(s)}ses be an MRF defined on S, with the neighborhood system () of
Example 1.2. Define for i € [1, m], the p-dimensional vector ¥; by

Xin
Y, = :
X

(thus Y; is the “ith column” of the random field X). Using the result of Problem 7.2.1,

show that {¥;} <; <, is a Markov chain with values in £ = AP, where A is the phase space
(assumed countable).

7.2.3 In the Ising model, explain why chaotic boundaries between patches are less likely
than smooth boundaries (part of the exercise is to interpret this statement).

7.2.4Let § be a finite set of sites and A a finite set of phases. Let {X(s)},cs be an MRF with
values in A and admitting a Gibbsian description in terms of the neighborhood structure N
on S and the potential {V¢)ccs. Let A + B = S be a partition of the site. Fix x(A) = x(A)
and define the distribution 74 on A® by

e EL(A)x(BN

TA(x(B)) = —E AL B

Z)‘(B}EAB €
where £ is the energy function associated with the potential {V-}ecs. Show that
ma(x(B)) = P(X(B) = x(B) | X(A) = x(A))

and that 7 4(x(8)) is a Gibbs distribution for which you will give the neighborhood system
and the corresponding cliques, as well as the local characteristics. (An MRF with values in
AZ and with the distribution 7 4 is called a version of { X, };cs, frozen on A at value x(A),
or clamped at x(A).)
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7.2.5Let (Z(s). s € §) be a family of i.i.d random variables indexed by a finite set 5. with
P(Z(s) = —1)= p. P(Z(s) = +1) = g = 1 — p. Show that

P(Z =) =[] P(Z(s) = 2(s)) = KV s,
sES

where y = 11n (5) and K = (pg) = .

7.2.6 In this problem, we consider a random field with a unilateral Markov description. Let
S = Z2 and suppose that S is scanned as follows:

s =(1,1,5=(,2),..... $m = (1. m1),
Smel = (2, 1S =(2.2), .o 80m = (2,m), ...
Define the past relevance structure {P(s));cs by
Pii.ip={(i-Lj=-D.G-1LA. G j=-DIns

The scanning, the past relevance structure, and the neighborhood system are described in
Fig. P7.2.6.

L X1 | ¥3 |
® O ;
s x| | xp

Figure P7.2.6

For simplification in the notation, call the phase at a given site 5, x(s) = xo{s) or xp and
at the adjacent sites in P(s), x;(s) (or x;), x2(s5) (0r x2), x3(s) (or x3) as indicated in Fig.
P7.2.6. If site s is at the boundary of S, some of the sites in Fig. P7.2.6 may fall outside 5,
in which case they must be ignored in the computations below. Here A = [0, 1}, and the
transitions are described as follows:

(i) If there is a majority of 1’s in P(s), x(s) = 1 with probability «.
(ii) If there is a majority of 0’s in P(s), x(s) = 0 with probability 8.
This interpretation must, of course, be slightly modified if s is on the boundary of §.

Give the vnilateral transition function (see Example 2.5). Give the Gibbsian description
of this MRF, that is, its neighborhood system and potential functions.

7.2.7 Modify Problem 7.2.6 as follows: Use the same past relevance structure P but replace
the television scanning order by the antidiagonal scanning order

si= (1, Dsa= (1,20 53 = (2, 1), 54 = (3. 1) 55 = (2, 2), 56 = (1, 3), ete.

Show that if we use the same transition functions p{x(s) | x(P(s))), we obtain the same
random ficld. Generalize this result.
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7.2.8 In Problem 7.2.6, replace the past relevance structure P thereof by that shown in Fig.
P7.2.8. What are the neighborhoods of the corresponding MRFs?

[ ] ®
® O ® O
®

Figure P7.2.8

7.2.9 Let { X, }o<n<n be an AR(1) time series; more precisely,
Xpp1 =aXy+ e, nel0,N],

where Xg, €], ..., €y are independent centered Gaussian random variables with respective
variances 2, 02, ..., 2. Show that the probability density 7 of X = (Xo,..., Xn) is
Gibbsian with respect to a neighboring system to be identified, and give the corresponding
local characteristics.

7.3.1 Give the maximal clique corresponding to the neighborhood system of F ig. 7.3.2
(pixel + edge model of S. and D. Geman).

7.3.2 (i) Let R|. Rz, and T, be random variables with values in {0, 1} and such that

P(Ta=1|Ri=1LRR=1=A, 0<A<l,
PTo=1|R =1,R=0=8 0<B<l,
PTa=1|Ri=0R=1)=C 0<C=<]l,
PTa=1|R =0,R,=0=D, 0<D <l

Show that
P(Ty, =1t | Ry =r1, Ry =) =exp[Q(t. ri, m2)},

where Q is a polynomial of degree 2 in ry, r; with coefficients that are first-degree polyno-
mials in r.

Let R be a random variable with values in {0, 1}, with P(R) =1 = p(0 < p < 1).
Show that for all r € {0, 1}, P(R = r) = exp(ar + b) for some coefficients a and b to be
made explicit.

(i) Let P = ((i, j) € Z*;i, j € [1, M]} be a set of pixel sites. The pixel sites are denoted
@, B, .... Let L be the collection of interpixel sites {{c, B)}, where (e, B} is the midpoint
of segment o8, where o and 3 are neighbors (at distance 1).

Denote by § = P U L the collection of sites (pixels and interpixels), and let {0, 1} be the
phase space for each site. A random field on S is therefore a collection of random variables
(Ry;c0 € Prand (T gy (o, B) € L}

Suppose that, conditionally on (Ry, @ € P), the random variables (Tiu.4); {a, By € L)
are independent, and that the conditional distribution of T, g given R, and Ry is the same as
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the conditional distribution of 7}> given R; and R; described in the begining of the problem,
and that Ty, 4, is independent of (R, ;¥ € P, y # o, B) given R, and Rg.
Suppose, finally, that the collection {R,, @ € P) is independent and that for all o € P,
R, has the same distribution as R above.
Compute
PRy =rgia e P Ty =tys:(yv.8)el)

in Gibbs representation.

7.3.3 Consider the model of Example 3.1 with the following modifications. Firstly, the
phase space is A = [N, and sccondly, the potential is now

—In(g(x(s) +a1x(s) if C = {5} = Cy,

o x(s)a(e) fC ={s1}eCy,

where @; € K and g : N — IR is strictly positive. As in the autobinomial model, for any
clique C not of the type C;, Ve = 0.

Velx) =

Choose the function g in such a way that

x(s5)
T(x)y=e¢" L \
x(s)t

where p = e~ and where (o, /) is as in Example 3.1. (This is the auto-Poisson model.)

7.5.1 Let
| R
nr{x) = Ee T

be a Gibbs distribution on the finite space £ = AS. Here Z is short for Zr, and E(x) is the
energy of physics, differing from £(x) by the Boltzmann constant k.

For any function f : £ — R, define
(f) =) 7@ f(x).

xek

In particular, the internal energy is

U={E)= Zﬁ(x)E(x).

xeE
The free energy F is defined by
F = —kT In(Z).

v--r2 (f)
aT\T )’

(This 1s 1n agreement with standard thermodynamics.)

Show that
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7.5.2 (continuation of Problem 7.5.1) For the Ising modcl, take
E(x) = Ep{x)+ Ei{x),
where Egy(x) is the interaction energy, assumed symmetric, i.¢., Eo(—x) = En(x}, and

Ey(x} = —Hm(x),

where
N
mix) = Z x(i)
i
is the magnetic moment of the configuration x = (x(1)....,x{N}) (recall that § =
{1,2....,N)). and H is the external magnetic field. The partition function, still denoted

by Z. is now a function of T and H. The free energy per site is
1
FH.T)= —kTﬁ In(Z},

whereas the magnetization
1
M(H . TYy=—
(H.T)=+ {m}

is the average magnetic moment per site.

Show that "
M(H, TY= -—f(H.T
(H.T) aHf( )
and " |
oM _ 1 2 2
5 = T U} — ).
In particular,
aM
— =0
aH ~

7.5.3 (continuation of Problem 7.5.2) Compute limyso M(H, T) for the Ising model on
the torus (Example 1.4). Observe that this limit, as a function of H, is analytic, and null at
H = 0. In particular, in this model, there is no phase transition.

7.6.1 Describe Gibbs sampler for the 2-state HMC of Example 2.4.

7.6.2 The synchronous version of the Gibbs sampler consists in changing the phases at all
sites simultaneously rather than sequentially. The corresponding Markov chain therefore
has the following transition matrix:

P(Xpst = ¥ | Xy = x) = [ [ w006} | xCNOD.

F=hY

Show that this quantity, denoted by p,,, can be put in the form

oy = Zp(x) " exp{=U(x, ),
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where U(x, y) =3 ¢ Z:'E.C‘ Vo{(y(s). x(8\s)).

Show that if U/ is symmetric (U (x, ) = U(y, x), ¥x, y € A%), then [X,},=0 converges
in distribution to w, where
Y easexpl—Ulx, )}
veas 2zeas eXp{—U(y, 2}

mix) = 3

7.7.1 Prove that the A-R algorithm of Section 7.1 works, i.e., that Z = ¥, admits the
probability density f(x). Show that E[t] =c.

7.7.2 Prove Theorem 7.1.
7.7.3 Show that in Theorem 7.1,

pa2(n) —7(2) = (1 — w(2)A;

and for j > 3,
p2iin) — T () = —m(j)A3.
Also,
dy(5;P", 1) = (1 — T(2HAL.
7.8.1 Show that for both the Metropolis and Barker samplers, if Q is irreducible and U/ is
not a constant, then P(7') 1s irreducible and aperiodic forall T = 0.

7.8.2 Discuss the convergence of the stochastic ruler algorithm of Example 8.7.



CHAPTER8

Continuous-Time Markov Models

1 Poisson Processes

1.1 Point Processes

This section introduces random point processes of which the simplest example is the homo-
geneous Poisson process. A random point process is, ronghly speaking, a countable random
set of points of the real line. In most applications to engineering and operations research, a
point of a point process is the time of occurrence of some event, and this is why points are
also called events. For instance, the arrival times of customers at the desk of a post office
or jobs at the central processing unit of a computer are point-process events. In biology. an
event can be the time of birth of an organism. In physiology, the firing time of a neuron is
also an event. In general, point processes on the line appear in stochastic models where the
state of a system is changed by the occurrence of some event. In this case one can use the
phrase stochastic systems driven by point processes, and if the state of the system is discrete,
one sometimes prefers to talk about stochastic discrete event systems. The basic examples
are the Poisson process and the continuous-time Markov chain.

Definition 1.1. Random Point Process
A random point process on the positive half-line is a sequence {T,}a>0 of nonnegative
random variables such that, almost surely,

(i) o =0,
(i 0<Th <Th <--,
(iii) limype, T = +00.

323
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The usual definition of a random point process is less restrictive. Condition (ii). in
particular, is relaxed in the more general definition, where multiple points (simultaneous
arrivals, for instance) are allowed. When condition (ii) holds, one speaks of a simple point
process. Also, condition (iii) is not required in the more general definition, where it may
occur that P(lim, 4, T, < 00) > 0: With positive probability there is an explosion, that is,
an accurmnulation of events in finite time.

Conditions (i1} and (iii} fit the special case of homogeneous Poisson processes, the center
of interest in this sectton.

The sequence {S,},- defined by
Se =T, — Tr_ (1.1)

is called the interevent sequence, and sometimes, in the appropriate context, the interarrival
sequence. For any interval (¢, b] in R,

Ni@ o) E S LT (12)

n=1

is an integer-valued random variable counting the events occurring in the time interval
{a, b]. For typographical simplicity, it will be occasionally denoted by N{a, £], omitiing
the external parentheses, For s > 0, let

N E N, 1],

In particular, ¥(0) = 0 and N(a, b] = N(b} — N(a). Since the interval (0, ¢] ts closed on
the right, the trajectories {or sample paths) t — N(t, @) are right-continuous for almost alil
samples w € €2. The sample paths are nondecreasing, have limits on the left at every time
t, and jump one unit upwards at each event of the point process. The family of random
variables N = {N(1}},»¢ is called the counting process of the point process {7,,),>1. Since
the sequence of events can be recovercd from N. the latter also receives the appellation
“point process.”

1.2 Counting Process of an HPP

There exist several equivalent definitions of a Poisson process. The one adopted here is the
most practical.

Definition 1.2. Homogeneous Poisson Process
A point process N on the positive half-line is called an hfomogeneous Poisson process (HPP)
with intensity L > 0 if

() For all times r;, i € [1, 4], suchthat0 < ¢ < <. < 1, the random variables
N, ti41], § €[, k — 1], are independent.

(B} For any interval (a,b) C R4, N{a, b] is a Poisson random variable with mean
AMb —a).
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Thus, forall k > 0,

—alh—a) {6 - a)]k

P(N{(a,b]=k)=¢ P

and, in particular,
E[N(a, b]] = Mb — a).

In this sense, A is the average density of points.

Condition (@) is the property of independence of increments of Poisson processes. It
implies in particular that for any intervat {a, b], the random variable N{a, b] is independent
of (N{s}. s € (0, a]). For this reason, Poisson processes are sometimes called memoryless.
A more precise statement is this: The increments of homogeneous Poisson processes have
no memory of the past.

Remark 1.1. HPPs Are Simple

The definition we adopted for random point processes does not allow multiple points ot
explosions. But suppose it did. It turns out that requirements (&) and (8) in Definition 1.2
suffice to prevent multiple points or explosions.

The proof is as follows. Since E[N {a)] = ha < oo foralla = 0, N{a) < oc almosi
surely for all ¢ > 0, and this is equivalent to lim, ycc 7Tn = 20 almost surely. Simplicity will
follow from P(D(a)) = 0 forall a > 0. where

D(a) = {there exists multiple points in {0, a}}.

We prove this for D = D(1) to simplify notation. The event

o
Dn:lN(%,l; ]szorsomeie[O,Z”—l]}

decreases to D as n tends to infinity, and therefore, by monotone sequential continuity,

P(D) = lim P(D,) = | — lim P(D,).
ntoo ntoe

But

i .. ] PR
_ y i i+1 i i+1
P(DHY=P N|—. <1 = PIN|—, =<1
oo=r (M52 )) =T (v (5] =)
1
— [T (a2 =e*(1+227.

O

i=

g

The limit of the latter quantity is 1 as n 1 00, and therefore, P(D)=0.

Theorem 1.1. HPPs are i.i.d. Exponentials
The interevent sequence {S, }y>1 of an HPP on the positive half-line with the intensity A > 0
is i.i.d., with exponential distribution of parameter A.
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The cumulative distribution function of an arbitrary interevent time is therefore,
PS,<t)=1-—e".

Recall that
E[S, =271

that is, the average number of events per unit of time equals the inverse average interevent
time.

Proof. Suppose we can show that for any » > 1, the random vector T = (71, ..., T,)
admits the probability density function
frin. .ty =Ae M le(n, . 1), (1.3)
where C def {7y, ... )0 <1 < -+~ < £,}. Since
S="N, S=5L-HhHh,..., S.=T,—-To1,
the formula of smooth change of variables gives for the p.d.f. of § = (5, ..., 5.)

n
Tstsr s = frisnsi s, s+ )y = [ [ s
o

and this is the conclusion of Theorem 1.1. It remains to prove (1.3). The p.d.f. of T at

t=(1,..., ;) 1s obtained as the limit as &y, ..., A, € K, tend to O of the quantity
P(m?zl{'ﬁf(h!fiﬁ‘hi]})’ (1.4)
ﬂszl hi
where it suffices to consider those (1), . . ., t,) inside C since the points T;, . . ., T, are strictly

ordered in increasing order. The event identity
Mo (T e, + A}
= (N©. 1] =0} N (A2 (N i + ] = L, N + his 0] = 0))
NN, 1ty + hp] = 1)
holds for sufficiently small A, .. ., h,, and therefore, the numerator of (1.4) equals

1

P(N@©.nl =10 (h PN+ hil=LN@G+ R g = 0)) P(N(tp. tn + hp] 2 1)

i=l1
n—|

— e_j\-'] l_[ (e—lfh )\‘h(_e—lﬂwi—h —ﬁ.)) (1 . e—Mln)
i=1

= A" Te MLy (]~ e My,

Dividing by A, - - - &, and taking the limit as 4,, .. ., &, go to 0, we obtain Ale™hn, |
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1.3 Competing Poisson Processes

Let (T'},-1 and [TH2 }uz1 be two independent HPPs on R, with respective intensities &, > 0
and A; > 0. Their superposition is defined to be the sequence {7y }n> formed by merging
the two sequences {Tu1 }ez1 and {Tf},e] as explained in Figure 8 1.1. We shall prove that

(i) the point processes {i!‘"nl Jazi and { Tnz},,zl have no points in common, and

(i) the point process {T,},>1 is an HPP with intensity A = A; + A2,

1 1 1 1
T“} TZ T‘3 T4
| | | |
| | | |
| | L |
| I : |
2 | 2 T2 ! 2
Tl | T2 T3 | | T4 |
i : : I i : I
| | \ I I \ I
I \ , I I \ I
! i 1 ! ! | !
I . ‘ \ I . |
| ‘ ‘ | I . I
I | | [ ! ) I
1 | | ! i | |
! | | | ! | I ‘
‘ | | \ [ I I :
L L | | | 1 1 —
=0
I T T; Ty Ts Ts T Ty

Figure 8.1.1. Superposition, or sum, of two point processes

Indeed, defining N by
N(a, b} = Ni(a, b] + Nafa, b],

we see that condition () of Definition 1.1 is satisfied, in view of the independence of N,
and No. Also, N(a. b] being the sum of two independent Poisson random variables of mean
A (b — a) and Ay(h — a) is a Poisson variable of mean A(b — a) where A = A + Az, and
therefore, condition (8) of Definition 1.1 is satisfied. This proves (ii}. By Remark 1.1, NV is
simple, and therefore, (i) is true.

The above result can be extended to several—possibly an infinity of—homogencous
Poisson processes as follows:

Theorem 1.2. Sum of Independent HPPs
Let {N;};> be a family of independent HPPs with respective positive intensities {A;}i»1-

Then

(i) two distinct HPPs of this family have no points in common, and
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(i) if

Z,\f:A-:oo,

i=

then

NOE S N
i=1

defines the counting process of an HPP with intensity A,

Proof. Assertion (i) has already been proven. Observe that for all r > 0, N{z) is almost
surely finite, since

E[N@)] = Z E[N:(D)] = (Z A,-) < 00,
i=l =l

In particular, ¥ (a, b] is almost surely finite for all (a, #] < R.. The proof of lack of memory
of N is the same as in the case of two superposed Poisson processes. Finally, N(a, b]is a
Poisson random variable of mean A{b — a), since

P(N(a,b]l =k) = lim P (Z Ni(a, b) = k)
i=1

nteo
— Jim em (T atoma [z MG — @)

ntw k!
R a)lf O
= TR

The next result is central to the theory of Poisson systems (Chapter 9). It is called
the competition theorem because it features HPPs competing for the production of the first
evenl.

Theorem 1.3. Competition Theorem

In the situation of Theorem 1.2, where Ef’i | A = A < 0o, denote by Z the first event time
of N = 372, N; and by J the index of the HPP responsibie for it; in particular, Z is the
first event of &;. Then

Aj
PUI=iZ>a)=P(J=0DPZ >a)= Ie-“‘. (1.5)
In particular, J and Z are independent, P(J = i) = %, and Z is exponential with mean
AL
Proof. A. We first prove the result for a finite number of processes. We have to show
that if X|,..., Xg are K independent exponential variables with means A7!, ... ,AE‘, if
Zg = inf(X,..., Xg)and if Jg is defined by X,;, = Zg, then
A
PlUg =i, Zx 2 a)= ——————exp(—(h1 + - + Ag)a}. (1.6)

Arte- Ak
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[ ] :i

T}

L
9

Ny

ZITIS, J:?’

Figure 8.1.2. Competition among four point processes

First observe that
K K - - -
P(ZK > ,g) =P (fmle{xj > a}) = l—[ P(XJ >a)= l_[ T e*(A1+...+Ak)a_
j=1 j=I1

Defining U = inf(X,, ..., Xg), we have (use the result of Exercise 4.2, Chapter 1)
P(Jx =1.Zx 2 a) = Pla< X, < U)
= f P(U > I)f\.leil]xdx - f e*(;&:+"'+lx)«\'ll€—lu'dx
d d

a R
Ay g

This gives (1.6). Lettinga — oc yields P(Jx = 1} = M—‘ﬁ‘—M_‘H\_K This, together with (1.6)
and the expression for P(Zg > a) gives (1.5), for i = 1, without loss of generality.

B. Suppose the result true fora finite number of HPPs. Since theevent{Jx = 1, Zx = a}
decreasesto {J =1, Z > a}as K 1 o0, we have

P = 1,Zza):ll(iTm PiJg =1,Z¢ = a),
oo

from which (1.5} follows, using the result of part A of the proof. a

2 Distribution of a Continuous-Time HMC

2.1 Transition Semigroup

The traditional approach to continuous-time Markov chains is based on the transition semi-
group, and the principal mathematical object is then the infinitesimal generator. The tran-
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sition semigroup is the continuous-time analogue of the iterates of the transition matrix in
discrete time. The infinitesimal generator, however, has no analoguc because it is essentially
a continuous-time notion involving derivatives.

The transition semigroup approach is mainly analytical. and we shall propose in Chapter
9 a sample path approach that describes continuous-time Markov chains in terms of a
stochastic differential equation, the analogue of the recurrence equation associated with
a discrete-time Markov chain (Theorem 2.1 of Chapter 2). These two approaches are
complementary. We begin with the semigroup approach because it makes the continuous-
time theory look more like a natural extension of the discrete-time theory.

We now procecd to give the basic definitions concerning continueus-time HMCs. Let £
be a countable set, called the state space, and let { X(#)},¢ be an £-valued stochastic process,
that is, a family of random variables X (r) indexed by R and taking their values in E. The
probability distribution of { X(7}},..o consists of the data P(X (1)) = iy, .... X (1) = i}). for
allr,....n >0,andalliy,.... i € E.

Definition 2.1. Continvous-Time Homogeneous Markov Chains

The E-valued stochastic process { X (1)), »¢ is called a continuons-time Markov chain if for
alli j.iy...., i€ E.allr,s > 0,andall sy, ..., 5 = O withs, < s forall £ € [1. k],

PXG+5)y=j I XM =i X(s1) =i  X(s0) = i) = P(X(r +5) = J | X(5) = i),
(2.1)
whenever both sides are well-defined. This continuous-time Markov chain is called homo-
geneous if the right-hand side of (2.1) is independent of s.

Let then et
P(r) = {pij (D)) jek, (2.2)

where o
Py P(X(t+35)=j| X(s)=1). {2.3)
The family {P(r}},-p 18 the transition semigroup of the continuous-time HMC.

Inthe same way as for discrete-time Markov chains, one obtains the Chapman-Kolmogorov
cquation

pij(t+5) = Z Pic() pii{sh,

keE

that 1s, in compact form,
P(r + 5) = P(1)P(s). (2.4)

Also, clearly,
POy=1, (2.5)

where / is the identity matrix.

The distribution at time ¢ of X(r) is the vector pu(t) = {1;(1)}ice where u;(t) =
P{X(r) = i). It is obtained from the initial distribution by the formula

()" = () P(r). (2.6)
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Also, forallr, ..., f suchthat 0 <1 <1 <. <1, and for all states io, 11, .. .. ik,
k
PE_ Xy =i =Y PXO) =io) [ piyoi, @5 — 121, 27
fQGE Jl:l

Formulas (2.6) and (2.7) are proven in the same manner as the analogue resuits in discrete
time. Formula (2.7) shows in particular that the probability distribution ofa continuous-time
HMC is entirely determined by its initial distribution and its transition semigroup.

Notation Recall that P.(-) is an abbreviated notation for P(- | X(0)} = i), where { is a state.
If  is a probability distribution on E, then P,(A) = Niep tDP(A | X(0) = 1) is the
probability of A when the distribution of the initial state is p.

Example 2.1. Poisson Is Markovian
Let N be an HPP on the positive half-line with the intensity A > 0. The counting process
{N(1)};=0 is a continuous-time HMC. Indeed, writing C = {N(s1) = {1, ..., N(se) = i)},
we have
P(N(t+s5)=Jj, NisY=40)
P(IN(s)=i.0C)

P(N(s,s+1t]=j— i, N(@s)=i.C)

P(N{(s) =1i,C) '

PING+s5)=j | NG)=1C) =

But N(s. s - ¢] is independent of N(s) and of N(s;) when s, < s, and therefore,
P(N(s, s +1] = j—i. N(s}=i,C) = P(N(s.s +1] = j — DP(N(s) = 1. O),
so that
PING+s)=jIN(s)=i,Cy= P(N(s,s +t]=j— i}
Similarly,
P(N(t+s)=j I N(s)=i)= P(N(s.s +1] = J — i)
Therefore, { N (1)},~¢ is a continuous-time Markov chain. Itis homogeneous, since P(N(s, s+
t] = j — i) does not depend on s. The transition semigroup {P(7)},>0 is given by
(hry
(=

pij(t)y=P(N(O.t] = j—i)= o

for j > i. Otherwise, if j > i, then p;;(¢r) = 0. <&

Example 2.2, Flip—Flop
Let N be the Poisson process of intensity A considered in the previous example, and define

the Aipflop process {X(t);-0 with state space £ = {+1, -1} by

X(1) = X(0) x (=D,
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where X(0) is an E-valued random variable independent of the counting process N. Thus
the flip—flop process switches between —1 and +1 at each event of N. The value X(r + )
depends on N(s, s +tTand X(s). Also, N(s, s+1]is independent of X(0), N{s1), . ... N(s)
when s; < s forall £ € [1, k], and the latter random variables determine X(s5;), ..., X{(5;).
Therefore, X(r 4 s) is independent of X{s,), ..., X(s;) given X(s5), thatis, {X(7)},-0 is 2
Markov chain. Moreover,

PX(t+5)=1] X(s) = —1)

P(N(s s+1]= odd)

2k+1
= Z i ROTT L= La ey,
= Qk+ 1) 2
thatis, p_ .1(r) = %(l — ¢7?*"). Similar computations give for the transition semigroup
1+4e -2kt 1 e 2
P <
P(]) ([ —e —2ir 1+€-/!)'

Definition 2.2, Uniform Markov Chains
Let (X, }e=0 be a discrete-time HMC with countable state space F and transition matrix
K = {&jj}ijce and let {7,},>, be an HPP on R_. with intensity . > O and associated
counting process N. Suppose that {)? nln=0 and A are independent. The process { X (#)],-p
with values in £, defined by

X(I) = ;\(;) (28)
{see Figure 8.2.1), is called a uniform Markov chain. The Poisson process N is called the
clock, and the chain {)A(,, }»=0 18 called the subordinated chain.

Xy A X, X7
- *~——
I i |
A X, l l X i
X{) P 1 —
| 1 |
| |
| | I
o L :
! | ———r—o— |
! i I | ' ! I
! 1 | | |
To=0 T T T T, Ts Ts T !

Figure 8.2.1. Uniform Markov chain

Observe that X(T,,) = X, forall n > 0. Observe also that the discontinuity times of the
uniform chain are all events of & but that not all events of ¥ are discontinuity times, since
it may well occur that X,,_, = X,, (a transition of type i — ¢ of the subordinated chain).
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The process {X(#)},;»o is a continuous-time HMC (Problem 8.2.6). Its transition semi-
group is

P(1) = Z —it ()‘-I)HK , (2.9)
— n!
that is,
pijty=> e “( i (2.10)
n=0 !
Indecd,

PAX() = jy = PKyin = ) = 3 PXo = . N() = 1)
n=0

= Z; PR, = NPAN() = n),
2.2 Infinitesimal Generator
Let {P(t)},-o be a transition semigroup on E, ie., foreachr, s > 0,
(a) P(t)is a stochastic matrix,
{b) P(O) =1,
(c) P(r +5) = P(1)P(s).

Suppose, moreover, that the semigroup is continuous at the origin, that is,

lim P(k) = P(0) = 1. (2.11)

where the convergence therein is pointwise and for each entry. In Problem 8.2.1, the reader
is invited to prove that continuity at the origin implies continuity at any time 7 > 0, that is,

il_l'f}) pij{t + h) = p;(6),
for all states i, j.

The result to follow is purely analytical: it does not require {P(z)};>o to be the transition
semigroup of some continuous-time HMC.

Theorem 2.1. Local Characteristics
Let {P(1)},-q be a continuous transition semigroup on the countable state space E. For any

state /, there exists

g % lim Z() ¢ [0, col, (2.12)

and for any pair i, j of different states, there exists

def Pi ;(h)
h

gij = lim € [0, 00). (2.13)
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Proof. Forallr > 0, all n > 1, we have P(r) = [P (ﬁ)]”, and therefore p;;(t) = [pu (#)]"
forall { € E. Since limy o p;;() = L. there exists € > 0 such that p;;(h) > 0 for all
it € [0, €]. For n sufficiently large, ﬁ € [0, €]. Therefore, for all ¥ > 0, p;(2) > 0, and one
can define

fir) = —log pis(1).

The function f; is real-valued, nonnegative, and such that limy, o fi(h) = 0. Also, from
P(1)P(s) = P(r -+ 5), we see that p;(t + 5) > p;;(D)pi;(s), and therefore, f; is subadditive,
that is

filt +5) = filt) + fils)
forall 5. r € R, . Define the (possibly infinite) nonnegative real number

_ o filt)
g; = sup —.

>0 14
Then (see Theorem 1.11 of the Appendix)

o i)
m— =
RO h

(2.14)

From (2.14),

T—palh) 1 eI i)
—_— = l —_— =,
i — Mo fuky k&

and this proves the first equality in (2.12). For future reference, we shall observe that

1—pulhy  1—e 5™ fih) < fit
h T fi(h h — h

and therefore for ail A > 0,

122l g, 2.15)

It now remains to prove (2.13).

Take two different states i and j. Since p;;(t) and p;;(t) tend to 1 as ¢ > 0 tends to 0,
for any ¢ € (4, 1), there exists § > 0 such that for ¢ € [0, 8], p{t) > c and p;;(r) > ¢
Let n > O be an integer and o > 0 be such that 0 < nh < §. Denote by {X,}.=0 the
discrete-time HMC defined by X, = X(nh), with transition matrix P(#). One way (o go
from Xg =ito X, = jistogofrom Xg =ito X, =i,r =0,1,...,n— 1, without
passing through state j meanwhile, then to go from X, = i to X,; = j, and then from
X,4; = j to X, = j. The paths corresponding to different values of r are different, but
they do not exhaust the possibilities of going from X, = i to X, = j. Therefore,

n—1

pipnh) = Y PO X # ) Xe =i | Xo = Dpiy()P(Xn = j | Xre1 = ).
=0
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The parameters &, n, and / are such that P(X, = j | X, = j) 2 ¢. Also

PIMZHXe # jLXe =i | Xo=1D)
= P(X,=i|Xo=1)— Y POHXe # j} Xe = | Xo = DPX, =1 | Xy = )
k<r
. k-1 : _ _ —_
- (LY POCHX, £ jhXi=J 1 Xo=D=c—(1—0)=2c—1,
k<r

where we observed that for i # j,
PX,=i|Xe=)+PX, =1 Xe=J)= 1,
and therefore,
PX, =i | Xe=))s1-PX,=jlXe=7)=1~c
Therefore,
pij(nh) = e(2c — Dnpij(h).
Letnow 7 < & and k < §, and take for n the integer part of 7/ k. From the last inequality
we obtain
i) 1 pi(nh)
h  “c2c—=1) nh
and since limy, o nh = 1, we see that limy g % = p—’,ﬂ 0 that from the last inequality,
i h 1 i
“msuppj( )S pi; (1)
L0 h C(2C - 1) t

which in turn gives
i i(h | L. (2
lim sup pith) < 11m1nfp”()
BL0 h e(2c—1) o t

< o

Since ¢ can be chosen arbitrarily close to 1, we have

h c(r
limsupBL) < 1iminf£”~(——) < 00
hl0 h r t

and this implies the existence of limy o P "h“” and the finiteness of this limit. O

Let for each statc i st
(s
i = —qi. (2.16)

Definition 2.3. Infinitesimal Generator
The numbers g;; are called the local characteristics of the semigroup, or of the correponding
continuous-time HMC. The matrix

A = (gi;lijeE (2.17)

is called the infinitesimal generator of the semigroup, or of the continuous-time HMC .
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In compact notation,
P(h) — P(O
A = lim ()—()
alo h
where the meaning of (2.18) is given by (2.12) and {2.13). Thus. in this scnse, the infinites-
imal generator A is the derivative at 0 of the matrix function r +—> P(z).

(2.18)

Example 2.3. Infinitesimal Generator of the Uniform HMC
From the expression (2.9), or (2.10), of the transition semigroup of the uniform HMC of
Definition 2.2, we easily obtain its infinitcsimal generator (Problem 8.2.7)

A=xK- D, (2.19)
that is.
gi = A(1 — k). (2.20)
and for/ # /.
<

Definition 2.4. Stability and Conservation
If for all states 7,

gi < 20, (2.22)
the semigroup {P(r)) is cailed srable. If for all states i,
g = 4y (2.23)

s
i

it is called conservative.

The reason for the last appellation comes from the conservation equality

D Pty =1.

jekE
or equivalently,
U —pilh) < pijth)
h B Z R

Jel
i#

which yields

Y pijth)
q'_lh'f&;: h

And if'the interchange of summation and limit is allowed, we obtain (2.23).

Interchange of sums and limits is always possible if £ is finite. In this case (2.23) holds,
and consequently, (2.22) holds because ¢, is finite for all pairs of different sites i, j. Also,
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the semigroup of an uniform HMC is stable and conservative, even when £ is infinite (use
(2.20)yand (2.21)).

As a matter of fact, a very general class of Markov chains, namely regular jump Markov
chains, are stable and conservative.

Definition 2.5. Regular Jump HMC
A stochastic process | X (1)],»o taking its values in the (not necessarily countable) state spacc
E is called a jump process if for almost all w € Q2 and all ¢ = 0, there exists (¢, w) > 0
such that

Xt +s, )= Xt wforalls €[t 1+ €(t, w}).

It is called a regular jump process if in addition. for almost all @ € €2, the set A(w) of
discontinuities of the function r — X(z, w) is o-discrete, that is, for all ¢ > 0,

[A(w) N[0, c]| < oc,

where the notation | B| represents the number of elements in the set B. A regular jump
homogeneous Markov chain is by definition a continuous-time HMC that is also a regular
jump process.

Observe that for a jump process (not necessarily regular), there exists a sequence of

times [T, }»>0 Where
=0« <<t <

and a sequence {X,},»0 € E such that
Xny=X,ift, <t < Ty41.
This describes {X(r)};~¢ on the interval [0, 7o), where
Tao = liM 1 T,

is the explosion time. 1f, moreover, the process is regular, then T, = 20, and {X(1)};>0 1S
right-continuous.

Theorem 2.2.
A regular jump HMC is stable and conservative.

Proof. Postponed to Section 1 of Chapter 9.

There exist bona fide continuous-time HMCs that are not regular jump HMCs, however,
for which all the states are unstable! Fortunately, such Markov chains are of litile concern
for applications and are sometimes called pathological, although it is not hard to construct
one. The reader is directed to (Chung, 1960) for a thorough discussion of this issue.

When the chain is stable and conservative, we have

PX(t+Ry=1| X(t)=i) =1 — g:h + o(h), (2.24)
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and if i £ j,
P(X(t+h)=j| X(1) =) = qi;h + o(h). (2.25)
(Recall that the o(h) symbol represents a function defined in a neighborhoed of 0 for which

. IS
llm,l,%() |”fh ) = O)

Definition 2.6. Conrinuous-Time Birth-and-Death Processes
A continuous-time birth-and-death process is a regular jump HMC taking its values in N,
and with an infinitesimal generator of the form

Giitt = hie Gii-1 = il (2.26)
and g, = 0if j @ (i — Li,i + 1),

The parameters A; and p; are the hirth and death parameters, respectively. Indeed, in
view of (2.25),
P(X(r+hy=i+1|X(t)=1i)=,h+olh) (2.27
and
PIX(t+h)=i—11X(1)y=1i)=j; ly=1ph +olh). (2.28)

By conservation,

POX(+my=i| Xty =1)= 1= (h + pily=1)h + o(h).
Birth-and-death processes are important models in biology (where the terminology comes
from, obviously). but also in operations research, and in particular in queuing theory, where

they appear as M/M /1 /o0, M /M /K /0 queues, among many other models of waiting lines
(sec Chapter 9).

Observe that we have included in the definition the regularity of birth-and-death pro-
cesses. However, in modeling, it is the birth-and-death parameters that are given. The
question is, Given the birth-and-death parameters, does there exist a regular jump HMC sat-
isfying (2.27) and (2.28)? This problem is nontrivial when the birth-and-death parameters
are not uniformly bounded. This issue will be examined in Section 4.

3 Kolmogorov’s Differential Systems

3.1 Finite State Space
In view of the semigroup properties, forall ¢ > O andallh > 0

P(t+h)—P(1) P(I)P(h)fl P -1
h - h Tk

Therefore, if the passage to the limit in (3.1) is allowed, which is the case when the state
space E is finite, we obtain the differential system

P(1). 3.1)

d
2 P00 = P(HA = AP(), (3.2)
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where A is the infinitesimal generator. The equation
d P{ry = AP(?) (3.3)
dr '
can be written explicitly. Foralli, j € E,

d
pu(r) = —q; Pu(f) + qupk_:(r)

keE
k#f

System (3.3) is Kolmogorov's backward differential system. The forward differential system
is

d
EP(I) = P(A, (3.4)

thatis, forall i, j € E,

d
- Py = =pii(Da; + Zplk(r)qk,

HJ
When the state space is finite, a solution of (3.3) or (3.4) with the initial condition P(0) =/
18
P(r) = &4, (3.5)

where the exponential of a finite-dimensional matrix C is defined by

Z C—' (3.6)
n=0 '

(see Theorem 2.1 of the Appendix). This is the unique solution with the given initial data; se¢
(Hirsch and Smale, 1974)for more information on linear systems of differential equations.

|Iﬂ=

Example 3.1. Diagonalizable Infinitesimal Generator
Suppose that the infinitesimal generator has the form

A=VAUT,
where A = diag{x,..... A} and r = |E|. Then (see Example 2.1 of the Appendix)
P(r) = ¢'* = Vdiag{e™, ..., e UT.

For the general case, the reader is directed to (Hirsch and Smale, 1974). &
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3.2 General Case

When the state space is not finite, difficulties may arise in the passage to the limith | 0
in (3.1) because of the possibly infinite sums involved. However, for the backward system,
there 15 a positive result:

Theorem 3.1. Backward Kolmogorov System
If the continuous semigroup {P(#)};>¢ is stable and conservative, Kolmogorov’s backward
differential system {3.3) is satisfied.

Proof, Write the equality involving the extreme terms of (3.1):

Pt R — piy(n)  pieth) — 1 ")
et p,,-(r)+;”’; piile). (3.7)

kAt

It will be shown that the limit as # | 0 of the sum appearing in the above equality exists

and is equal to
> qiepii(0).

ke F
k=i

This means that p;;(r) has a right-hand derivative equal to

—g:pi/() + Y qupi (),
kekh
k£

Since for all k, j € E. py;(r) is a continuous function, and since )« g;; < oo, the right-
ki
hand derivative is a continuous function, by the dominated convergence theorem for series
(sce Theorem 1.6 of the Appendix). It is therefore also the lett-hand derivative, since a
contimuous function with a continuous right-hand derivative is differentiable.
To prove that the limit as 2 | 0 of the sum in (3.7) exists, we start from the inequality

pik(h) N pin(h)
> ”;1 IROEDS P:}l pij(o),
kel k=1

where N is an arbitrary integer (£ is identified with the sct of integers). Therefore, the

liminf as # | 0 of the left-hand side is larger than or equal to the limit of the right-hand
side. Letting then N go to oo after the passage to the limit & | 0 yields

in(h
tim inf 0 Y 252 ) 2 3 1), (3.8)

kE [T
ks ki

Next, observe that for ¥ > |,

il N pah k(R
th( )Pu(!) = ;p;( )ij(f)+zp';1( )

kek k>N
k] kil

' pir(h) 1= pulh) S puh)
_Z 2 ij(f)+—h——; o

=z

]

hr
i
x~
#
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and therefore,

. )3 pi(h) Z‘” u
1 : I - A1) < ; . R E "
o ‘:lﬁg ke i h pAJ( ) - k=0 q kka (r) + q, k=0 qtk

Kkt ki k£t

By letting NV go to oo, and in view of the stability and conservation hypothesis, we have

- pic(h)
limsup ) P < D i (0) (3.9)
10 e kel
Equality (3.3) then follows from (3.8) and (3.9). a

For the forward system, in the absence of regularity assumptions on the trajectories of
the Markov chain, the result is considerably less general.

Theorem 3.2. Forward Kolmogorov System
Under the assumptions of Theorem 3.1, and if, morgover, for all states and all r > 0,

> pulnae < oo, (3.10)

kel
then Kolmogorov’s forward differential system (3.4) is satistied.

Proof. Using estimate (2.15), we see that

prilh) < I — pu(h) < a
h h
The first equality in (3.1) reads

pii(t + R) = pij(t) puith) — &y
: Y = ZPM(I)J—h*J‘

kel
k£

Each term of the series on the right-hand side is bounded by the corresponding term of
the convergent series > ., ., P (f)gi. Passage to the limit 2z | O is therefore allowed by
Lebesgue's dominated convergence theorem, and this leads to the announced result, again
after observing that the continuous right-hand derivative of a continuous function is also the

left-hand derivative. C

The distribution at time ¢ of the chain is the column vector u(t) = [, (t)}ice =
[P(X(1) = )};cr- Itsatisfies, forall 1,5 = 0,

w'(t + sy = pnT(OP(s), (3.11)
that is, foralli, j € E,
Wit +5y =y pi(0)pi(s).

jeE
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Theorem 3.3. Global Balance
Under the assumptions of Theorem 3.1, and if, moreover, for all ¢ = 0,

> qipilt) < o0, (3.12)

ick

then the Kolmogorov’s global differential system

4 vy T
D =u (DA (3.13)

is satisfied, that is, for alli € E,
d
i = —:()gi -+ Z i (0)q -

JEE
§E

Proof. From (3.11), foralli € E,allt > Q,and alt & > 0,

it + hy = wi@puth) + Y 1 Opih),

that is, after rearrangement,

i1+ h) — i 1 — pii{h i(h
Hilr + ; i (1) = ) 1]: ( )+Zuj(t)pjh( )

The rest of the proof is then the same as that of Theorem 3.2. O

Remark 3.1. Condition (3.10) is trivially satisfied when the state space is finite, or when

supg; < oo. (3.14)

icE

If this condition is satisfied, the chain has the same distribution as a uniform chain, as we
shall prove later, in Corollary 4.1. <&

Definition 3.1. Srationary Distribution
A stationary distribution of the semigroup {P(r)},>¢ is any probability = on E such that for
allt = 0,

Py =n". (3.15)

If X (0} is distributed according to m, then so is X{¢) for all ¢ > 0, because from (3.11),

WIy=r"Pu)y=n’.
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The chain is then said to be in a stationary regime ot in equilibrium because for all times
fy,... i rsuchthatr > Qand0 <1 <1 <--- <, andall states iy, ..., i, € E,

PX(h 4+ =i, ....XIn+0D=i)=P(X()y=101...., X(1) = i)
This is proved by computing the left-hand side using Bayes’s sequential rule, to obtain
a(i)panlts = 1) P e — 1),
and by observing that this quantity does not depend upon 1.

In general, as for discrete-time HMCs, a stationary distribution need not exist, and if it
exists, need not be unique. Continuous time brings something new into the picture, namely
a local characterization of the stationary distributions, that is often more practical than the
global characterization (3.15).

If 7 is a stationary distribution of a stable and conservative continuous-time HMC, and if
S icp T(i)g; < oo, then, according to Theorem 3.3, 7 satisfies the global balance equation

7TA =0, (3.16)
that is, in expanded form,

mlidg = ) _m(j)gy.
Jeb
It
The above result is not stated as a theorem because it is too weak. First we need to
assume stability and conservation, then we must introduce an assumption on the stationary
distribution itself. Also, we lack the principal result, namely the converse: 1f a probabil-
ity distribution 7 satisfies (3.16), then it is a stationary distribution. However, there are
interesting cases where a satisfying result can be obtained at low cost.

Example 3.2. Finite State Space

If the state space is finite, we know that the system is stable and conservative, and that both
the forward and backward Kolmogorov systems are satisfied, as well as (3.13). Also, if there
exists a stationary distribution 7, (3.12) is satisfied, and therefore, necessarily aTA =10

Now suppose that 77 A = 0 for some probability distribution 77 on E. Then pu(t) = 7 is
a solution of the system (3.13). But (3.13) is a finite linear system of differential equations
and it has a unique solution wu(r) such that p£(0) = . Therefore, if X(0) is distributed
according to , then so is X(¢) forall # > 0. Thus 7 is a stationary distribution.

In summary: For a continuous-time HMC on the finite state space E with infinitesi-
mal generator A, the condition 77 A = 0 is necessary and sufficient for the probability
distribution 7 on E to be a stationary distribution. <

Example 3.3. Stationary Uniform HMC
For the uniform Markov chain of Definition 2.2 and Example 2.3, ¢; = A(1 ~ k), and
therefore sup g; < oo. Therefore, the conditions of Theorems 3.1, 3.2, and 3.3 are satisfied.
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Therefore, a stationary distribution 7, if it exists, is a solution of 7TA = 0. In view of
(2.19), 7" A = 0 is equivalent to
T =a’K. (3.17)

(This shows, in particular, that 7 is a stationary distribution of the subordinated chain.)

Now, suppose that w7 A = 0, and therefore (3.17) holds. From (2.9},

NTP(I) — Zefﬁtr(_ti‘)_nﬂ,'rl(n — (Z e—A.’(LnI')_i) TfT _ ﬂ'T-

2=0 n=0
In other words, 7 is a stationary distribution of the uniform HMC {X{t}};»0. Therefore, in
this case also, 7T A = 0isa necessary and sufficient condition for the probability distribution
7 to be a stationary distribution. <o

3.3 Regular Jumps

In the practice of operations research and of engineering, and in the bioclogical and social
sciences also, the Markov chains that are likely to be encountered are regular jump processes.
For such chains, the situation is just as simple as for finite state space or uniform Markov
chains.

Theorem 3.4.
Let { X (£)},»0 be a regular jump HMC with countable state space F and transition semigroup

{P(1)};=0. Then
(1) The semigroup {P{r)} is continuous, stable, and conservative.

(il) The backward and forward differential systems of Kolmogorov are satisfied, as well
as the global balance differential systems.

(iii) A necessary and sufficient condition for a probability distribution 7z on £ to be 2
stationary distribution of the chain is 77 A = 0, where A is the infinitesimal generator.

The proof is a little bit technical and is omitted; see Chapter 1 of (Anderson, 1991). In
Section | of Chapter 9, we shall obtain a very close result, which is sufficient for practical

purposes.
Example 3.4. Global Balance for Birth-and-Death Processes

Recall Definition 2.6, where we defined a birth-and-death process with parameters A, and
i, to be a regular jump HMC taking its values in N and with an infinitesimal generator of

the form

—Agp Ao 0 0
o =+ ) Al 0 0
A=| © 2 ~(h + 12) Ay 0 1. (3.18)

0 0 43 —(R3 + uz) A3
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The differential system satisfled by p,{#) = P(X(t) = n)is
polt) = —Aopolt) + o p1 (),
pa1) = ln—an—l(f) — (A + ﬂn)Pu(f) =+ JUvn+IPn+I([) { forn = 1).

A necessary and sufficient condition for a probability 7 to be a stationary distribution of the
birth-and-death process ts

0 = Ao (0) — gty (L),
0= Apmyw(n — 1) — Gy + p)min) + plpprm(n + 1) (forn > 1).
For fixed 7(0). there exists one and only one solution for this system, namely,

(n) = (o) At (3.19)
£

2

for n > 1. If we require 7 to be a probability distribution, we must have

Agh An
a0y [ 1+ Z O_L__ =1, (3.20)
n=I Hiter
and this is possible if and only if
)\.[))\.|
1+ < o, 3.21)
Z P
in which case the unique stationary probability is given by (3.19) and (3.20). <

4 The Regencrative Structure

4.1 Strong Markov Property

A regular jump HMC has the strong Markov property. For a precise statement of this
result, we need to introduce stopping times in continuous time. The definition is completely
analogous to the discrete-time definition.

Definition 4.1. Stopping Times

Let {X(1)};20 be a stochastic process with values in £. A random variable T taking its values
in R. is called a stopping time with respect to {X(r)} if for all # > 0, the event {7 < r}1is
expressible in terms of (X(s5), s € [0, ¢]). We denote this by

[r =1} e X]. (4.1}
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Example 4.1. Escape and Return Times
Let {X(7)},»0 be a regular jump HMC with countable state space E. The escape time from
state i, denoted by E; is defined by

E; = inf{r = 0; X(¢) # i}, (4.2)
with £; = oc if X(¢) = i forall 7 = 0. The return time to ¢, denoted by R;, is defined by
R; = inf {r > 0;¢ > E; and X(1) =i}, 4.3)

with R, = oc if E, = oc or X(t) # i if forall+ = E;. Then E; and R; are stopping times
with respect to { X(7)},>q (exercise). &

We define the process after the random time 7 just as we did in discrete time:

{X(r + Dhzos (4.4)

with the convention X(20) = A, where A is an arbitrary element not in £. The process

before 7 18
{X(t A T30 (4.3}

Theorem 4.1. Strong Markov Property

Let {X(1)},»0 be a regular jump HMC with countable state space E = N (without loss of
generality) and transition semigroup {P(#)},>0, and let T be a stopping time with respect to
[X()}»0. Let k € E be an arbitrary state. Then, given that X(z7) = k,

() the chain after 7 and the chain before 7 are independent, and
(8) the chain after 7 is a regular jump HMC with transition semigroup {P(#)};>0.

Proof. It suffices to show that for all states %, all positive times #. ..., Fuy S1, ..., 8p, all
real numbers uq, .... Hp, V1. ..., vy and all initial distributions i

n P
E, |:EXP Hf me(l’ +ir)+i Z UmX(fASm)} 1{X(r)k}j|

=1 m=1
n i
— £, [cxp{fzuf)((u)” E,. [exp{inmX(t,\sm) 1{x(r}=k,} (4.6)
=1 m=I

Indeed. if (4.6) is satisfied, fixing vy = -+ = v, = 0, we obtain

E“ I:exp [f ZM(X(I + ff)] 1{X(r)=k}:| =E; |:€Xp {I lefX(Ig)}
; i=1

PJ,L(X(T:) = k),

r=1 |

that 1s,

| X(I) :k:| = E; I:cxp lziutX(rf)}}

£=1

= £, [exp{irzug}{(w)} | X{0) ,k:| ,

=1

n
E'u |iexplz ue X(t + 1)
=1
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and this shows that given X(z) = &, {X(7 + 1)};>0 had the same distribution as {X()};=0
given X(0) = k. We therefore will have proven (8). For (a), it suffices to rewrite (4.6) as
follows, using the previous equality:

E, [exp {i Y wX(T ) +i > va(I,\sm)] | X(z) = k:|

i=i me=1

=E, Iiexp {i Zn:ng(r —i—zf)] f X(1) = k}
¢=1
xE, {exp [r’ ZH:UMX('CAS,,,)} | X(1)= k:|.
n=1

It remains to prove (4.6). For the sake of simplicity, we do the case where n =m =1, and
letuy =u.ty =t, vy =1v,5 =35,

We first treat the case where 7 takes a countable number of values, denoted by ;. Then

E lexpliunX(t+0) + X (T )}  x(r1=k)]

o0
=Y EufexpliuX(a; + 1)+ ivX(@; A ixamis L= ]

j=1
Forall j = 1,

Eu [exp{iuX(aj- + I) + .!'UX(CIJ,' A 5)}1[X{a,)=kj1{r:a;}]
= E#[exp{iu}((aj + I)}IIX(H,):H exp{ivX(aj AS)}IITZUJ}]
= EyJexpliuX{a; + 1)} | X(a;) = k]E [explivX(a; A $)}Hg=a ixia)=11]-

where for the last equality, we have used the fact that 1;, -, ) is a function X(u), 0 < u < a;,
and the Markov property at time a;.

Therefore, forall j = 1,

Eu[exp{iuX(aj + f) + ivX(aj- A S)}I{X(aj]:k] l[r:a}]}
= Ek[exp{iuX(r)}]EH[exp{ivX(aj N S)}I{X(aj]:fr}l{t=u;}]-

Summing with respect to j, we obtain the equality corresponding to (4.6). To pass from
the case where the stopping time 7 takes a countable number of values to the general case,
define for each n > 1 the following approximation r(n} to the arbitrary stopping time T
(with respect to {X(£)}>0):
0 ifr{w) =10,
(n, w) = "ZL' if% < T{w) < "zi'
+oo  if r{w) = co.
Then t(n) is a stopping time (exercise) with a countable number of values, and therefore,
(4.6) is satisfied for z{n). Now, lim,sse | T(n. @) = T{w), and therefore

lim X(c(n) A @) = X(z 7). lim X(x(1)+5) = X(z + ). B Disen=is = Lixcors
a7 nltoc HTX
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(use the fact that a regular jump process is right-continuous). Therefore, letting 7 go to oo
in (4.6) with 7 replaced by 7 (n), we obtain the result for t itself, by dominated convergence
{see Theorem 3.2 of the Appendix). O

4.2 Embedded Chain and Transition Times

Let {1,}4>0 be the nondecreasing sequence of transition times of the regular jump process
{X{(r));»0, where 7o = 0 and 7, = oc if there are strictly fewer than » transitions in (0, 20).

For each n > 0, 1, is a stopping time with respect to { X(7)}, -0 (exXercise).

The process { X, }.>0 with values in £ = E U [A}, where A is an arbitrary element not
in £, is defined by
Xn= X(1.), (4.7)
with the convention X (o0) = A, and it is called the embedded process of the jump process.
If {X ()}, is a regular jump HMC, it follows from the strong Markov property that given
X(t)) = k € E, {X(1, + t}};»p 1s independent of {X(z, A 1)};»0, and therefore, given
X, = k the variables (X,11. X,42....) are independent of (Xy, .... X,), thatis, {X,}n20
is a Markov chain. It is clearly homogeneous because the distribution of {X(z, + £)}i=0
given X(z,) = k is independent of n, being identical with the distribution of { X(¢)},-0 given
X(0) = k.

More precisely:

Theorem 4.2, Regenerative Structure
Let {X(7)};>0 be a regular jump HMC, with infinitesimal generator A, transition times
sequence {7, },-0, and embedded process { X, },~0. Then

(@) {X,)as0 1s a discrete-time HMC with state space Ex = E U {A} with transition
matrix given by pan — 1, pja = 1 ifi € Eandg; = 0; by p;a = 0ifi € Eand ¢; > 0
andifqg; > Oand j # i, by

qij
pig = =, (4.8)
gi

(B) Given {X,},>0. the sequence {T, 1 — T,)a=0 is independent, and for all » > 0 and
alla € R,
P(tir) —tw <a [ {Xilkzo) = 1 — e 04, (4.9)

Proof, The complete proof of Theorem 4.2 will be given in Chapter 9, Section 1. We shall
for the time being begin with the following partial result.

(') { X, }uo is a discrete-time HMC on E5 = E U {A}

(B Given {X,},=0, the sequence {7,+] — Ty}4>¢ 18 independent.

(8") There exists for each i ¢ E a real number A(:} > 0 such that for all » > 0 and all

ae Ry,
P(""’H-}—] — Tp S a ‘ {Xk}kZU) = l — e_l(xujﬂl



4 The Regenerative Struciure 349

We have already proven (¢'). Call p;; = P:{(X{r;) = j) the transition probability of
[Xplp>1 fromi to j. To prove () and ("), it suffices to show that

P(X =i,....X,=ip, i —T0>4a1,.... Ty-Th| = dy)
—Mi —a(f = Al 1
=e (a Pii € A(“)azphiz MRS -1 M1 )a Pi,l,|f.r
forall i, i;,.... i, € E,ay,...,a, € By, and for some function A : E — R,. By the

strong Markov property, it suffices, in fact, to show that for all i, j € £, a € K, there
exists A{) > 0 such that

PAX) = j,1 — 1> a) = P(X, = e (4.10)
Define g(t) = P{r; = t). Fort, s = 0, using the obvious set identitics,

glt+s) = Pty >t +5)
= Pty > t+s.7 >80 X(@)=1)
PXit+wy=i(uec[0,s]), 1 =1 X(7)=1i)

I

The last expression is, in view of the Markov property at time ¢ and using the fact that
{11 = t} is expressible in terms of (X (v), v € [0, ¢]),

P(X(t+uw)y=iue[0sD) X =DP@ =1, X(1)=1)
= P(X(u) = i{u € [0,5]) | X(0) = HPi(z; > 1)
= Pt = s)P(t1 = 1)

where the last two equalities again follow from the obvious set identities. Therefore, for all
s, >0,
gt + 5) = glr)g(s).

Also, g(1) is nonincreasing, and lim, o g(r) = 1 (the semi group is continuous). Tt follows
(see Theorem 1.11 of the Appendix) that there exists A(i) € [0, 0o) such that g(r) = e ™0,
e, P(ry > 1) = e forallt > 0.

Now, using the Markov property and appropriate set identities,
P(X)y=jn=t)=FAX@)=jn>1X01 =10
= Pi(first jump of {X(t +5))y>0 15 j. 1 > 1, X(1) = 1)
= P(first jump of {X(r + 5))s=0 is j | X(r) = D)Pi(v > 1, X(£) = i)
= P( first jump of {X(s}},50 18 j | X(0) = ) Pi(1 > 1)
= P(X(n1) = DPi(n > 1),

and this is (4.10). |

Definition 4.2, Essential, Permanent
A state i € E such that ¢; = 0 is called permanent; otherwise, it is cailed essential.



350 8. Continuous-Time Markov Models

[n view of (4.9), if X(z,) = i, a permanent state, then 1,41 — 7, = 00; that 1s, there is
no more transition at finite distance, hence the terminology.

Example 4.2. Regenerative Structure of Uniform MC

For the uniform MC of Definition 2.2 and Example 2.3, the embedded process {X,},z0 is
an HMC with state space Ex = E U {A},and if i € E is not permanent (i.e., in this case if
ki < 1), then for j # i,

P Tl
Indeed, {X,.} is obtained from {X,} by considering only the “real” transitions (see Problem
2.7.1). &

An immediate corollary of Theorem 4.2 is:

Theorem 4.3. The Infinitesimal Generator Characterizes the Semigroup
Two regular jump HMCs with the same infinitesimal generator and the same initial distri-
bution are probabilistically equivalent.

Another way to state this is as follows: Two regular jump HMCs with the same infinites-
imal generator have the same transition semigroup.

Corollary 4.1.
A regular jump HMC with infinitesimal generator A such that sup;.g ¢; < o0 has the same

transition semigroup as a uniform chain.

Proof. Select any real number A > sup; . ¢;, and define the transition matrix K by (2.20)
and (2.21). The uniform chain corresponding to (, K) has the infinitesimal generator
A, O

We shall say that a continuous time HMC with an infinitesimal generator such that

sup g < X, 4.11)
ek
is uniformizable. Any pair (A. K) as in the proof of corollary 4.1 gives rise to a uniform
version of the chain. The minimal uniform version is that with A = sup; ¢ ;.

4.3 Explosions

Definition 4.3, Generators
Let A = {gi;}i jer be a matrix with entries satisfying for all i, j € E,

g €[0,%0), gi;el0,00), I _gu=4a (4.12)

where g; = —g;;. This matrix is called a stable and conservative generator on E: and it is
called an essential generator if, moreover, g; > Qforalli € E.
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Note that no reference is made to a continuous-time HMC.

Theorem 4.2 suggests a way of constructing a regular jump HMC {X(7)},20 with values
in a countable state space E and admitting a given generator A = {g;;} that is stable and
conservative. We shall also suppose (for simplicity) that it is essential. One would construct
asequence tp = 0, Xo, 1y — 7o, X1, T2 - 71, Xo, - according to

{P(l’,,.,_l—'[nfxiX(),...,X,l,fg,...,fn)Z1—8["X”x (4.13)
P(Xp=j | X0, . Xou Tou o Tet) = Gx,/Gx, '

the initial state X being chosen at random, with arbitrary distribution. The value of X(#)
fort, <1t < 7,4 1s then X,,.

The problem with the above regenerative construction is that
oo M lim 4 7, (4.14)
ntoo

may not be almost surely finite. We say that the generator A is #on explosive if
Pt = o0} = 1, (4.15)

for any initial distribution y and all regular jump HMC associated to a semigroup with gen-
erator A. It will be proven in Chapter 9 that in the nonexplosive case, the above construction
indeed produces a regular jump HMC.

Theorem 4.4. Reuter’s Criterion
Let A be a stable and conservative generator on E. It is nonexplosive if and only if for any

real A > 0, the system of equations

(+gdx = Y qipx;, i € E, (4.16)
’Jif

admits no nonnegative bounded solution other than the trivial one.

Proof. The number
oG
g(M) = E; {exp {4 > S ”
k=1

is uniformly bounded in 2 > 0 and{ € E, and if Pi(1 = oc) < 1, it is strictly positive.
Also, x; = gi(A). i € E, is a solution of (4.16), as follows from the calculations below:

&) = E; [exp{—m.}exp I—AZ&CH
k=2
= (f"o e_mqig‘q;rdt) E; |:exp [—Az SkH
0 k=2

gi o

i

= —E; €Xp W;LE Sk
rta [ { =2 H
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and. by first-step analysis,

el g e gl s

;ei: el
4#

Therefore, if A is explosive there exists a non trivial bounded solution of (4.16). We now
prove the converse. Call {g;(3}};c¢ a bounded solution of (4.16) for a fixed real A > 0. We

have
g:(x) = Elexp{—i8i)gx,(3) | Xo =], (4.17)

since the right-hand side is equal to that of (4.16), as first-step analysis shows. We prove by

induction that
g(}) =E [exp IAAZSk} gx, (M) | Xo = 1} : (4.18)

k=1
For this, rewrite (4.17) as
gi(2) = Elexp{—ASa+1)8x,, (M) | Xn = i),
that 1s,
8x,(3) = E[exp(=ASus1}ex, ., (2) | Xal.
If this expression of gy, (1) is used in (4.18), then it follows that

it
g\ =E |:exp [*AZS;(} gx. (W) | Xo = :} : (4.19)

k=1
Therefore, (4.18) implies (4.19) (the forward step in the induction argument). Since (4.18)is
true forn = 1 (Eqn. (4.17)), itis true forall # > 1, and therefore, since K &f lg: (&) < o0,

oG
&) < KE; [exp [—AZ&” :
=1
Therefore, if {g:{A)}ice is not trivial, for some i € E it must hold that P i) Sk < 00) >
0, or equivalently, P,(1,. = 20) < L. G

Problems 8.4.1 to 8.4.3 give sufficient conditions of nonexplosion that are satisfied
in many cases. We shall see in the next chapter that for continuous-time HMCs arising
in a queuing context, nonexplosion is easy to prove. This seems to diminish the impact of
Reuter’s criterion. However, there exists a very important situation where it is irreplaceable:

Theorem 4.5. Reuter's Criterion for Birth-and-Death Generators
Let A be generator on £ = N defined by g, ny1 = An and gya—3 = fnluz1, where the birth
parameters A, are strictly positive. A necessary and sufficient condition of nonexplosion of

this generator is
[ 1 o TS }
— + 4+ =00 (4.20)
ZI:|:}LM )Ln'\n—l An""\l’\O
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Proof. We start with preliminary remarks concerning the system of equations (4.16) in the
particular case of a birth-and-death generator

AXe = —ApXg + AoXy, 4.21)
Ay = pexe oy — (i + O + Aexe (k= 1), |

For any fixed xp, this system admits a unique solution, that is identically null if and only
if xo = 0. If xg # 0, the solution is such that x; /x, does not depend on xq, and therefore,
only the case where xo = 1 needs to be treated.

Writing yi = x¢41 — Xp, We obtain from (4.21)

A Hic > R i
W=—X+ Xt o+ T— Xt T % (4.22)
Ak Mg g A A A Ag Al

and yg = :—,, From this we deduce that if A > 0, then ¥, > 0 and therefore {x;}i»o0 is a

strictly increasing sequence.

Therefore, using vy = :_u in (4.22), we have

1 M Mk'“lil]
ez h| o+ o AL
[lk Agdg_1 Ap - Aihg

Thus, we sce that a necessary condition for {x; }x=0 to be bounded is that the left-hand-side
of (4.20) be finite. This proves the sufficiency of (4.20) for nonexplosion.

We now turn to the proof of necessity. Fori < k, bounding in (4.22) x; by x; yields the
majoration
A Mi- o HiA
Ve < | — o X,
—A_|:)LI( PRSP
and therefore, since v, = X341 — X,

P prh
:'bk"‘)vl)vo

1
mp{k[ﬁ..+_§tmgﬂl”.

A
Xyl = [1+,—+"'+
Ak

IA

Since x; = 1, this leads to

1 Mk"-m}
Xy <expii — 4+t
' p[ ;[xk M- o }

Therefore, a sufficient condition for the solution {x,},q to be bounded is that the left-hand
side of (4.20) be finite. This proves necessity in Theorem 4.5. O
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Example 4.3. Pure Birth
A pure birth gencrator A is a birth-and-death generator with all i, = 0. The necessary and
sufficient condition of nonexplosion (4.20) reads in this case

> —=x. {4.23)
o

Example 4.4. Absorbing Birth-and-Death Processes.
I.et A be a birth-and-death generator with parameters A, and 4, where 4, > Oand p, > 0

forall n = 1, but
g = 0. (4.24)

Starting from the initial state { > 1, we seek to obtain the probability of absorption u; in

state 0 (indeed condition (4.24) makes 0 an absorbing state).

Clearly, this probability is the same as the probability of absorption by 0 of the embedded
chain, with transition matrix

1 0 0 0
23| A
P At 0 Aa+l.ut 0
= 5] A2
0 PR 0 Artpz
By first-step analysis, for i > 1
i A
U = iy + u; (4.23)
b T
with the boundary condition 1q = 1. Equation (4.25}is, fori > 1,

i
ui — ;= —(u; — i),
Aj

It follows from this and the boundary condition that forn > 1,

n—1
up—uy = —(1—u)y v, (4.26)
i=1
where fori > 1, B "
Lyt -
=1 yp=— 4.27
Yo ¥ TRy (4.27)

Since u, is bounded by 1 for all i > 0 (it is a probability), we see from (4.26) that if

o
Y wi=o0, (4.28)
i=1
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then necessarily #; = 1, and consequently, #, = u; = 1 for all # > 0. This means that
under condition (4.28), the process is ultimately absorbed by state 0, whatever the initial

state. Suppose now that u; € (0, 1), and consequently,
o0
Z Vi < 00 (4.29)
i=l1

By (4.26), u, is decreasing to some u > O asn — o0. Necessarily, # = 0, since otherwise
u, > u > 0 forall n, and a Borel-Cantelli argument (see Problem 1.8.2) then shows that
un, = 1 for all n, a contradiction with u, € (0, I).

Equation (4.26) gives at the limit n — o0,

— Z?Cl Vi
L+ Zi’ 1 ]/r
and theretore, from (4.26) again,
YV
U, = ——=C——. (4.30)
1+ Y% v

We now compute m;, the mean time to extinction (absorption by () when starting from
state i > 0, supposing that absorption takes place almost surely, i.e., condition (4.28) is
sansﬁed When in state i > 1, the process remains there for an exponentlal time with
mean ;— . and then jumps to i -+ 1 (resp., { — 1) with the probability - + - (resp., #F)
F lrst—step analys1s therefore gives fori = 1

1 1 Ai
m; — + m;_ + m; 4.31
Mt hrm T T ra (4.31)

with the boundary condition mg == 0. Fori > 1, (431} can be written

m; — m; = — + Zm_y —my).
i+l Y )‘-i( i—1 l)

Straightforward manipulations yield, forn = 1,
t(mn - mn+l) = Z T — my. (432)
Obsecrve that m, < m,, forall n. If
G
B 433
; " (4.33)
then necessarily m| = oc. Consequently, m, = oc forall n > 1. Suppose now that

1
— <o (4.34)

7 Aivi

i Mg
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Then necessarily m; < oo. Consequently, m, < oo forall z > 1. From (4.32), letting
# 1 oo therein,

X1 1
my=Y — — lim —(m, —m, ().

i) N
It can be shown that .
lim —(m, —m,..;)=0. (4.35)
" Yy

This gives

oc 1 n—1 o0 1
Mma=) —+ W (4.36)
oMY j;l AjYi
<
Example 4.5. Linear Birth-and-Death Process
We shall apply the above results to the linear birth-and-death process for which
An = HA. Mg =R, (4.37)

and Ag = 0, where A > 0 and i > 0. Inthis case 3 = (£)°, and therefore 7= i < oc,
ifand only if 0 < A.

Therefore, 1 > A implies eventual extinction, as expected. For j2 < A, the probability
of extinction when starting from state n is u, given by formula (4.30). In this case, for

"=t p —(5)" (4.38)
=) .

In the case where u > A, which implies eventual extinction from any initial state », formula
(4.36) gives the mean time to extinction. We do the case with a single ancestor

and therefore, m; — oo if A = p, and if £ > A,

1 Iz
=1 4,
m kog(#_l), (4.39)

where we have used the expansion
. xf 1
5 —ten(i, )
i=1 g I—x

valid for x € (0, 1). &
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5 Recurrence

5.1 Stationary Distribution Criterion of Ergodicity

We shall now define irreducibility, recurrence, transience, and positive recurrence for a
regular jump HMC.

Definition 5.1. Irreducibility
A regular jump HMC is called irreducible if and only if the embedded discrete-time HMC
is irreducible.

Definition 5.2. Recurrence
A state i is called recurrent if and only if it is recurrent for the embedded chain. Otherwise,

it is called rransient.
A recurrent state / € E is called ¢-positive recurrent if and only if E;[R;] < oo, where

R; is the return time to state i (Example 4.1). Otherwise, it is called t-null recurrent.

Remark 5.1. We shall soon see that ¢-positive recurrence and n-positive recurrence (the
latter is positive recurrence of the embedded chain) are not equivalent concepts. Also,
observe that recurrence of a given state implies that this state is essential. Finally, in the
same vein, note that irreducibility implies that all states are essential. <

Definition 5.3. Recurrence and t-Invariant Measure
A t-invariant measure is a nontrivial vector v = {v({)};cg such that forall t = 0,

vTP() = vl (5.1)

Of course, an n-invariant measure is, by definition, an invariant measure for the embed-
ded chain.

Theorem 5.1, {-nvariant Measure

Let the regular jump HMC {X(#)};>¢ with infinitesimal generator A be irreducible and
recurrent. Then there exists a unique (up to a multiplicative factor) ¢-invariant measure such
that v(i) > O forall i € E. Moreover, v is obtained in one of the following ways. (i):

Ry
v(i) = Ep |:f 1[X{s)~f}ﬂ's] . (5.2)
0
where 0 is an arbitrary state and Ry is the return time to state 0. (i):

: E TD_ lix,=i
_ @ _ 0 [Zn_l (X I] (53)
qi i

where w is the canonical invariant measure of the embedded chain relative to state 0, and
Ty is the retum time to ¢ of the embedded chain (eqn. (2.3) of Chapter 3). (iii):

vIA=0. (5.4)

V()
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Proof.

() We first show that (5.2) defines an invariant measure, that is, for all j € E and all
=0,

v(j) = Y vk)Ipi ().

keE
The right-hand side of the above equality is equal to

A=Y E [_[0 IIX(x)—k]II-VSRn}dS] Pii(t)

kel

- f T R+ ) = 1 X = KPXE) = ks < Rods.
0 eE

From the Markov property, since {s < R} is an event expressible in terms of (X(u), u €

[0, s]).
Po(X(t +5y=j | X(s)=k) = Pi(X(t +5)y=j | X(s) =k, 5 = Ro).

Therefore,

A= /.xZPU(X(IJrS) =j | X(5) =k, 5 < R)PUX(s)=k,s < Ry)ds
0 yeE

O
f Po(X{t +35)=Jj.5 < Ro)ds = f Eo [Lixgro—jtis<ro ] d5
0 0

Ro 1+Ry
E[] [f I{X(,+_;)Aj]ds:| = E(} [[ l{x(u)j]du:|
0 '
Ro i
= Ey [l{rsRn}f l{X(u)=Jld“:| — Eo |:1{!>R0}f 1[X(u)=j}d“]
' Ry
Ry+t
+Ey [[ l{x(“)zj}du] .
Ry

From the strong Markov property applied to T = Ry,

Ru+t !
Ey [f 1{X(u)=ﬁd“] = £ [[ 1IX(u)=f}d“] :
Ry ¢

Ry f T
= e[ [ ] [ ][] ]
! Ry 9
Ry
= Eg [[0 I[X(u]j}du:| =v(j)-

() We now show uniqueness. For this consider the skeleton chain {X(n)},>0, which
is irreducible, since the continuous-time HMC is irreducible (Problem 8.5.3). It is also

Il

Therefore,
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recurrent. Indeed for a fixed state i, consider the sequence 71, Z,, . . . of successive sojourn
times in state i of the state process. This sequence is infinite because the embedded chain is
recurrent, i.i.d., exponential with mean 1 Therefore, the event [Z, > 1} occurs infinitely
often, and this implies that {X{n) = i} a(fso occurs infinitely often. Therefore, the skeleton
being irreducible and recurrent has one and only one invariant measure. Since an invariant
measure of the continuous-time chain is an invariant measure of the skeleton, uniqueness
follows.

(y) We now show that if v is the (essentially unique) invariant measure of the continuous-
time HMC, then p defined by (5.3) is the (essentially unique) invariant measure of the
embedded chain. For this, call 7; the return time to 0 of the embedded chain. Then

R Ty—=1
v(i) = Ep l:f l{X(.\')Ji}dS:| =Ep |:Z Sna 1{X,,=i}:I
o

n=0
X oc
= Eo | Y Suitlix =it Lineris =Y EolSnr1Lix,=is Lin<rl]
n=0 =0
= EolSusr | X = ivn < TolEoll1x,=i) Lis<ryl]
n=>0

I

o0
> EolSur | Xo = i1Eo[l1x, =) Lin=1ii]-
n="0

where the last equality follows from the strong Markov property attime 7,. But Eo[S,1 | X =
i]= % since conditionally on X, = i, S,. 1s exponential of mean 1/g;. Therefore,

To—

L 1 ' R0)
v(i) = — }: Eollix,=itln=mt] = — Eo Z Y= | =——-
gi n=( 4 n=0 qi

(8) We show that v given by (5.3} where j is an invariant measure of the embedded
chain, also satisfies (5.4). The transition matrix P of the embedded chain is

qij ... .
pi =0, py= -q—"_flff #
!

and the balance equation #” = p P reads

1) D)

qi = jis
J jek 7
1At

which is just (5.4). O

Theorem 5.2, Positive vs. Null Recurrence
An irreducible recurrent regular jump HMC with invariant measure v is z-positive recurrent

if and only if
Zv(i) < 5.
ieE
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In this case the stationary probability m is related to the mean return times by

gim Ei[Ri} = 1. (5.5)
Proof. Observing that
. 1
> vy = EolRel. v(0) = Eoltl = — (5.6)
ief qo
the proof is the same as for the corresponding result in discrete time. ]

Remark 5.2. We can give consistency to Remark 5.1 by using the relationship between the
t-invariant measure v and the n-invariant measure ;¢ of the embedded chain in (5.3), which
shows that there exist versions of the invariant measures p of the embedded chain and v of
the continuous-time chain related by

p(i) = giv(i).

We see that all 4 possibililies concerning the convergence or divergence of the series
Y icg (@) and 37, o v(i) are open. The mean sojourn times g7 make the difference,
as is natural since they embody the deformation of the time scale when passing from the
discrete time of the embedded chain to the continuous time of the regular jump HMC. ¢

Definition 5.4. Ergodic
An irreducible regular jump HMC is called ergodic if it is ¢-positive recurrent.

Note that the notion of periodicity is irrelevant in continuous time. Note also that the
embedded chain of an ergodic regular jump HMC may well be non ergodic, for two reasons.
The first is the possibility that the embedded chain is null recurrent, as explained in Remark
5.2, while the second is the possibility that the embedded chain is periodic.

Theorem 5.3. Criterion of Ergodicity
The irreducible regular jump HMC with infinitesimal generator A is ergodic if and only if

there exists a probability 7 on £ such that
m'A =0 (5.7

Proof, In view of Theorem 5.1, only sufficiency has to be proven. Therefore, suppose that
(5.7) holds for a probability distribution 7. We shall prove that aTP(ty=n' forallt = 0.
For this, define

p) = PX() = .t < ),

where the 7, are the transition times. A trajectory starting from state i contributes to pf;)(t)
either if it has no jump before r and i = f, orif it has a last jump (say from k to j) at a time
s < t, and therefore at most n — 1 jumps before s. Therefore (Problem 8.5.4),

!
pINE) = 8;j exp(—qit) + f > Pl V(5)qis expl—q;(t — s)ds. (5.8)
0 teE
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Thus

> w(ipl () = m(exp(-q;n)  + fo expl—q;(r — ) Y _ quy »_w(idply s)ds.
ek keE ek
Now,

D m()pl (s) = w(k) exp(—gus) < (k)

ek
that is, 77 P{(s) < 7, with the obvious notation. By induction, = P")(s) < n”". Indeed,
if the latter is true, then

Y w s < w(jyexp(=q;0) + fo exp(—q;t —5) Y _ qiym(k)ds

ieE keE

(i) exp(—a,1) + 7(i)d; [D exp(=q,5)ds = 7(j).

Since the process is nonexplosive,

lim p(1) = pi(z) and ) _ piy (1) = 1.
" jek

Therefore, by dominated convergence,

Y w(@Dpin) < n(j).

i€k
Summation of both sides of the inequality shows that equality must hold. Therefore, 7 is a
stationary distribution.

If the chain is transient, lim, ;o 1x(=; = 0, and therefore, by dominated convergence,
rlim pij(t) =0, (5.9

In particular, by dominated convergence, (7 P(r})); would tend to 0 as 1 — oc, a contra-
diction with #TP{z) = = 7. The chain is thercfore recurrent. It is z-positive recurrent by

Theorem 5.2. O

5.2 Time Reversal

The concept of reversibility in continuous time is basically the same as in discrete time.

Let {X(r)};>0 be a regular jump HMC with countable state space E, transition semigroup
{P(1)};»0, and infinitesimal generator A. Assume, moreover, that this chain is irreducible
and ergodic, and in equilibrium, with the stationary distribution 7. For arbitrary but fixed
T > 0, consider the process {X(f)},em‘r] obtained by time reversal of { X (f)};c0.77, L€.s

X() = X(T - 1.
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Then {X (1)) is an HMC with transition semigroup {P(r)}»o given by
mw{)pi (1) = w(j)p;i(t) (5.10

(the proof is analogous to that of the corresponding result in discrete time), and therefore
with infinitesimal generator A, where

as differentiation in (5.10) immediately shows.

In order not to depend on the choice of T, let us extend the definition of X (7} to negative
times by letting { X (—#)};»0 be an HMC with transition semigroup {I-’(t)},zo and independent
of {X(r)},>0 given X(0). In this manner, we obtain, as in discrete time, a stationary HMC
[X(t)};eg with transition semigroup {P(#));>0 and infinitesimal generator A, (It will be
assumed that the process has been modified so as to guarantee that the trajectories are
right-continuous. In general, we shall take whatever convention is suitable as to right- or
left-continuity, since this does not change the semigroup or the infinitesimal generator.)

Thehreversed process { X{—t)};cg is therefore a regular jump HMC with transition semi-
group {P(r)};cr and infinitesimal generator A given by (5.10) and (5.11}, respectively.

Theorem 5.4. Reversibility Theorem

Let {X(r)};ck be a stationary regular jump HMC on the countable state space £, and assume
that it is irreducible and ergodic, with stationary distribution s. If its infinitesimal generator
A satisfies the detailed balance equations

m(i)gy = 7 {f)q, (5.12)

then the reversed process { X(—1)},cr properly modified to be right-continuous is distribu-
tionwise equivalent to the direct process {X{#}}icx.

Proof. Comparing (5.11} and (5.12), we see that A = A, and therefore, the direct and
the reversed processes have the same infinitesimal generator. The conclusion follows from
Theorem 4.3. a

We shall not give examples of reversible chains, since we shall see a number of them
when queuing networks are treated in Chapter 9.

For future reference, the reversal test analogous to Theorem 6.1 of Chapter 2 will be
given because it will be needed in Chapier 9, again in connection with queuing networks.

Theorem 5.5. Reversal Test
Let A be a stable and conservative generator on the cogmable state space E, and let w be a
strictly positive probability distribution on E. Define A by (5.11). Ifforalli € E

> G = (5.13)

JeE j#

thenn7A =nm.
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The proof is the same as for Theorem 6.1 of Chapter 2.

If {X(1)};»¢ isa regular jump HMC on £ thatis irreducible and stationary, with stationary
distribution 7 and infinitesimal generator A satisfying the detailed balance equation (5.13),
then it is called reversible. Sometimes, the pair (A, ) is called reversible. The idea of
reversibility finds nice applications in queuing theory (see Chapter 9).

6 Long-Run Behavior

The limiting behavior of continuous-time HMCs follows from that of discrete-time HMCs
in a usually straightforward manner, We treat the ergodic case and then the absorbing case.

6.1 Ergodic Chains

Theorem 6.1. Long Run Behavior of Ergodic Regular Jump HMCs
Let { X(1)},>¢ be an ergodic regular jump HMC with state space E and transition semigroup
{P()};50. Then, foralli. j € E,

Tim pis(1) = (), (6.1)
where 7 is the (unique) stationary distribution.

Proof. We use the method of skeletons. Observe that the skeleton { X (n)},=q is anirreducible
recurrent HMC (see the argument given in the proof of Theorem 5.1). Itis positive recurrent,
since it has 7 for a stationary distribution. Even though the embedded chain might be
periodic, the skeleton { X(n)} is not, because the sojourn times of the continuous-time chain
ina given state i are i.i.d. exponentials, and this eliminates periodic behavior for the skeleton
(Problem 8.6.2).

It is clear that two independent continuous-time HMCs with the same transition semi-
group {P(r)},-0. but possibly different initial distributions, will meet at a finite integer
random time, since their skeletons do. From this observation the result follows by the same
coupling argument as in the discrete time case. G

Theorem 6.2. Ergodic Theorem
Let { X(r)} be ergodic and let 7 be its stationary distribution. Then

lim % fo r FIX(s)ds = ; f(Or (i), P, as. (6.2)

for all initial distributions 1 and all £ : E — Rsuchthat 3. | f(i)|7 (i) < oo,

Proof. The proof is analogous to that of the discrete-time case and is left to the reader. U

Any method giving an estimate of the geometric rate of convergence for a discrete time
chain with finite state space can in principle be used to obtain an analogous estimate for a
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continuous time chain with finite state space. The trick is uniformization. Indeed, suppose
{P(£)),>0 is the transition semigroup of an irreducible ergodic continuous-time HMC with
infinitesimal generator A and stationary distribution 7. If the state space is finite, the chain
is uniformizable, that is, its infinitesimal generator can be written

A=K -1, (6.3)

where A > 0 and K is an irreducible transition matrix. Moreover, the semigroup takes the
form

P(r)—Z '”0:)” . (6.4)

n=0
Also, K has 7 as stationary distribution. Suppose that for an initial distribution g it holds
that for some « € (0, 1) and some constant C > 0,

dv(W K", 1) < Ca”. (6.5)

Since
) o0 At , .
wPy—=a’ Ze*”( ) u'K' —=h),
n=0 ’

it follows from the result of Problem 4.1.1 that

ay(u P = e Dy (TR ),

n=0

and therefore

de TP,y < 3o

=0

Finally,
dy(uTP@), w) < Ce 179 (6.6)

6.2 Absorbing Chains

We consider finite state space continuous-time HMCs, which can always be assumed to
have the uniform structure, that is, with a generator of the form

A=AiK=1), (6.7)

where A is the intensity of the clock and K is the transition matrix of the subordinated chain
{see Definition 2.2).

Absorption is discussed in terms of the subordinated chain, since it has the same structure
as the continuous-time chain in terms of recurrent, transient, and absorbing states. In
particular, the subordinated chain and the continuous-time chain have the same absorption
probabilities. The difference arises when time intervenes. However, the adaptation of the
results to the continuous-time chain is straightforward.
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For instance, call I' = [y;;}; jer the potential matrix of the continuous-time chain,
where

Vi = Ei[[ Live=jyds]. (6.8)
0

Since
0 e
f() I{X(_,r):j]dS = Z(Tn+1 - T;,)l{)}”:ﬂ,
=0

we have, using the independence of the clock and of the subordinated chain, and EfT,,, —
Tn] = %a
1
Vi) = 7 8ijs (6.9)

where G is the potential matrix of the subordinated chain.

Suppose for simplicity that the state space E consists of one absorbing state, 1, and of

the collection {2, . ... rji of transient states. Let us decompose the infinitesimal generator
according to the partition {1} + {2,....,r}
0o 0
A_(a T). (6.10)
From the analogous decomposition of K,
1 0
k=(, o)
and (6.7), it follows that
1 T
b=—a, Q=71+ —. 6.11
7a. Q=17+- (6.11)

This identification permits us to adapt the results obtained for the discrete time case to
continuous time. For instance, if we call § and ¥ the restrictions of G and I, respectively,

to {2,...,r}, then
s-ls_ly_g1=! T)‘
Y T A '

that is,
T=-T"" (6.12)

Calling t the time to absorption in {2, ..., r} and supposing that X(0) is distributed on the
transient set according to v, we have (Problem 8.6.1)

EJe™ =1 —iuv(T +iut)™", (6.13)

and consequently,
Pt <t)=1-|ve|. (6.14)

We refer to (Asmussen, 1987) for a discussion, based on the last formula, of the ap-
proximation of an arbitrary nonnegative random variable by a Markov chain absorption

time.



366 8 Continuous-Time Markov Models

Problems

8.1.1Let(Yy, ..., ¥;) bea vector of independent exponential random variables with param-
eters Ay, ..., A;. respectiviely, that is independent of and has the same distribution as some
other random vector {(X,,..., X;). Let Z = inf (X,,..., X;) and let J be the random
index such that X; = Z. Define Ry,..., R by Ry, = Y;, R, = X; — X {i #% J). Show
that Ry, .... R; are independent exponential random variables with parameters Ay, ..., Az,
respectively, and are independent of {(Z, J).

8.1.2Let{T,},=0 beanHPP on R , with intensity 4 > 0. Recall that 7y = 0. Forfixeds > 0,
define T (1) = sup,.o{Tn; T» < t}and T5(r) = inf ,50{7%: 7 > t]. Define the forward
recurrence time F(1) = T, (t) —t and the backward recurrence time B(t) =t — T_(r). Give
the probability distribution of the vector (B(¢), F(t)), and see what happens whent — o0,
In particular, compare lim, .., E[B{(t)+ F(z}] with E[S,] = E[T, — T,—] forfixedn > 1.
Docs this surprise you?

8.1.3 On the interval [0, T] place n points independently and uniformly. Compute for the
disjoint intervals [a;, #1], ..., [ax, bx] C [0, T] the distribution of (X1, ..., X;), where X;
is the number of points in [a;. &;]. What does this distribution become when n and T tend
simultaneously to infinity in such a way that % remains constant (= A > () and, of course,
the &; and b; remain fixed?

%.2.1 Show that a transition semigroup that is continuous at the origin is continuous at all
times ¢ > 0. Show that the transition semigroup of a regular jump HMC is continuous.

8.2.2 Consider the uniform Markov chain (see Definition 2.2 and Example 2.3) with state
. . 11—

space E = (0, 1}; transition matrix K = ( P * 1 5,8)’ where o, # € (0, 1); and

intensity A > 0 for the underlying HPP. Find the transition semigroup (P(¢)},-0. Suppose

that X(0) = 0. Give the joint probability density of (71,72 — 71, . ... T, — Ty_1}, where

71, T, . . . are the successive times when {X(£)},s0 switches from one value to the other.

8.2.3 Let 7 be any probability distribution on the countable state space E, and for each
t € Ry, let X(r) be distributed according to 7. Also suppose that the family {X(7)};>0
is independent. Show that {X(£)},>0 is a homogeneous Markov chain. Give its transition
semigroup. What about its local characteristics? In particular, is ¢;; < oc? How does this
fit with the main results of Section 2? Is the semigroup continuous?

8.2.4 Show that the flipflop process is a special case of uniform HMC. Show that its
infinitesimal generator is
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Show that the infinitesimal generator of a Poisson counting process of intensity X is

- A 0 0
0 —-x A 0

A=l o9 0 -x A

8.2.5 Construct a uniform HMC that is a birth-and-death process with parameters satisfying
sup; (A + i) < 0.

8.2.6 Prove that the stochastic process in Definition 2.2 is indeed a HMC.

8.2.7 Prove (2.19).

8.3.1 Let {X{)}i»0 be a pure birth process, that is, a regular jump HMC with state space
E = N and infinitesimal generator of the form

—ho Ao 0 0
0 —h » 0 0
A=]1 0 0 =xa A& 0

Suppose that &, > 0 for ali n > 0. Compute Py X(t)y=n)forn > 0,1 = 0.

8.3.2 Let {X(1));»0 be a birth-and-death process with the parameters 4, = ni + a and
{tn = nu where A > 0, > 0,a > 0. Suppose that X(0) =i is fixed. Show that
M(r) = E[X(1)] satisfies a differential equation and solve this equation. Do the same for
the variance S(r) = E[X(1)?] - M().

&
qi
15

8.4.1 Let A be an essential generator on E. Define P = {pj;}; jer by pii = 0, pij =
it i # j. Show that if the transition matrix P is irreducible and recurrent, the generator

nonexplosive.

8.4.2 Same question as in Problem 8.4.1, only assuming that the state space is finite (P is
not supposed irreducible).

8.4.3 Same question as in Problem 8.4.1, without irreducibility and recurrence assumptions,
but assuming sup;ceg; < 0.

8.4.4 Let {X()},>0 be a birth-and-death process with parameters A, > 0 and g, > 0. Let
wy, be the average time required to pass from state n to state # + i. Find a recurrence
equation for {w,},>0. Deduce from it the average time required to reach state n > 1 when
starting from state 0.

8.4.5 Show that the birth-and-death generator with birth-and-death parameters n4 and nu,
respectively, where A and p are positive, is nonexplosive.

8.5.1 Consider an irreducible recurrent birth-and-death process with state space N. Discuss
the nature (positive or null) of recurrence of this process and of its embedded chain in terms
of the birth-and-death parameters.



368 8. Continuous-Time Markov Models

8.5.2 Show that an irreducible ergodic birth-an-death process in steady state is reversible.
8.5.3 Show that the skeleton of an irreducible regular jump HMC is irreducible.

8.5.4 Prove {5.8) formally.

8.6.1 Prove the two last results of Section 6.

8.6.2 Prove that the skeleton of a regular jump HMC cannot be periodic.



CHAPTER9

Poisson Calculus and Queues

1 Continuous-Time Markov Chains as Poisson Systems

1.1 Strong Markov Property of HPPs

The phrase Poisson system is an abbreviation of dynamical system driven by Poisson pro-
cesses. Poisson systems form a special class of the so-called stochastic discrete-event
dynamical svstems. Their dynamics are expressed in a manner quite analogous in spirit
to the recurrence equation of a discrete-time HMC, Theorem 2.1, Chapter 2. However,
for Poisson systems, the white noise is a family of independent Poisson processes. and the
functional, which associates to the present value of the state process and to the present value
of the noise the future value of the state process, does not have —in general— a closed
expression but takes the form of an algorithm.

To be more explicit, suppose that there is just one driving Poisson process, N, and let

X (1) be the state process at time z. In a time-homogeneous Poisson system, the state at time
! +ais given by

X(r +a) = ¢(X(1), Npsal)- (L.1)

where Ny ., is the restriction of N to (0. ] and ¢ 1s an appropriate functional.

The analogy with the recurrence equation X1 = f(Xy, Zpt1) satisfied by any discrete-
time HMC justifies that we call Ni; (4, the noise in (f,1 +a]. It is intuitively obvious at
this point that the state process of a homogencous Poisson system is a continuous-time
HMC. Conversely, as we shall see in the current section, a regular jump HMC can always
be represented distributionwise as a homogeneous Poisson system. This means that one can
associate with a given regular jump HMC a homogeneous Poisson system that has a state
process with the same distribution as the original regular jump HMC. This representation
is very useful in theory because the distribution of a continuous-time HMC is rarely given

369
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by its transition semigroup, nor by its infinitesimal generator, and this is especially true for
Markov chains arising in queuing theory. There, the description of the state process is in
terms of a natural description featuring servers, processors, service disciplines, priorities,
etc., and it is easily translated in terms of Poisson systems. The infinitesimal generator
then immediately follows. Usually, the generator of such complex systems is obtained
heuristically, and it is safe to rely on a methodical way of justifying intuition in casc of
controversy.

Note, however, that the Poisson system description of a continuous-time HMC has
many advantages besides the fact that it is the only mathematically rigorous way to obtain
the infinitesimal generator of most systems involving a complex mechanism for generating
the state process. In particular, this type of description is the one used in the simulation of
discrete event systems.

The Poisson systems approach basically sees the state process as the solution of a
differential equation. This observation has decp consequences, and this dyramical approach
has found a wider range of applications in the study of stochastic systems driven by point
Drocesses.

In order to develop the theory of Poisson systems independently from the previous
chapter, we need a direct proof of the strong Markov property for HPPs. Actually, we want
a version slightly stronger than the one that can be obtained from the strong Markov property
of regular jump HMCs and the observation that a homogeneous Poisson process is a regular
Jump HMC.

The framework of this technical result is the following: There is an arbitrarily indexed
family {N¢};e, of independent HPPs with the respective intensities {A;}¢e;, and an arbitrary
collection of random variables ¥ = ¥, },,cx independent of {Ng}ocr .

For any random variable t with values in [0, +o¢] and arbitrary index £ € L, one defines
N{ to be the restriction of N¢ to R, N[0, t]: For all intervals [a. b] C R,

Nl(a,b) = Nel{a, b] N[0, 7]).

The point process N| is “N, before 1.7 One also defines the point process S Ny, or “N,
after 7,” by

ScNe(a, bl = Ne(t +a, T + b]
for all intervals [a, ] C R..

Definition 1.1. Extended Sropping Times of Point Processes
The random variable ¢ with values in R, U {400} is called a stopping time with respect to
{Neleer and Y if forallz € R, the event {T < ¢} is expressible in terms of ¥ and {N]}¢e,..

Theorem 1.1. Extended Strong Markov Property of HPPs
Let {N;}eer and ¥ be as above, and let T be a stopping time with respect to {N¢}ier and ¥

Then, given {t < o0},

(cr) { V] Jeer and Y are independent of {S; NeJser.
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(B) {S; N¢)eeyr is a family of independent HPPs with respective intensities {A;}eer -
Proof. It suffices to show that for all integers J, forall ey, . ... uy, vy, ..., 0y, W E R, for

all bounded intervals {a;, b;] and [c;, d;], j € [1, J], for all real-valued random variables
Z that are functionals of ¥, and for all indices €; € L, j € [1, J], it holds that

J J
E |:EXp lf (Zu_;(STNE,)(aj!bj]+ZU1N{Z(ijdj]+wz)] l{r,;ooj:l

j=l j=t
J J
=F I:exp {! ZujNgI(aj,bj]}:| E |:exp [! Z UJ;N;}(CJ;,dj] -+ LUZ} 1{r<oc}:I (12)
i=l i=l
Indeed, letting v; = - - = v; = w = 0 in the above identity, we obtain
J
E |:exp {i > u (S Ne Naj. b,]} 1{,@]}
=1
J
:E[exp{iZuijl(aj,bj]H P(1 < oc), (1.3}
J=1

and this implies that given {t < 00}), (S; Ne}eer and {Ni}ee, have the same distribution.
Thus (8) is proven. Next, using (1.3), identity (1.2) becomes

J J
E |:exp{i ud,-(STNgJ)(aj,bj]+iZyJ,-Nf}(cj.dj]+in} l[r<c,o]j| P(r < cc)
j=t

i=1

J
—E [exp {i ZHJ-(S,NQ)(aJ-,b,-]} 1{1@,}

i=l
xE [exp {i Y N (ejdi]+ in} 1[,@}} .
i=l

This proves statement (&), by Theorem 5.4, Chapter 1.

We shall now proceed to the proof of (1.2). We do a simplified version that contains all
the ingredients of the complete proof and saves us from notational hell. Calling N one of

the N,’s, we shall prove that

ElexpliuS, N(a, bl +ivNT(c,d] + iwZ}1{; c00)]
= ElexpliuN(a, blJElexp{ivN (c, d] + iwZ}lj; cxot]. (1.4

The left-hand side is

ElexpliuN(t +a. v +b]+ivN({0, t]N{c, d]) + iwZ}H r co0].
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that is, in the special case where t takes a countable set of values 1, € R, & > 1, and
maybe also the value +oc,

Z ElexpliulN(n +a. 1 + b] + ivN{O, 1N {c. dD + iwZ) 1 1r—,,y)-
k=1

But 1y;_,, is a functional of Z and { Nj‘ Jicr and therefore the above expression becomes,
in view of the independence and homogeneity properties of HPPs,

> ElexpliuN(t + a., 1 + B E[explivN(0, ] N (e, d]) + iwZ}1 ]
k=1

= Elexp{iuN(a.b]}] (Z Elexp{ivN((0, 1N (c. d]) + in}!{ri,k}]) \
k=1

and this is the right-hand side of (1.4), as announced. The passage to an arbitrary stopping
time is done in exactly the same manner as in the proof of the strong Markov property of
regular jump HMCs (Theorem 4.1, Chapter 8). O

1.2  From Generator to Markov Chain

We now consider the problem of realization, that is, of associating to a gencrator A a
continuous-time HMC admitting A as an infinitesimal generator.

More precisely, let E be a countable space, and let A = {g;;}; ;,cz be a matrix of real
numbers indexed by E, such that forall i, j € E withi # j,

g € [0,00], ¢ €[0,00), (1.5
and
g <00, g =) du (1.6)
&
where ¢; = —g;;. When A is the infinitesimal generator of a continuous transition semigroup

on E, only (1.5} is guaranteed, whereas if it is the transition semigroup of a regular jump
HMC, the stability and conservation properties (1.6) are also satisfied. Note that we did
not prove the last point yet, and we shall therefore be forbidden to use this result until we
have obtained it without getting into logical circles. Note also that when we speak about a
generator A satisfying by definition (1.5} and (1.6}, we do not refer to any semigroup or any
homogeneous continuous-time Markov chain. This is the difference between “generator”
and “infinitesimal generator.”

Actually, we are going to construct a continuous-time HMC {X(r}},> admitting A as
an infinitesimal generator. For this, we use a family {N; ;)<= of independent HPPs with
£

respective intensities {g;;} - ,;a and an initial state X (0), independent of the above family of
HPPs, and taking its values in £. The process is constructed as a jump process:

X(t)= X, fort € [Ty, Tus1):
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where {T,,. X }n=0 is defined recursively as follows (see Figure 9.1.1). Let A be any dummy
element not in E.

First 1p = 0 and Xy = X(0).

Ifr, < ocand X, = X(z,) =i € E, then 1,4 — 7, 1s the first event of the competing
HPPs {S., NijYice jzi5 Tatt — Tn = X if and only if g; = 0 (no events!), in which case
the construction ends by setting X, = A and 7,4, = 00 for all m > 1. Otherwise, if
Tas] — Tn < 00, Xp41 is the index k # i such that S; Ny is the first among the competing
HPPs to produce an event,

XQ =1 XI = j2
r
f « Ny
|
|
|
4 Nij, Ny gy>0
|
|
:
X % Nija
l
t=0 T

Figure 9.1.1. First transition, obtained by competition

The process is defined by this procedure up to the explosion time 7o = liMpyoo Ty, If
Too = 0o P-as, it is a regular jump process on E.

Theorem 1.2.
If 7, = oo P-a.s, the process so constructed is a regular jump HMC with infinitesimal
generator A.

Proof. The 7,’s form a sequence of stopping times with respect to {N;;} e and X(0}. In
J#
view of the strong Markov property for HPPs,

P(Xp1 = Folar1— Ty > a | Xoy-oos Xp, T1h e e tn) = P(Xn+1 =j, Ty~ Ty > d | Xn)'
and by the competition theorem,

P(Xs1 = jotoss ~Ta > a | Xy = i) = o799 24

qi
(where 2 = 0 if g; = 0).

By construction, for a given time 7, the process after time ¢ depends only upon X(¢) and
the HPPs {N;;} .« afters, and is therefore independent of the process before ¢, given X (1),
r# )
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since the process before 7 depends only upon X(0) and the HPPs {N,;}..ci before z. This
i#)
proves the Markov property. Also, foralt ¢, s > 0,

X(5 +8) = (X0, {8 Neelweer . 5),
for a functional ¥ that is given explicitly by the construction. Therefore, on {X(r) = i},
X(t+8) =P SNy} 5)
has the same distribution as (i, {Nk‘g}k::f . 5}. This proves homogeneity.

We can now check that {X(r}},>0 admits A as an infinitesimal generator. For instance,
we check that lim, ¢ rlP,-(X (t) = j) = qi;. Forthis, observe that it X(r) # X(0). necessarily
71 < 1, and write

PX(h=J)= P =t,X@)=j)+ Pf(r > 1. X(1) = j)
=FPn=tXO=pD+FRm>t.X1=j1 <1)
=P, X =N+PAX =jn<t)-Pln<tX =ju <)
Now,

Pf(Xl = jv T < t) = (I — e_'?l")@!

!
and therefore )
lrlﬁ)]?P(Xl = j, T} < .f) = gyj-

It therefore remains to show that {1y <, X(t) = j)and Pi(ty <, X; = j. 1) < t)are
o(r). Both terms are bounded by P;(t; < 1), and

Plm=n=Pmstn-—n<n=) BmstXi=kn-1 =)
keE
ket

D= e )pu(l — o7

kel
ket

= (1= 3 pudl = ™).

ke F
kot

The conclusion foilows because (1 — e 4") is G(r), or identically zero if ¢; = 0, and because
lim, Ziiff pi(1 — e7%"y = 0, by dominated convergence. O

Example 1.1, Existence of Birth-and-Death processes
Recall that we defined birth-and-death processes as regular jump HMCs on £ = N with
infinitesimal generators of the form

—Ag A 0

i —(A + ) Al 0
A= o 2 —(Aa+p2) X
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The above construction shows the existence of such a process under Reuter’s necessary and
sufficient condition of nonexplosion (Theorem 4.5, Chapter 8). If Reuter’s condition is not
satisfied, we obtain a nonregular jump HMC. &

Paying Two Debts

We have now reached a position that enables us to pay two debts: we can finish the proof
of Theorem 4.2 of Chapter 8, and we prove Theorem 2.2 of Chapter 8.

First debt: the proof of Theorem 4.2 of Chapter 8. Recall that the starting point was a
regular jump HMC {X(#)};»0 with infinitesimal generator A. We wanted to prove (o) and
(8) of Theorem 4.2, Chapter 8. but we were only able to prove something close. namely
(o) and () where g; was replaced by A(i) € R4 (only known to exist but not yet identified
with ¢; ) and where %’ was replaced by P;(X(7;) = j) (notyet identified with ‘fT ). We shall
now proceed to the required identifications.

Define the generator A’ on £ by
gl = i), g} = MDP(X(2) = )).

Construct {X'(¢)};»0. the regular jump HMC associated with A’ via the construction of
Section 1. Then {X'(1)};=0 and {X{(r)};»o are probabilistically equivalent, by construction.
In particular, A’ == A, which is the identification we wanted.

Second debt: Theorem 2.2 of Chapter 8. We claimed that the infinitesimal generator of
a regular jump HMC is necessarily stable and conservative,

Indeed. a regular jump HMC is strongly Markovian, and therefore has the regenerative
structure of the weak version of Theorem 4.2 of Chapter 8, where (i) replaced ¢; and
MO PA(X{1)) = j) replaced g;; {we cannot use Theorem 4.2 directly because there is an
implicit claim that ¢; < oc and ¢; = Y Jex g;; in it; the weak version does not have this a
priori). But the identification Al =Awe rjnade aboveisg = AMi), q; = MOP{(X ()= j)
and therefore ¢; < 50, Zf;r qi; = qi- [l

2 Stochastic Calculus of Poisson Processes

2.1 Counting Integrals and the Smoothing Formula

The so-catled stochastic calculus of Poisson processes (more briefly: Poisson calculus) 18
based on the notion of integral with respect to a counting process, an elementary notion that
has little to do with probability, although the counting processes involved in the Poisson
calculus are stochastic processes.

Let {7, },>1 be a simple and nonexplosive point process on (0, o] and let {N(f}},=0 be
the associated counting function.
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Let(a, h] C ®. be an arbitrary finite interval and let { Z(r)},-0 be an arbitrary complex-
valued stochastic process. The following equality is a definition of its left-hand side:

f ; Z@0aAN = S 2T (T, (2.1)
(a. b

n=l

This quantity is called the Stieltjes—Lebesgue integral, or the counting integral, of Z with
respectto NV on (a, b]. Clearly, this definition could have been given with any bounded set

€ C R, replacing (a, b].

For bounded intervals, the definition of the integral does not present difficulties because
the sum involved has a finite number of terms. For unbounded intervals, one may have to
restrict the integrands in order to have a meaningful sum. For instance,

[, zoave - DBELAITNITA
ts always defined if Z is nonnegative, even though it may then be infinite.
Note that it Z(r} is defined on (a. £] by
Z(ty=c; e Conit;, 1j41], 2.2)

forall j e [I. K], wherea =1, <t < -+ <1gy; = b, then

X

f”Z(f)dN(f):ZCj{N([,;+])‘-N(fj)}. (23)
{u.b =0

i=

Although there is not much in the definition of a stochastic integral with respect to a
point process, the stochastic calculus that such integrals generate is rather powerful. It is
bascd on the result below,

Let {V;};e; be an arbitrarily indexed family of homogeneous Poisson processes on R,
of respective intensities {A;};¢;. Let ¥ be an arbitrarily indexed family of random variables
independent of {N; }; ;.

Theorem 2.1. Smoaothing Formula
Fix j € 1. Let {Z(1)},>0 be a complex stochastic process with left-continuous trajectories,
and such that for all + > 0, the random variable Z(r} is a functional of ¥, of {Ny}icrrz;.

and of the restriction of N, to (0, r].
Suppose at least one of the two conditions below is satisfied

(1) {Z(r)},>0 is nonnegative.
(i} (Z(1)}r20 is complex-valued, and E [ [;° | Z(1)| N j(dr)] or E [ ;1 Z{r)I A ;] is finite.

Then the smoothing formula holds true:

E UOC Z(s)a’Nj(s):| =E Uw Z(s)Ajds] . (2.4)
0 0
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Proof. A. We first treat the case where {Z(1)},»o is real, nonnegative, and bounded, and

prove that
r
E [j; Z(s)dNJ,(s)} =E []0

where T < oo. The hypothesis that it has left-continuous trajectories means that for all
w ¢ €, the function ¢ — Z(f, w} is left-continuous. In particular, if one defines for all
n>l,allwe Qandallr > 0,

T

Z(s)x jds} : (2.5)

il ET
Z(t,w) = Z Z (5{! ‘U) 1(’5_,{_“‘_;,&]”%

k=0
then forall w € Qand allr € [0, T],

lim Z,(t, w} = Z(r, w).
ntoc

We first check that (2.5) is true when { Z(#)},»0 isreplaced by its approximation { Z,, (7))o
Indeed, the left-hand side of this equality is then

e[ [ 2] = - [z 2(0) s (407) - (5F) ﬂ

k=0

Sl () {n (557) -+ ()]

k=0

Il

But Z (&) isa functional of ¥, {Niches 44, and the restriction of N; to (0, 4 |, and therefore
it is independent of N; ((—’%E) — N; (4L), so that the last term of the above chain of

cqualities is equal to

el (el (43) - ()] )]z

k=0

Il
by
S
5
N
—
Gn
S
o
S
o
L)
——

Therefore,
T

T

E |:f Z”(S)dN(S)] =E [f Zn(s)ljds:] . (2.6)
0 0

Calling K the upper bound of Z(r,w), we see that f(; Zy(r;dr = Ka;T and

fol Z,(DdN;(1) < KN(T). Also, E[N;(T)] = A;T < oC. Therefore, we may apply

the dominated convergence theorem to both sides of (2.6) to obtain (2.5).
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B. we now treat the nonnegative unbounded case. Defining
! ifx < K,
gr(x) =40 ifx>K+1,
x4+ K+1 K <x<K+1,

the process {gx (Z(¢t})}=0 verifies the conditions for (2.5} and therefore

T T
E[ fo gK(Z(s))dN,-(s)]=EUO gK(Z(sm,ds}

which yields (2.5) as K — oc, by monotone convergence,

It sufficestolet T 4+ oc and to invoke the monotone convergence theorem again to obtain
(2.4) in the nonnegative unbounded case.

Note that the quantities in (2.4) can now very well be infinite.

C. The real-valued case follows casily, by first considering separately the positive and
negative parts of the mtegrand. The complex case is a direct consequence of the real case
when one considers separately the real and imaginary parts. O

2.2 Kolmogorov’s Forward System via Poisson Calculus

Our first application of the smoothing formula is to the proof that the forward integral system
of Kolmogorov holds true for all regular jump HMCs:

P(t)=1+ fl P(s)Ads. (2.7)
0

Proof. We return to the construction, in Section 1, of a regular jump HMC {X(¢));50 with
values in E and with a stable, conservative, and nonexplosive generator A by means of a
family of independent HPPs [N;;]; ;e of respective intensities {g;;}; jer. Let f 1 E - R
be a nonnegative function. Since the trajectories of { f(X(t)}};>o are right-continuous step
processes, whose discontinuity times are discontinuity times of {X(1)},-0, we can write

FIX(@) = FIXO) = D {F(X(s)) = AX(s=D)

ye(0.r]

n> /w.q{f (XC5D) = f(X(s=))dN;;(s)

ek

i#]

N
i)

Therefore, reorganizing this equality and taking expectations, we obtain from the smoothing
formula

ELFXON+ Y Eul fw SO i)

igek
12
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= Ellf(XON]+ 3 Euf fw S iser=igisds]

IN1-12
iE

where  is the initial distribution of the chain. Since
!
Eul [ Miwrnds] = [ Elligmukds = | Pty =t
(0.1] (0.1] 0

we have, using the conservation equality g; = 3 i gij,
1

BN+ Y 50 | PG = s

i€k 0

= E,[F(X(O)] + Y F(1)ais fﬂ P.(X(s) = i)ds. (2.8)

T
i

Taking f(j) = 1y(J) for a fixed state k, and p = &;, the Dirac distribution at £, the above
cqualities reduce to

i ¢
Palt) + gk / Pu(s)ds = Su + ) qu f pei(s)ds.
0 0

ik
i#k

Since the left-hand side is finite, so is the right-hand side, and therefore one can reorganize
this equality to obtain

pei(t) = dux +[ —Pe(S)qr + Z Poi(8)gu ¢ ds. (2.9)
0

rekh
iEk

This is true for all £, k £ E, and the corresponding equations are summarized by (2.7).

This is the integral form of the forward Kolmogorov system. Note that (2.9) is of the
form

foy=a+ f (s,
0

where g is locally integrable. Therefore, by Theorem 8.17 of (Rudin, 1966), f'(t) = g(t)
almost everywhere. Thus Kolmogorov’s forward differential system holds almost every-
where. Similarly, we find from (2.8) that for any initial distribution p = {pe(i)}ice, the
vector () = (i (1)} i, where p; (1) = P(X(r) = i), satisfies almost-everywhere

d "
d—NT(I) =1’ (1A (2.10}
t
In particular, if a stationary distribution 7 exists, it satisfies the global balance equation
7TA=0. (2.11)

Note that in the course of the proof of Kolmogorov’s forward system, we have proven
the following result:
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Theorem 2.2. Dynkin's Formula
Let {X(r)};>¢ be a regular jump HMC with state space E, infinitesimal generator A, and
initial distribution . Let f: E — R satisfy E,[f(Xy)] < oc.

If cither one of the following two conditions is satisfied,
() E, [ fy v F(X G605 | < oo,

(ii) £, [ fF(X(1))] < o0,

then the other is satisfied and
EL L f(X(0)] = EL[F(XO0)] + E, [j; (Af)(X(S))a’S} (2.12)

forallr = 0, where

(AS) = un OB T30}

2.3 Watanabe’s Characterization of Poisson Processes

We shall now give another application of the smoothing formula that is a typical example of
the Poisson calculus. It is a characterization of Poisson processes also called the martingale
characterization of Poisson processcs.

Theorem 2.3. Watanabe's Theorem

Let {N;};c; be an arbitrarily indexed family of simple nonexplosive point processes on R,
and let ¥ be a family of random variables independent of (N, };c;. Let {A;};c; be a family
of positive real numbers. Suppose that

T s
EUO Z(r)de(:)J_E[fo 2(:)Ajd:} (2.13)

holds true forall j € /. all T > 0, and for all nonnegative real-valued stochastic processes
{Z(1)};»>0 with left-continuous trajectories, and such that for all + > 0. the random variable
Z(ryis a functional of ¥, {N;};c;—;, and the restriction of N; to (0, 7].

Then {N;};c; is a family of independent homogeneous Poisson processes with the re-
spective intensities {A; };;, and ¥ and {N;};.; are independent.

Proof. (Take j = 1 without loss of generality.) We show that it is enough to prove that
E[Lae™M ] = P(A)exp{(e™ — D (b — a)). (2.14)

where (a, b] C R, u € R are arbitrary, and A is an arbitrary event expressibie in terms of
Y, {Ni}ies—q1y and the restriction of N to (0, a]. Indeed, with A = 2 in (2.14),

E[™M@P)] = exp{(e™ — D)A(b — a)},
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which is the characteristic function of a Poisson random variable of mean i, (b —a). Equality

(2.14) reads _ o
E[lAe!uN1(a,b]] — P(A)E[el“N](a'b]]_

By Theorem 5.3 of Chapter 1, it follows that N(a, #] and A are independent. But A is
an arbitrary event exptessible in terms of ¥, {N, }ie/—(n, and the restriction of N to (0. a].
Therefore, Ni(a, b] is independent of ¥, {N:}ier—ny, and the restriction of V; to (0, «].
Since (a, b] is arbitrary, we conclude that ¥, has independent increments and that it 1§
independent of ¥ and {N;};e; iy

We now proceed to the proof of (2.14). For this we consider the process
X(@t) = Ly Mier],

and observe that it is piecewise constant with discontinuity times located at the events of
N,. which we denote by {T!},»1. Therefore,

n

X(1) = X(0) + Y _{X(T,)) = X(T, O wn(T,).

n=1
But X{(0) = 14, and forany T, € (a. b],
X(TH = PN T L G N T peM@ T ik _ X(Tn',)e"“.
Therefore,

X(t)=la+ »_ X(T)E = Dln(T,)

n=l

or, in other notation,
b
Xy =14 +f X(s—)e™ — DdN(s). (2.13)
Since Z(r) = X(z—)(e™ — 1) defines a bounded left-continuous complex-valued stochastic
process {Z(1)};=o such that for all r > 0, the random variable Z(r) is expressible in terms

of ¥, {N;}ies-q1) and the restriction of Ny to (0, ¢], equality (2. 13} holds true by hypothesis.
Therefore,

b b
E |:f X{s=)e'" — l)a'Ni(s)] =E [f X(s=)e" — l)k;a’s} .
[ U
Now, for each w € @, X(r—, @) = X(r, w) excepton a countable set, and therefore in the
right-hand side of the above equality one may replace X{r—) by X(1). Taking expectations
in (2.15) therefore yields
b
E[X(W)] = P(A)+[ E[X()Ye™ — DAds.
q

This being true for alt b > a, (2.14) follows. |

The following result can be obtained as an application of Watanabe’s theorem.
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Theorem 2.4. Aggregation
Consider a regular jump HMC {X (1)}, with state space E and infinitesimal generator A.
Let £ = {a. B....) be a partition of E, and define the process (X (r)};-0 taking its values in

E by
X(n=o< X() e (2.16)

Suppose that forall ¢ € E.icw BeFE witha #8,
un = Gup (2.17)

Jep

(with the meaning that the left-hand side is independent of i € «). ~Then {f( (#)}r=0 15 a
regular jump HMC with state space E and infinitesimal generator A, with off-diagonal
[Crms gop given by (2.17).

Proof. This is a statement concerning the distribution of process {X({(t)},>¢, and therefore
we may suppose that {X(r)},»0 1S generated as in Section ! as a Poisson system, using
independent HPPs { N} jeg.; With respective intensities {¢,;}; je£.z; and an initial state
X(0) independent of the above HPPs. Then, for f : £ — R, 5 € [0.1],

SR = FXN+ D | 1F(XG) = AX@=DH xi1=id Nij ()
ek (y.1]

= fX)+ ) f LFB) = Fle) Y (l{m (de,-(u)))_

wpef VAN 2=l i€l

uzp

Define forall @, f € E.a # 8. the point process 1\70,3 by

Neg (0. 1] —f > (hm =i} (ZdNu(s))) f L s 1)@ N (5,

O] jew jef

where the (dummy) point processes [ng}u pei form an independent family of HPPs with

intensities {gug} . ek s respectively. and are 1ndependent of X(s)and {N; J},,Ez Then

FR) = FREN+ Y (FB) — (o) ] o d Nap ). (2.18)

afel
wep

Suppose (proof comes later) that (N g}oser isafamily of independent HPPs with respective
az@
intensities {Gap}as.i . It follows from (2.18) that { X (1)};>0 is a homogeneous Markov chain,
ap

with transition matrix A.

To prove the assumed result concerning {Naﬁ ), we apply Watanabe’s theorem with the
family ¥ reduced to the single random variable X(0). Take Z(z) to be as specified in Theorem
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2.1, where the family (N} is now {Nus). We obtain

E [A/(\D.T] Z(r)dlﬁnfﬁ([):| Z Z E [[ Z(I)I{X(:—)=s]dN,J(I):|

ica jep
+E U Z(t)lu—m_#u]dﬂ/ag} \
0.7]

and this quantity is equal, by the smoothing formula, to

T T
3> EU Z(I)IIX(,;=;}q;jdt]+E[[ Z(z)lli(,#a}qaﬁm]
0 4]

iea jeff
=K |:[ Z(t) |:(Z f}u) [Xti—=a) T ‘}ﬂﬁlli(r)#alil dt

jep

-
=k |:f Z(I)égﬁd!’] ,
0

where we used (2.17).

L 1

3 Poisson Systems

3.1 The Purely Poissonian Description

Most continuous-time Markov chains arising in operations research receive a natural de-
scription in terms of a mapping transforming an input into an output called the state process.
In Poissan svstems, the input consists of HPPs, also called the driving HPPs.

The construction of the state process from the basic driving HPPs is similar to the one
used in Section 1 for jump HMCs, only with more details corresponding to a “natural”
description of the system constdered.

The rationale behind this construction is that there are sources of events that can be
either active or inactive depending on the state of the process. Active sources then compete
to produce an event that will be the cause for a transition.

‘We shall now proceed with the precise definitions.

Let § and E be two countable sets, the set of event sources (sources for short) and the set
of states, respectively. With each source—state pair (s, i) is associated a number c(s, i) = 0
measuring the intensity of activity of source s when the state is i. An event source s is said
to be active in state i if ¢(s, i) > 0. We denote by A(i) the collection of sources s active
in state /. With each source—state pair (s, i)} is associated a probability distribution p(s, i, -)
on £.

The four objects E, S, p(-, -, -) and ¢(-, -) constitute the transition mechanism.
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The collection T of triples (s, i, j) such that ¢(s, [)p{s, i, j) > 0 is called the sct of
allowed transitions. If (s, i, j) € T, one says that a transition / — j can be triggered by an
event produced by source s.

With each source s € S is associated an intensity, or rare, b, > 0. Let (Nej j)isi per
be a family of independent HPPs with the respective intensitics {a, ; ;)¢ )7, where

agij = hocls, Dp(s. i, ).
and define for all pairs of states (i, j),

aij = le\.c(s‘ p(s.i. j). (3.1

yes

and

ai =Y _a. (3.2)

jek
We introduce the stability assumption: Forall i € E,

a4; < OC. (33)

We first give the purely Poissonian description of the state of the system, which is in
general not direetly readable from the natural description of the system one wishes to model,
but which has the advantage of immediately leading to the infinitesimal generator.

The state process { X (1)};-0 with valuesin £, = FU{A}, where A 1s an element outside
E . 18 constructed as follows.

The initial state X(0) is a random variable independent of the HPPs {N,; ;}i i jyer-
Suppose the state at time ¢ i1s X{t) = { € E. The active sources are then all the sources
s € A(i). The HPPs competing for the determination of the next transition after r are
{Neitlseawrpsijy=0- If Ny i ts the HPP producing the first event strictly after 7, say at
time 1 + 7, then a transition from state { to state jy occurs at time 1 + 7. The stability
condition ¢; < oC ensures that T > 0, since g, is the sum of the intensities of the N, ; ; in
competition when the state ts i (Theorem 1.3, Chapter 8).

This recursive procedure started from time O gives a sequence of transition times
71, T2, .. .. Possibly, there is a random index N such that 7y = oc, in which case we let
T, = oo fork > N. The embedded process is X,. X>.....where X, = X(£,), with the con-
vention X{0o) = A. This procedure defines X(z) forallt € [0, 7.}, where T = limp 1 T,
is called the explosion time. Fort = T, we set X(1) = A.

The same arguments as in Section 1 show that { X ()}, 1s a strong Markov jump HMC
with state space F,. From now on, we shall assume that 7., = oo, and therefore that
{X(1));>0 18 a regular jump HMC on E. (In all the queuing networks that we shall consider,
this assumption holds true, with an easy proof.}
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Infinitesimal Generator of a Poisson System

We shall now look in detail at the first transition at time 7;, which is typical of all other
transitions. Suppose that X{(0) = i. The competing processes are the N, ; ; where s € A(i)
and j satisfies p(s,i. j) > 0. If one is not interested in the particular source triggering the
transition, one can lump all the N, ; ;, s € A(i), to form a single HPP N;; of intensity a;;.
We are then in the same situation as in Section 1, with one exception: a;; may be strictly
positive. This motivates the notations 7, instead of 7,,, X, instead of X,,. a;; instead of g;;,
etc., which are there to warn us that a pseudo-transition can occur, i.c., a transition from
to i. Otherwise. the situation is similar to that of Section 1, and we can state the following

result, defining X, = X(0):
(c0) (X} -¢ 1s a discrete-time HMC with valuesin E5 = EU [A} and transition matrix
{Pij)ijer, givenby paa =L, pa = tifa; =0, andifi € £, a; > 0, j € E,

O a
pij = f- (3.4)

(B) Given (Xn L=0. the sequence {T,41 — Tn)azo is independent, and for alln > 0,
g, e, ipm € E.xe R-ﬁ-,

P(fn+1 - frz > X i )?n =0 X = i?‘!*ls T )?0 - l(]) =e 4. (35)

So far there is nothing new with respect to the construction of Section 1 except that we
allow pseudo-transitions which can play a role in some situations, in feedback queues, for
instance (see Example 4.4 below). Let us call {z,},>0 and {X, },-0 the sequence of true
transitions of the state process (that is, from some state to a different state), and { X, }n=0 the
embedded process at the true transition times. If we are interested only in true transitions,
it suffices to get rid of all the HPPs A, ;; because they do not affect the state process. We
therefore retrieve the situation of Section 1 with

gy = Y (s, )pls,i. ). (3.6)
seS§
where j # i, and
Gi= 3 S hels, Dp(s, i ). 3.7)
JEE.j#i se§

3.2 The GSMP construction

The abbreviation GSMP stands for generalized semi-Markov process. A GSMP is a gener-
alization of a Poisson system, and uses the same mechanism

(E9 Sv C('! ')’ p(* s '))
The basic feature is that each source s € S can generate as many independent random

variables as needed with the same cumulative distribution function G, (x). In addition, all
the random variables generated by the various sources are independent.
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At each transition time 7,, the situation of the system is described by the state
X (&)= X,
and a collection of conswumabie random variables
(Y;(n).se 5).

The transition time 7, is given by

Yy (n)

ven(%) m

Tatl — Ty = Inf (3.8}

Denoting by §, the source s € A (f( ”) realizing the infimum, the next state X at1 18 chosen

according to
P ()”(,M — | Xy =i i = s) = p(s.i, ), (3.9)

and X, is independent of Xy, S5, ..., Xy—1. 54— given X, and 5,,.

At the origin of times 7y = 0, the set (¥, (0). s € §) is an independent collection of
random variables with the respective cumulative distribution function (G, (x}, s € §). The
set of consumable random variables (Y, (n + 1}, s € §) available at transition time 7,41 is
given by

Yon41) =Y, (n)if s ¢ A (x)
Von+1) = ¥, —c (s x) (Fagr — %) if 5 € A (x) L5 # 5,

and for s = §,. the consumed random variables ¥; (#) is replaced by a new random variable
Y: (n + 1). with the ¢.d.f G, (x) and independent of (¥, (k). k < »n, s € §).

This constructive algorithm is easily implemented in software. An alternative way to
visualize the construction uses markers. With each source s € § is associated a point
process Ny, = T} . where 7y = 0,and forn > 0, 7; | — T} = S|, where [S;} _,
is an i.i.d sequence with cumulative distribution function G.(x). The processes {N;}es
are mutually independent. Each point process has a marker, which is located at time ¢ at
position

M, (1) = f{c(s, X (u) du.
0

In particular, the marker on N, moves at speed ¢ (s, {) when the GSMP is in state /. At time
%,, the set of consumable (Y, (n + 1), s € ) is given by the forward recurrence times (see
Figure 9.4.1)

Yo(n+ 1)y = inf {T{; T} > M (m)) — Mo (z). (3.10)
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Msl(fn)
Yo(n+ 1)
51 - - - *
|M&':(fﬂ)
Yo+ 1) =0
Sy =52 . ° ' T
33 . - * -
M (Ta)

Y, (n+l!

¥4 . » »

|

Figure 9.4.1. Markers and consumable variables

Only the markers on the point processes &, such thats € A ()_( n) are moving, at the

respective speeds ¢ (s X ,,). and the first to meet the next event of its point process provokes

a transition. The time of transition 7, ; and the new state 5(,,+| are given by {3.8) and (3.9),
respectively. where 5, is the source corresponding to the marker that first reached an event

of its point process.
Poisson Svstems as GSMPs

When G, (x) = | —e ™ foralls € S, the GSMP construction gives the same state process
as the purely Poissonian description. Indeed, in this construction, at time 7,, there is a
competition among the

[anN(\‘.i‘j}](\“j)ei“(ijs
where T (i) = {{s. j) ; (5,{, ;) € T). By the strong Markov property for HPPs, these
HPPs are independent and distributed as

[N b periin 3.1

and morcover, they are independent of what happened before time 7,. We can therefore
consider that 7, = 7 = 0 without loss of generality.

The first transition time 7, is obtained by competition among the HPPs in (3.11). where



388 9. Poisson Calculus and Queues

we suppose that Xo = i. This competition can be organized in two stages. First there is a
competition among the

{Nisnlsea,
where
N{x.f) - Z N(s.f,j)s
jisia el

which produces the transition time
T = inf ceain Zis.i(0)

where Z(,;,(0) is the first point of N, an exponential random variable with mean

(Ayc (s, i)', One can write
Y, (0)

c(s, i)

where Y, (0) is an exponential random variable with mean +.'. and therefore

Zuin(0) =

f1 — 'E{) = inf - —w—
.\-eA(xo) - (S! )?0) ,

and we retrieve (3.8). Let 54 be the source giving the infimum. The new state X, is chosen
by competition among the {N;, ; j};e£. po.i. H>0. Therefore,

P(i{l —j | Ko=i. 30:5):,0(5,1',_;').
and we retrieve (3.9).

3.3 Markovian Queues as Poisson Systems

Example 3.1. The M/M/1/0c/FIFO Queve

One of the simplest examples of a Poisson system is the M/M/1/00 gueue, a model of a
waiting line. Consider a ticket booth with a single attendant, or server, in it. Customers
wait in line in front of the booth, and the facility is so large that no bound is imposed on
the number of customers waiting for service. In other words, the waiting room has infinite
capacity. Such a system will be called a 1/0c service system, where 1 is for the number of
servers, and o is for the capacity of the waiting room.

Customer arrivals are modeled by a homogeneous Poisson process {T,},»1 of intensity
) > 0. Customer n arriving at time T, brings a service request g, which means that the
server will need o, units of time for processing the request of customer n. The sequence
{On}n>1 is assumed 1.i.d, with exponential distribution of mean w~' Also, the arrival
sequence {7}, and the service sequence {0, },» are supposed independent. Sucha pattern
of arrivals is called an M/M input. In this notation, introduced by D. Kendall, M means
“Markovian”. Indeed, the Poisson process is Markovian, and exponential distributions are
intimately connected with the Markov property.
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The server attends one customer at a time and does not remain idle as long as there is
at least one customer in the system (ticket booth plus waiting room). Once the service of a
customer is started it cannot be interrupted before completion.

The above system is called an M/M/1/oc queue. Its description could be complemented
by an indication of the service discipline used: for instance, FIFO (first in first out), where
the server, after completion of a service, chooses his next customer at the head of the line.
However. we shall see that the service discipline turns out to be irrevelant if one is interested
in the congestion process counting the number of customers present in the system.

We shall now describe the M/M/1/ac/FIFO queue as a Poisson system.

For this, we take S = {&. §). wherc a stands for arrival and § for departure. The state
space is £ = N = {0.1.2,...}. i € E representing the number of customers present in
the system (in the waiting line or being attended by the server). If i > 0, A(DY = {a, 8],
meaning that when the number of customers in the system is strictly positive, an arrival or
a departure could occur. If i = 0, A(0) = [}, meaning that if the system i$ empty, one
cannot expect a departure, only an arrival,

All the activity intensities that are not null are taken equal to 1. Also, 4, = # and
»s = ji, because we want the interarrival times to be exponential random variables with
mean A~ and the service requests to be exponential with mean ="

If in state ¢ > O a transition is triggered by an event of source 5o = o € A(7), the next
state is j = i + 1 (an arrival increases the number of customers by 1); whereas in state
i = 0.ifs) =38 € A(i), the next state is j = { — 1. Thus, p{a,i,i + 1) = 1 for alli = 0,
and p(8,i.i — 1y =1 forall i > 0, and all other probabilities p(s. i, j) are null,

Figure 9.4.2 depicts a typical evolution of the state process, starting from state ip = 0.

* . * * | « (arrivals)
| | |
| | | H
| | | H
S l f
| | | |
‘ o A . d
| | | |
oo |
| | | | : : |
b — =
1 ——
I I S S
=20 !

Figure 9.4.2. GSMP construction of M/M/1/0¢/FIFO
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Formula (3.6) makes the infinitesimal generator readable from the natural description
in terms of the rates A,, the speeds ¢(s, i), and the transition probabilities p(s, i, ). For the
above M/M/1/20/FIFO queue, it can be readily checked that

Giivl = A, i1 = plpzop ©

Remark 3.1.
One should point out that even for the simplest example—the M/M/1/o¢ queue—the Pois-

son system description differs from the usual regenerative description of the corresponding
Markov chain. The Poisson system description gives all the details about the mechanism of
generation of transitions, and its collapse into the usual regenerative description is accom-
panied by a loss of information concerning the fine details.

Indeed, one cannot distinguish statistically between the state process of an M/M/1/oc/FIFO
queue that has an infinitesimal generator of the form

A=A+ u)K-1),

where

from the uniform Markov chain constructed from a Poisson process of intensity A + u and
a random walk with reflecting barrier O with the transition matrix K. It is actually not easy
to discover from the uniform description that one is dealing with an M/M/1/0c queue. This
difficulty increases with the size and the complexity of the system: see Section 5 on queuing

networks. <

Example 3.2. M/M/K/0 (The Erlang Queue)

This queueing system receives the same description as the M/M/1/00/FIFO queue except
for the following features. There are K > 1 servers, and the capacity of the waiting room
is 0. In particular, an arriving customer finding the K servers busy is not accepted in the
system, and therefore the number of customers present in the system at any given time is
less than or equal to K.

A customer entering the system (i.e., arriving and seeing one or more servers idle) will
select a free server at random.

One possible transition mechanism is the following:

E = {all subsets of S containing 0},
Afi) = {all event sources in i},
c(s,i) = 1 forall s € A().
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The transition probabilities p(-, -, -) will be described in a few lines. The Poisson processes
corresponding to event sources 1, 2, ..., K all have the same intensity p > 0, whereas the
Poisson process of event source 0 has the intensity A > (. Source 0 corresponds, as in the
previous example, to the arrivals.

For any state i € E,i — (0} is a subset of {1, ..., K}, representing the servers that are
busy when the system is in that state. If X(r) = /, the number of customers in the system
is |i| — 1, where |{| is the cardinal of the ser i. An event source 5 € [1, K] corresponds to
server s. and the sequence S§ = 7 — T;_ (n > 1) is the sequence of successive service

times provided by this server.

We shall now give the transition probabilities p(-, -, -). For this we need to distinguish
two states: ig = {0) and ix = {0, 1, ..., K} corresponding respectively to an empty and a
full system.

Ifi # i and a transition is triggered on event source s € i where s = 0, this means that
server s releases a customer, and the next state is theni — {s}.

If i # ix and a transition is triggered on event source 0 (which means that a new
customer arrives), the next state is i + {r}, where r is chosen at random in § — i, the set of
idle servers in state i .

If i = ix and a transition is triggered on event source 0 (a new customer arrives), the
state does not change (the new customer is not accepted, all servers being busy).

The M/M/K/0 model is also called by the name of its inventor, the Danish telephone
engineer K. Erlang, who used it to study quantitatively a telephone switch with K lines,
or channels. Each customer finding a free line is connected and uses it for the time of a
conversation. A customer finding all channels busy is rejected, or in the best case routed to
another switch, Erlang was able to obtain his famous blocking formula giving the probability
in stationary regime that a given customer finds all lines busy. This is the first formula of
queueing theory; see Example 5.2 below.

The infinitesimal generator can be computed from formula (3.6) and {exercise) this gives
for the nonnull terms
1
A—
K+1-1i
Gii-ir) = H iffEE,rE{l,...,K},f‘Gf.

gii+{rt = ifiEE,re{l,...,K},r&’i,

Defining Q(r) = |X(r)] — 1 (the cardinal of X{r) minus 1, that is, the number of busy
servers), we can apply Theorem 3.3 to prove that this is a regular jump HMC with state
space £ = {0, 1...., K} and infinitesimal generator A given by

Gompt = ifn €0, K — 1]
Gnn = nuifne[l, K]

A given state n € E is obtained by grouping the states i € E such that |i| — 1 = n.
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To show that §,, | = un for n € [1, K], we must consider the transitions of { X (¢)}
from i such that |i| — 1 = s to j such that |j| — 1 = n — 1. Fixing i such that [i| — | = #,
there are exactly n states j such that ¢;; > Oand {j| — 1 = n — 1, namely all states j of the
form j =i — {r}. whercr € {1,..., K}and r € i. The corresponding sum ZJ- gij = Ni
and is independent of i such that |i| — | = n. Thus condition (2.17) of Theorem 3.3 is
satisfied forow = n, B = n — 1. The proof of §, ,4+1 = A is similar. &

Example 3.3. M/M/I/00/LIFO Preemptive Resume.

This queucing system receives a description similar to that of a M/M/1/00/FIFO, except for
the FIFO discipline which now becomes LIFO preemptive resume (the abbreviation LIFO
stands for last in first out). A customer upon arrival goes right to the ticket booth, and the
customer who was receiving service is sent back to the waiting room, where he will stand
in front of the line (at least until the time when another rude customer shows up, sending
the first rude customer to the front of the queue, and so on). This type of discipline is called
preemptive. The phrase preemptive resume means that a preempted customer does not have
to start from scratch: When the server sees him next time, he will resume work where it

was left,

This type of discipline is not as unfair as it may appear. First of all, all customers being
equally rude. they endure as much as they hurt. A customer with a large service request
spends a larger time at the ticket booth and is therefore more exposed than a customer with
a modest request. and it is precisely in this sense that the discipline is fair. It makes longer
requests who are responsible for congestion wait longer in the system. The precise result is
that the expected sojourn time of a customer in the system, given that its service request is
x.1s equal to x /(1 — p). where p = A/u. see (Wolff, 1989).

The construction of M/M/ 1/00/FIFO preemptive resume as a Poisson system is as follows
S =N,
F = {all finite subscts of § containing 0},
A(iy = [0, ipny ). where i = {0, 1y, i2, ..., iwipt € E,
cfs, i}y = 1ifs € A(i),
pO i Hinn + 1 =1, pliuy. i = {ixn)) = L.

Source 0 is the arrival source. The last prescription is that when a new customer shows
up (that is, a transition is triggered on source 0), the state being i, a new source is added to
i to form the next state, the one just above the set ¢, and this source becotmnes immediately
active. When source i, triggers an event, this means a departure from the queue, and the
source i,y disappears from state 7, and the source i,y is reactivated. The HPP (T2} 1
has intensity A > 0, and for all k > 1, {T¥},; has intensity ;2 > 0. When £ > 1, the
interevent times in {7*},=| correspond to service times.

We see that in state i, there are n(i) customers in the system. Thus the congestion
process at time ¢ 1s | X(r)| — 1, where | X(r)] 1s the cardinal of the ser X (7). <
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Example 4.1 was chosen for its simplicity. Example 4.2 shows that the state space £
should sometimes be chosen larger than the space in which a process of interest, here the
congestion process, takes its values; however, the latter should be a tunction of the state
process, and this is why i € E is sometimes called a macrostate. Example 4.3 contains the
same teachings as Example 4.2, plus the feature that all sources in the (macro) state i need

not be active.

In the queuing literature, especially when applications to communications networks or
computer networks are considered, a queuing system is represented by the pictogram of
Figure 9.4.3, wherc the input arrow represents the arrival stream of jobs (customers), the
output arrow represents the stream of completed jobs (served customers), the circle is a
processor (the service system), and the stack is a buffer (a waiting room, where customers
walit for a server to be free).

¢ i
Poisson — K departures
N (0
A
buffer processor
{walting room) (ticket booth)

Figure 9.4.3. The holy pictogram of queuing theory!

This basic pictogram can be richly adomed. For instance, in Figure 9.4.3 we have a
system with K servers, a waiting room of capacity c. 4 is the arrival rate of customers, and
the derivation shows that the customers finding all K servers busy and a full waiting room arc
rejected. Also, there is an indication of the average service time, I /4, and of the fact that the
incoming stream is Poisson. In this pictogram, one would take it as implicit that the service
times sequence is i.i.d and independent of the arrival process, unless other assumptions are
explicitly mentioned. One sometimes also gives the service discipline (LIFO, FIFO. ctc.).

Example 3.4. M/M/1/5c/FIFO Queue with Instantaneous Feedback

Although one can add and suppress pseudo-transitions at will without altering the state
process, pseudo-transitions are not always meaningless. Forinstance, consider an M/M/t/00
queue with instantaneous feedback. where a customer finishing service either leaves the
system with probability 1 — p or is immediately recycled with probability p at the end of the
waiting line or at the scrvice booth if there is an empty waiting line, with a new independent
exponential service request (see Figure 9.4.4). Then the times of service completion of
recycled customers do not correspond to a genuine transition of {X{r))r20, where X(7) is
the number of customers present in the system at time ¢. &
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l1—p

] (Vs
H\ o

Figure 9.4.4. A queue with instantaneous feedback

4 Markovian Queuing Theory

4.1 Isolated Markovian Queues

This section constitutes a brief introduction to queuing theory, which finds applications in
operations research and in the performance analysis of communications networks.

We have seen in Section 4 the M/M/1/oc queue and the M/M/K/) queue, for which the
congestion processes {X(7)};»0, where X(¢) is now the number of customers in the system
at time ¢, are special cases of birth-and-death processes with an infinitesimal generator of

the form
—Ag i 0 0

w0+ ) A 0

A=l o i2 —(dy + pz) A (4.1)

where the state space is £ = N, or £ = {0,1,..., N} for finite N. In any case, for all
the queuing processes we are going to consider, &; > 0 foralli € E excepti — N when
E=1{0,1,..., N),and u; > Oforalli € E excepti = 0. These conditions guarantee

irreducibility.
The global balance equations are
g (0) = (1)
and
(Ai +pu)m@y =2 m(i — D+ (i + 1)

fori > 1, with the convention pty,, = 0if £ = {0, 1, ..., N}. In Example 3.4 of Chapter
8, a stationary distribution 7 was shown to exist if and only if

Z]—[ Al oo, (4.2)

itk p=] HMn

rxl

in which case, fori > 1,
}Ln—l

(4.3)

(i) =nO)]]
n=1

H
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and

o= [1+> []=] . (4.4)

jell p=| Hn

i

i
An—1
=l

The ergedicity condition (4.2} is. of course, automatically satisfied when the state space is
finite.

Example 4.1. M/AM/1/o¢
In this case £ = N, A =i >0 and u;, = p > Oforalli = 1. The ergodicity condition
reads Y .., (:—() < oc, that is,

- A
,odg—<l.
m

This condition is natural. since p = A E[o,], the traffic intensity. is the average rate of work

entering the system per unit time, and should not exceed the maximal speed of service, equal
to 1. The solution of the balance equation is

iy =(1—p)o'. o

Example 4.2. M/M/KA) (Eriang Loss System)

Here E = {0, ..., K'}. The solution of the balance equations is
. o'/
Y= ——————
2 =0 P10
fori < [0. K]. In particular,
K
pr/K!
Ky = =
Zn:() pn/”!

is the blocking probability, the probabitity of finding the X channels busy. The correspond-
ing formula is due to Erlang. The distribution  is called a Poisson distribution truncated

at K, since
n(y=P(Z=i]|7Z < K)

where 7 is a Poisson random variable with mean p. &

Example 4.3. M/M/x /oG or Pure Delay

This is not really a queuing system, but a pure delay system. The arrival process, the service
times sequence, and the waiting room are as in the M/M/1/o¢ model, but now there 1s an
infinity of servers, and therefore no queuing. since anyone entering the system finds an
idle server. The state space is E = N, and the parameters are A, = > O and u; = ip.
The form of the birth parameter is due to the fact that when i > 0 customers are present
in the system, they are all being served, and therefore there are i independent exponential
random variables (the service times) of mean p~', being consumed at speed 1. A transition
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i — i — 1 will take place as soon as one of them is consumed. If X(#) = i, the transition
i — i — 1 will therefore occur in the time interval (r, r + k] with the probability i h + ol ).

The ergodicity condition (4.2) is 3 v, ‘r'i < o and is always satisfied. The solution of
the balance equations is the Poisson distribution
o o

m(i)=e F—.
il

Example 4.4. M/M/K/c0

This is the M/M/1/o¢ queue, except that there are now K servers, Here 4; = A > 0 and
w; = inf (i, K)u. Indeed, if there are X (1) = i < K customers, there are / independent ex-
ponentials of mean 4~ active in provoking a downard transition. Therefore, the probability
that a downward transition occurs in (¢, 1 + h] is iph + o(h). If there are X(2) =i > K
customers, only K exponentials are active, since there are only K servers, and therefore a
downward transition occurs in the interval (r, r + k] with probability K uh + o(h).

The ergodicity condition (4.2) is satisfied only if

A
déf—<K.

Again, this just says that the average incoming work per unit time cannot exceed the maximal
service speed, which is K when all servers are busy.

The stationary distribution is then, for i € [, K],

i

7(i) = 7 (O
and fori > K,
K .
o Pt ek
nH=70%; ()

where |
K— i K
_ AP 1
0 = E L
=0 K T— /K

f=0

In this systemn, the probability of waiting is the probability of entering the system when the

K servers are busy, thatis 7 (> K) f Ziz x (D). One obtains Erlang s waiting formula

K!' l-p/K
(> K) = e . o

Example 4.5. M/M/1/>c Processor Sharing
The arrival process is of the M/M type, as in the M/M/1/0c queue, and the waiting-room
capacity is infinite. Just as a LIFO nonpreemptive discipline or a FIFO discipline does not
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make a difference in the infinitesimal generator, the processor-sharing discipline does not
either. In this discipline the server is cqually shared among the customers in the system.
More precisely, if at time 7 there are X{r) = i customers in the system, each one is served
atspeed 1/i. Foratransition/ — { — I, there are / indcpendent exponentials of mean 1/,
consumed at speed 1/i. Therefore, the probability of such a transition in the time interval
(1,1t +hlisi%h +olh) = ph + o(h). &

The last example suggests that the statistics of the congestion process {X(f}},.o are
independent of the service discipline in an M/M/1/00 queue, and this is indeed the case if
we consider only service disciplines such that the server works at full speed, equal to 1.
whenever there is at least one customer in the system.

We shall now see a nice application of reversibility.

Example 4.6. Burke—Reich Output Theorem
This result is due to Burke, and the proof using a reversibility argument is due to Reich: see
{Kelly, 1979) for bibliographical details. Let {X(¢)};»¢ be a birth-and-death process on %

with birth parameters of the form
2, (4.5)

Ao
and suppose that i; > 0 foralli = 1. The corresponding chain is irreducible. and we shall
assume that it is ergodic, that is,

W

A
Yo
il M

In this case. fori > 1, '
(i) = (0 ——,
e

t

where

: -1
)\.{
7 (0) (1+§ " ._.M) .
This chain is reversible, since w{i + 1)giy1; = 7({)q: 141, that is, (i + Dy = w(i)a,
for all i > 0. Note that the same would be true of any irreducible ergodic birth-and-decath
process, but the restriction (4.5) on the birth parameters has a nice consequence in queuing
theory. Indeed, if we interpret the upward transitions as due to arriving customers and the
downward transitions as due to departing customers, condition (4.5) says that the arrival
process is an HPP (Problem 9.3.1).

Suppose that the queue is in steady state, and therefore the reversed process has the same
distribution as the direct process. When time is reversed, the point process of departures
hecomes the point process of arrivals, and therefore, in view of the reversibility property,
the reversed process of departures is an HPP. Now, the probabilistic nature of a HPP does
not change when time is reversed. Therefore, the departure process is a Poisson process.
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Also, since in direct time, for any time ¢ > 0, the state X (¢) is independent of the future
at time ¢ of the arrival process {(Markov property of Poisson processes), it follows from

reversibility that X () is independent of the past at time ¢ of the departure process. <
X(z)
[
|
|
— -— ——
| |
-— " . ‘ . w
! | | |
| ! | |

o T b

arrivals of the time-reversed process

Figure 9.5.1. Reich’s proof of Burke’s theorcm

4.2 The M/GI/1/00/FIFO Queue

Markovian models are easy to handle, but they sometimes are not adequate. The Poissonian
assumption for the input is very often justified, in particular when the law of rare events
applies. However. the exponential assumption is usually unrealistic. Note that there are
situations where the exponential assumption leads to the correct result even in the case
where the service time distribution is arbitrary. The typical case is Erlang’s system, in
which the substitution of an arbitrary service distribution with the same mean as the original
exponential distribution leaves unaltered the stationary distribution of the number of busy
lines at an arbitrary time. In particular, Erlang’s blocking formula remains valid, and this
robustness cxplains the success of this formula, which was widely applied in the design of
early telephone switches. This lucky phenomenon is called insensitivity, and 1s not so rare.
For instance, the M/M/a¢ queue and the M/M/1/oo/LIFO preemptive queue are insensitive.
However, since insensitivity is not a general phenomenon, one must work a little more, and
we shall consider in this subsection the M/GI/1/00/FIFO queue, a non-Markovian queue for
which the analysis is possible. This queue is exactly like an M/M/1/00/FIFQ queue, only
with a general distribution for the i.i.d service times sequence,

Plor = x) = Gx). (4.6)
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Embedded Congestion Process

The corresponding congestion process { X(#)},>¢ is no longer Markovian. Fortunately, the
process { X, }.»0, Where

Xy = X(rn) (4°7)

and 1, is the nth departure time (see Figure 9.5.2), 7p = 0, is a discrete-time HMC. This is
a direct consequence of the extended strong Markov property of HPPs. The detailed proof
is left for the reader (Problem 9.5.3). This discrete-time chain is called the chain embedded
ar departure times. Since the congestion process is taken as right-continuous, we see that
X, is the number of customers that customer # leaves behind him when he has completed
service.

*—
1 b —
! ! Xn+l ! !
— — ! 1o Antl
I 1 : PR -—
I ) I 1
|
Xn“'—J ‘ i '
\ | — — !
|
; | Xo=0 | |
L L = 1 |
'
Tn Trtl Tn [ Tn
a b

Figure 9.5.2. The embedded process at departure times

A glance at Figure 9.5.2 reveals that
Xopt = (KXo = 1) + Zpp1, (4.8)

where Z,.; is the number of customers arriving in the interval (o, o, + 0,41], where
oy, =1, if X; > 0and w, = T, if X, = 0 (Fig. 9.5.2).

The time ¢, is a stopping time with respect to the arrival process ¥ = N, and the first
1 service requests (a1, .. .. o,), and the (n + 1}st service request g,,4 is independent of the
arrival process before @, and of the previous requests (o4, ..., 0,). In particular, in view of
Theorem 1.1,

Zo = Ny, + 0p ]
is independent of Xy, ..., X,,, and {Z,},, is an i.i.d sequence, with each Z, distributed as
Z = N(0, 5],

where N is some HPP with intensity A, and & is a random variable independent of N, with
cumulative distribution function G(x).

We recognize an avatar of the fetish example “The Repair Shop” for which we have
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Figure 9.5.3. Arrival process, FIFO workload, and congestion processes

already proven that {X,),.¢ is indeed an HMC with transition matrix

o ay dx d3y ...
ag dy ax ay ...
0 dg a) dz ...
00 ap ay ...

where a; = P(Z,,, =i} = P(Z = i), that is,

o . (AI)!
a; :f e M ——dG(r). {4.9)
0

i
For this particular instance of the repair shop HMC, the necessary and sufficient condition

of irreducibility @ > 0, ap + a; < 1 is verified.

Recurrence of this chain depends on the value

p=E[Z\]=E[Z] = ;:[ﬂ e‘“Q:_r!—)dG(r).
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A straightforward calculation gives
f
p:k/ tdG{r) = LFE [a]. (4.10)
0

If p < 1. the chain is positive recurrent; if o = 1, it is null recurrent; and if p > 1, the chain
is transient (the proof of this was completed in Example 3.1 of Chapter 5).

Again, this result is natural if we observe that p is the average work entering the system
per unit of time and remember that the server works at a maximum speed of one unit of
work completed per unit of time.

In Example 5.5 of Chapter 2 we found that in the positive recurrent case o < 1, the
generating function of the stationary distribution 7 is given by the formula

(z — 1)gz(2) (4.11}

. ,'= 0 < ,
gn(a)z (0 p———

where
a(y=1—-p 4.12)

and gz(7) is the generating function of Z,. The latter can be explicitly computed using
cxpression (4.9):
X oc o0 3
= (ar)
82(2):_[ e (Zf -2 | dG@),
0 i—p 40 I

that 1% o
gr{z) = f e HU=DdG(n). (4.13)
0

Embedded Sojourn Process

In the M/G1/1/00/FIFO queuing system, the number of customers X, = X(z,) left behind
by the nth customer when he leaves the system s exactly the number of customers arriving
during the time interval (7,,, 7,]. that is.

Xn - N(Tnv Tn + Vn], (414)
where V, is the sojourn time of the nth customer in the system. Invoking the extended
strong Markov property of HPPs and noting that V, depends only on (o), ..., 0,) and the

past of N at time 7j,, it follows from (4.14) that at equilibrivm (for { X, },-¢).
Sl = E[4],
i=0

where N is a Poisson process of intensity A independent of V.. Now,

E [zmv")] = fom E [ZM"]] dFy (V)

_ f HENAR, (V) = Dy (Mz = 1),
0
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where Fy (v) is the ¢.d.f of V,, and @y, is the Laplace transform of V,. We therefore see
that the distribution of V, is independent of . and that calling V any random variable with
the same distribution as V,,, we have

x>
Y m(i)d = Dv(A(z - 1)), (4.15)
i=0
where
q:’l,/(S) = f e;"‘.dFv(S). (416)
Note that this expresses the fact that at equilibrium, X, is distributed as
X = N(V),

where N is an HPP of intensity A, and V is a random variable independent of N with the
distribution of the stationary sojourn time.

4.3 The GI/M/1/0¢/FIFO Queue

The GI/M/1/ac/FIFO queue is of the same nature as the M/M/1/0¢/FIFO queue, except that
now the arrival process is not Poissonian, but renewal. The interarrival times form an 1.1.d
sequence with cumulative distribution function /(x) and mean =1, The service times are

exponential with mean u='.

As in the M/GL/1/0c/FIFO queue, the congestion process [ X (¢)},»¢ 18 #not Markovian,
but the system is amenable to Markovian analysis. Indeed, if we define

X, =X(T,-),

the number of customers in the system seen upon arrival by the nth customer, the process
{X}u=1 18 an HMC. To see this, we can take the GSMP description of the queue analogous
to the one given in Example 4.1, except that now the input process {7, },.o corresponding
to the source & is a renewal process. In Figure 9.5.4, not all the crossed events in source §
are used as departure times, but only X, + 1 of them at most. More precisely,

Xn-H - (X_,, +1— Nﬁ(Tnv Tn+|D+'

Defining
Loy = No(T,, Tyl

the sequence {Z,),.; is i.i.d. (use, for instance, the extended strong Markov property for
HPPs), and therefore { X, }, .o is an HMC by Theorem 2.1 of Chapter 2. Moreover, writing

oc t k .
P{Z, 1 =k) =/ e"m(ii,id]:(f) d:fbk,
0 H

the ith row of the transition matrix P is

(1= b by bicy, -, bo, 0,0,..0).
k=0
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Figure 9.5.4. GSMP construction of GI/M/1/c0/FIFO
Since b = 0 forall £ > 0, P is irreducible and aperiodic. We first observe that
e
Zkbk =p7", (4.17)
k=0

where

A
p = (4.18)
i

is the traffic intensity. Indeed,
ZIC:C:O kb = E[Zn41] = E[Ny(T,, Tt

= ELf;° L, r, ((0DAN5(0] = ELfS° a1, () udt]
= uE[T0 —-T,]= %!

where we have used the smoothing formula of Poisson calculus. We want to show that the
embedded HMC { X, },,>0 18

e positive recurrent if p < 1,
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e null recurrent if p = 1,

e transient if p > 1.

A. First we show that if g < 1, the chain is positive recurrent. For this it suffices to
prove the cxistence of a stationary distribution. We make the educated guess that 7 has the

form

w(i) =§'(1 - §) (4.19)
for some £ € (0, 1). To verify this guess, we must find § € (0, 1) such that for all/ = 1,
Yo E T =4 (4.20)

je=i-l

and

> i b)E =1, (4.21)

J=0 k=j+1
since these equations are the balance equations when 7 is given by (4.19).

Equarions (4.20) all reduce to

£ = gz(&), (4.22)
where
g(5) =Y bt (4.23)
k=0

is the generating function of Z,. Since all the b; s are positive. there 1s a unique solution &,
of {4.22)1n (0. 1) if and only if

X
g1y =D ke > L.
k=1

thatis, o < L. We must verify (4.21). The left-hand side equals

k--1

o0k o ok oc
S ne - Sn = L (1-n-Sne),
j k=1 k=i

k=t j=

and in view of (4.22), this equals

1
]—A—g(l —by—{§ —bo)) = 1.

B. Consider the matrix
bo b; bz

oo b{) bi bg
P = bg b] ’ (4'24)

bo ...
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This is the transition mairix of the chain imbedded at the arrival times of an M/GI/1/00
system with traffic intensity
1
=t (4.25)

roop
We know from Theorem 3.4, Chapter 5, that the irreducible HMC with transition matrix P
1s transient if and only if there exists a nontrivial bounded solutionh : E — R of

h(iy =Y pihk), j # 0. (4.26)
kA0
where 0 is an arbitrary state. Eguation (4.26) is

i+l

h(j) = ij—f+1h(f)' i#0. (4.27)
i=1

We can assume without loss of generality that A(1) > 0 (otherwise replace function # by
—h). Defining

A0y = h()by;  A(1) = h(1)1 —bo); A(J)=h{)—h( 1), (G =2) (428
it 1s easy to verify that }
7P =, (4.29)
We show that # > 0. Indeed, (4.29) is, for j > 0,

J+1

Ry =F(Ob; + Y A Dbjis1.
i=1
Add these equations for j = 0 to n, and solve to obtain, forn > 0,

A{n + Dby = F(O)cw + Y F(@)enrsr,

i=1
where
cp=1=—bpg—...=b, > 0.
Therefore. if 7(i) = 0 fori = O ton, then A(n + 1) = 0. But #(0) = 0. Therefore, by
induction, # = 0.
Equation (4.29) has a nontrivial bounded solution with bounded sum "2 (i) if and
onlyif p < 1. Equivalently, as we have just shown, (4.27) has a nontrivial bounded solution

if and only if (4.29) has a nontrivial bounded solution with bounded sum. Therefore, by
Theorem 3.4 of Chapter 5, P is transient if and only if P is positive recurrent, i.e., if and

onlyif p > 1,

C. It remains to show that P is recurrent null if p = 1. From the previous discussion, P
cannot be transient. It suffices therefore to show that P cannot be recurrent positive. Indeed,
if it were, there would be a stationary distribution 7 for P. Writing

W)= +...+7(G -1, j=1, (4.30)
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and using ¥ -, bx = 1, we can verify that

h(j) =" puhtk), j #0. (4.31)
k#0
Therefore, (4.31) has a nontrivial bounded solution, and by Theorem 3.4 of Chapter 5, this
is cquivalent to transience of P. But we know that in this case necessarily § > I, and
therefore p < 1, a contradiction with our assumption p = 1. Therefore, for p = 1, P is
recurrent null.

Embedded Waiting Time Process

An arriving customer finds X, = X(7,,-) customers in front of him, and therefore, in the
FIFO discipline, his waiting time W, (before he starts to be served) is the time needed for
the server to take care of the X, customers present at time 7, —.

By the extended strong Markov property applied to the HPP N; in the GSMP con-
struction (see Figure 9.5.4), the point process Nj after 7, is an HPP of intensity « and 1s

independent of X,. In particular,
X,
= Z Y},

j=1
where the ¥, are L.i.d exponentials of mean 11 and common characteristic function

122

E[eiuY]z —,
M=

and are independent of X,,. Also,
P(X, =k) = {1 — &)

Therefore, in steady state,

oC
; , . L ;.
E[emﬁu] — E[Z et Z;:] ¥; l[X..=-H]
.:0

oo

Z E[eiuY}kP(Xn —_ k)

=Z ———¥(1 = £0)6.

We find for the characteristic function of the stationary waiting time

B w(l — &0}
¢ f")”"(u(l—so)wu)‘

This is the characteristic function of a random variable that is null with probability 1 — &,
and exponential of mean [(! — £)]™" with probability &.

For more information in classical Queuing Theory, the reader is directed, for instance,
to Gross and Harris (1983).
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4.4 Markovian Queuing Networks

Jackson Network

A Jackson network (Jackson, 1957) is an open network of interconnected queues. There
are K stations, and each station has a 1/00 service system, that is, a unique server working
at unit speed and an infinite waiting room. There are two types of customers queuing at a
given station, (1) those which are fed-back, that is, who have received service in another or
the same station and are rerouted to the given station for more service, and (2) those who
enter the network for the first time (see Figure 9.6.1).

_?-’ |

>

Figure 9.6.1. Jackson network

The exngenous arrivals into station / form an HPP, denoted by N,—, with intensity J_L; e
[0, oc). The sequence of service times at station / are exponential random variables of mean

L/ € (0, 00).

The service times in the same and in different stations are independent and independent
of the exogenous input HPPs A, and the latter HPPs are independent of one another.

The routing is of the Bernoulli type. Each customer just completing service in station ¢
tosses a (K + 1)-faced die with probabilities r; |, . . ., r; g, r; with the effect that the customer
is sent to station j with probabiity r;; or leaves the system with probabilityr;, = 1-3 le rij.

The matrix
R = {rij}i<ij<x

is the rouring matrix. The successive tosses of the routing dice of all stations are independent,
and independent of the exogeneous arrival processes and of all the service times.

This is the original Jackson model, which can be enriched by the introduction of service
speeds. If there are n; customers in station i, the server works at speed ¢;(n;}, where
@:{0) = 0and ¢;(n;) > O foratln; > 1.
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Let X;(r) be the number of customers in station { at time ¢, and define
X(0) = (Xa(0), ..., Xul1)).

It can be verified that the process { X (1)}, is a regular jump HMC with state space £ = N&
and with infinitesimal generator A = {g, }, where all the nonzero off-diagonal terms are

dn.onte, = A-;‘,
Grn—e; = Wil )1 Ln 500,
Grnan—e;re; = ﬁi£¢i(”5)rijl{ll,>0}'

where n = (n;, ....ng) € E = NX_ande; is the ith vector of the canonical basis of R¥.
This generator is independent of the service strategy——LIFO, FIFO, or processor-sharing.

The form of the infinitesimal generator can be obtained from a full description of the
network as a Poisson system. However, we shall be content with heuristic arguments. For
instance, the expression for g, .., +, follows from the intuitive considerations below. If the
state at time f is 7. a transfer from station / to station j requires that the exponential random
variable with mean 1/u; representing the required service of the customer being served at
station / at time ¢ be terminated between times ¢ and ¢ -+ # (probability 1, ¢;(x; ) up to the
first order in /1), and that the corresponding customer be routed to station j (probability r;;).

We shall assume that the chain {X ()}, is irreducible. This is the case when
(o) forall j € [1, K, there exist i, iy,..., i, € [1, K] such that
i,—r,—,-] Fiin = - ting > 0,
and
(B) forall j € [1. K], there exist ji, j2, ..., jr, k € [1, K] such that
Fiiip e Fhare >0
{the proof is left for the reader).

Recalling that the w; > 0 for all stations, condition («) tells us that any station is
exogenously supplied. and (§) tells that any station has an outler.

Consider now the (K + 1) x (K + 1) matrix

o fizo oo Nk N

2y ¥ - g M2
R= : .

Fg1 Fg2 -+ TKER FK

0 o - 0 1

It can be interpreted as the transition matrix of an HMC onthe finite state space {1, . .., K, K+
1}. Condition (8) implies that state K + | is absorbing and the states 1, . .., K are transient.
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It follows that (1 — R)™" exists and therefore the solution of the system of equations
_ K
A=A+ Y A (4.32)
j=1
that is, with obvicus notations, A = A+ Ri hasa unigue solution

A=(1-R)'aA= (iR") s
n={}

where the latter expression shows that this solution is nonnegative. Equations (4.32) are
called the traffic equations, because they give a necessary relation between the average
numbers of customers A; entering station i in steady state if the network is ergodic. Indeed,
2, is equal to the exogeneous rate of arrivals A; plus the sum of all average rates of transfer
from other stations. From station j. the corresponding rate is & rj;, where «; is the average
rate of customers finishing service in station j. Butatequilibriumo; = A, since the average
number of customers in station j remains constant, wence the traffic equations (4.32).

Of course, this heuristic argument is not needed, and in particular, one need not attermpt
to identify A; in (4.32) as the average incoming arrival rate in station ;. This identification
is possible if equilibrium is guaranteed. However, even in the nonergodic cases, the traffic
equations have a solution, and a unique solution.

The existence of a probabitity distribution 7 on £ = N¥ satisfying Kolmogorov’s
balance equations is a necessary and sufficient condition of ergodicity of the network. We
do the case where the service speeds of all the servers are equal to 1 and where 7;; = 0, and
refer the reader to Problem 9.6.4 for the general case.

The global balance equations for the Jackson network are

K X X
() [Z(A,- + i 1{n,>0})} = 3 w(n = edhilpys0 + ) wn + e

i=l i=1

o

i=l j

i=1

K
J’I(H + & — ej),u,-nj 1{,@1.)0].
=1
It turns out that if the solution of the traffic equation satisfies
A
p=—<1 (4.33)
i

forall i € [1, K1, then the network is ergodic, and its stationary distribution is given by
X
w(n) = [ [ mitni), (4.34)
i=1

where 77; is the stationary distribution of an M/M/1/oc queue with traffic intensity p;,
:n) = (1 — o). (4.35)
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To prove this, we shall apply the reversal test (Theorem 5.5 of Chapter 8). We define the
generator A on E = N¥ by
w{(m)nw = T Ygw

Z én.n’ =g

K
qn = Zli + tilin, > 01
i

and check that

Here

The generator A is given by

H(”)&n.n+e, = IT(II + el’)4n+e..n = J‘T(?l + ei),Uq'rh
N(n)én.nﬂ', = nm(n —e)gne.n = w{n — ei)hilin 01,
JT('Vl)‘}n.w+c,—e, =n(n+e— ej)q:';+e.—€j.n =ma{n+e¢ - EJ);,L,-I‘,-J; l[n;>0},

and therefore, taking into account the specific form of 7 (») given by (4.34) and (4.35),

Gnonve, = Pifili = Airi,
. Ai
Gnn—e, = — l{n, =0},

f

~ i 1
Grnte—e, = —Wifijln»00 = —Aitijlin, >0
bj £y

We have to verify that

K. K i A
D (i + pilys0) = > | wr+ o Lm0+ — ( 2 #iti | Limor | -
i=1 i

i=I Pi Ao
By the traffic equation, Z;(:I Airii = A — 2:, and therefore the right-hand side of the
previous equality is

¥
(Riri 4 il moph
I;_

1
Z ()’iri + Ail[n,b()]) -
P

=1 =1

and it remains to check that
K
>h =3
i=1 =1

For this we need only sum the traffic equations.
Gordon—Newell Network

A closed Jackson network, also called a Gordon-Newell network (Gordon and Newell,

1967), is one for which
A=0,r=0 (4.36)
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foralti, 1 <i < K. Inother words, there is no inlet and no outlet, and therefore the number
of customers in the networks remains constant, and we shall call it N. The state space is

K
E=1(n.....nx) € NK,Zn,- = N}

i=I

The traffic equations are now
» = RA, (4.37)

and since R is a stochastic matrix in this case, which we shall assume irreducible, it has an
infinity of solutions, all multiples of the same vector, which is the stationary distribution of
R.

It is true that the vector of average traffics through the stations is a solution of (4.37). We
do not know which one, in contrast with the open network, where the solution of the traffic
equation is unique. Nevertheless, if we take any positive solution, we see by inspection that

foralln € E,
1 K
oo L1 439

=1

where p; = A;/u; is a stationary solution. Here G(N, K) is the normalizing factor

K
GIN.K =Y []e" (4.39)
i=1

nenik
B g =N

n{n) =

Note that under the irreducibility assumption for the routing matrix R, the chain {X(7)};.0
is itself irreducible, and since the state space is finite, it is positive recurrent, with a unique
stationary distribution. In particular, for closed networks, there is no ergodicity condition.

The problem with closed Jackson networks resides in the computation of the normalizing
constant G(N, K). Brute-force summation via {4.39) is practically infeasible for large
populations and/or large networks. Instead, we can use the following algorithm.

Define G(j, £) to be the coefficient of z/ in the power series development of

¢ 1 4 o0 .
gz(Z):HI_pjz =H(Z"f’i’)-
1= =

n; =0

The normalizing factor is indeed equal to G(N, K). Since
2e(2) = ge1(2) + pezge(2),
we find the recurrence equation
G, O=G(j,t— 1D+ pG(j—1,¢) {4.40)

with the intial conditions _
G(j. 1)=p] (j =0, (441)
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GO, H =1 ({£>1).
It is also of interest to be able to compute the urilization of server i, defined by
UAN, K) = P(X;(1) > 0), (4.42)
which gives the average throughput from station / to station j,
di;(N, Ky = ; U(N, K)ry;.

This is the average number of customers transferred from station i to station j in one unit
of time. Since

UN.K)= Y alm= G(N S le

A peeen g =N n]+-AnK N oj=1
ay =0

we see that G(N, K)U;(N, K) is the coefficient of z" in

i) = n Zp"‘ " (Zp )

=l \n;=0 =
e
Now,
gnvi(2) = gn(@)piz,
and therefore G(N, KYU;(N, K} = p;G(N — 1, K), ie,,
G(N —1,K)

LS (4.43)

UiN.K) = o
For additional information on algorithmic computation of closed networks characteris-
tics, see, for instance, Robertazzi (1990).

Closed Jackson network models arise in the following situation, where an open network
is operated with a blocking admission policy: If there are already N customers in the
network, the newcomers wait at a gate (in a queue) until one customer is released from the
network, at which time one among the blocked customers, if there are any, is admitted. Inthe
network, there are at most N customers. At “saturation,” there is always ane customer ready
to replace a departing customer, since the gate queue is infinite, by definition of saturation.
Therefore, at saturation, or for all practical purposes near saturation, everything looks as if
a departing customer was being immediately recycled {see Figure 9.6.2).

It is important in practice to be able to compute the average number of customers d{N)
passing through the entrance point A per unit of time: This is the maximum throughput, and
therefore it is related to the efficiency of the system, from the point of view of the operator
(who makes money with customers). From the point of view of the quality of service, an
important parameter is W(N), the average time spent by a customer between A and B. As
a matter of fact, N, W(N), and £{N) are related by

dNYW(N)Y= N, (4.44)
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Figure 9.6.2. GordonNewell network as a saturated Jackson network

a particular case of Little’s formula; see (Wolff, 1989). One can therefore compute d{N}
via formulas such as (4.43) and the algorithm (4.41), and then W(N) via (4.44), and then
choose an operating point N that provides the required balance between the operator’s profit
and the customer’s comfort.

Problems

9.1.1. The regenerative structure of a regular jump HMC suggests that for simulating such
a chain, one needs to generate rwo random variables per transition: One fixes the time of
occurrence of the event, and the other one tells what the next state is. Show that for a
finite-state regular jump HMC, one really needs to generate one single exponential random
variable per transition in the long run. Discuss the feasibility when the state space is large
in terms of memory requirements.

9.3.1 Let { X(r)};=0 be an irreducible ergodic regular jump HMC, and take for initial distri-
bution u = m, the stationary distribution. Suppose, moreover, that with each state i € E is
associated a subset T(i) C E such that }_ jer@ydii = X, independent of i € E. Let N be



414 9. Poisson Calculus and Queues

the counting process recording all transition times 7, such that X(t;) € T(X(z,—)). Show
that N is a Poisson process with intensity A.

932 Let N be an HPP with intensity A > 0 defined on the probability space (82, F, P).
Define a set function £’ on F by

P'(Ay = Ep[L714).

where £p refers to expectation with respect to P, and

N M(T)
Ly = (I) exp{—(x" — A)T1.

where A" > 0. Show that P’ is a probability, and that under P’, N is an HPP with intensity
Al

9.4.1 Consider the following model of a population in terms of birth and death. The lifetimes
of the individuals appearing in the population are independent and exponentially distributed
with the same mean p~', where u € (0. o¢). An individual introduced into the population
(by birth or by immigration) gives birth to children according to an HPP of intensity A > 0
(the reader will interpret this statement) as long as she is alive. All the birth point processes
attached to individuals are independent, and independent of all the lifetimes. There is also
an immigration process, an HPP of intensity a, a € (0, o¢), independent of all the rest. Give
a Poisson system description of this population process, and show that the process counting
the number of individuals in the population is a birth-and-death process with parameters

n = RA+a, uy, = nu.

9.4.2 Give a purely Poissonian description of the M/M/1/00/FIFO queue with instantaneous
feedback, with a first-come-first-served discipline (head-of-the-line customer is served first);
see Example 4.4 for the definition. Show that the congestion process counting the number of
customers in the system at time ¢ is a regular jump HMC, and give its infinitesimal generator.

9.4.3 Consider the general Poisson system of Section 4. Call 7, the nth transition (maybe
a pseudo-transition) time, where ¥, = 0. Call §, the source responsible for the transi-
tion at time ,, with 5, € § arbitrary and independent of the driving HPPs. Show that
{(5,, X(T,))}a>0 forms a discrete-time HMC, and give its transition matrix.

9.4.4 Consider an M/M/1/00/LIFQ preemptive resume queue. See Example 4.3 for the
definition and the notation. Show that the congestion process (counting the customers in the
system: ticket booth plus waiting roont) is a regular jump HMC with the same infinitesimal
generator as the corresponding process in an M/M/1/0¢/FIFO queuing system.

9.5.1 Consider the M/M/1/c0/FIFO queue with instantaneous Bernoulli feedback of Exam-
ple 4.4. Define the process {Z(t)};»p with values in {—1, +1] as follows: Z{0) is chosen
independently of everything else, and the process { Z(2)},»0 switches from one value to the
other whenever a customer is fed-back. Show that Y(r) = (X (1), Z(1)) defines a regular
jump HMC {¥ ()};=0, and give its infinitesimal generator. Give a necessary and sufficient
condition of ergodicity and compute the stationary distribution in the ergodic case. Give,
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at equilibrium, the distribution of the times between transitions of {Z(r}};>0. Show that the
times of departure of customers definitively leaving the system form a Poisson process. Do
the same for the times of end of service.

9.5.2 Prove that the congestion process in an M/GI/1/00/FIFO queue observed at the depar-
ture times is a discrete-time HMC.

9.5.3 Let { X(1)),-0 be an irreducible regular jump HMC with state space E and infinitesimal
generator A. Suppose that it is ergodic, with stationary probability 7r. Show that at equilib-
rium (P(X(r) = i) = w(i) forallt = 0, all i € E), the average number of transitions from
i to j in a unit time interval is 7(i }g,;. Use this to interpret the detailed balance equations
for a reversible chain.

9.5.4 Consider the closed Jackson network of the theory, with a pure ring structure, i.e.,
riigm=1.ie[l,K —1],and rg; = 1. Compute the stationary distribution.

9.5.5 Consider the closed Jackson network below where all service times at different queues
have the same (exponential) distribution of mean 3. Computefor N = 1, ..., 10the average
time spent by a customer to go from the leftmost point A to the rightmost point B, and the
average number of customers passing by A per unit time.

;WMWI I

B

9.5.6 The following modification of the basic Jackson network is considered. Forall i €
[1. K]. the server at station i has a speed of service ¢;(n;) when there are n; customers
present in station {, where ¢;(k) > 0 for all £ > I and ¢;{0) = 0. The new infinitesimal
generator is obtained from the standard one by replacing g; by w;¢(n;). Check this and
show that if for all i € [1, K],

def = fo
A= 1+ (w—’——) < 00,
,; io k)

where o, = A;/u; and A; is the solution of the traffic equation, then the network is ergodic
with stationary distribution
K
m(n) = H mi(n;),
i=

where
P.

H | ik

9.5.7 The basic Jackson network of the theory is now modified by assigning K; servers
with unit speed of service to each station i € [1, K. Show that the infinitesimal generator

() =
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of this network is the same as that of the network of the previous problem, with ¢;(n;) =
inf (K;, n;). Give the ergodicity condition corresponding to that of the previous problem,

9.5.8 Consider the closed Jackson network of the theory, with ¥ = 1 customer. Let {Y(¢}},50
be the process giving the position of this customer, i.e., Y(z) = { if he/she is in station
at time t. Show that {¥(7)},>0 is a regular jump HMC, irreducible, and give its stationary
distribution. Observe that &; = «;pt;, i € [1, K], is a solution of the traffic equation.

9.5.9 Consider the Jackson network of the theory with K =2, 4, = 0,r); = L.r2 = 1 (two
queues in series). Show that the point process counting the customers passing from station
| to station 2 is a Poisson process, and give its intensity. Show that for all r > 0, X»(r) is
independent of (X,(5),0 < s <1).



Appendix

1 Number Theory and Calculus

1.1 Greatest Common Divisor

Leta,, ..., a; € Nbesuchthatmax (ay, ..., ay) > 0. Their greatest common divisor (g.c.d)
is the largest positive integer dividing all of them. Itisdenotedbyg.c.d(a,..... ay). Clearly,
removing all zero elements does not change the g.c.d, so that we may assume without loss
of generality that all the ;s are positive.

Let {a.},> be a sequence of positive integers. The sequence {d;},-, defined by d,, =
g.c.d{ay, ..., a;) is bounded below by | and is nonincreasing, and it therefore has a limit
d > 1, apositive integer called the g.c.d of the sequence {a,},,. Since the &, s are integers,
the limit is attained after a finite number of steps, and therefore there exists a positive integer
kp such thatd = g.ed(ay, ..., a;) forall k = kg,

Lemma 1.1.
Let § < Z contain at least one nonzero element and be closed under addition and subtraction.

Then § contains a least positive element ¢, and S = {ka ;k € Z}.

Proof. Lletc € 8, ¢ # 0. Thene —¢c =0 ¢ §. Also0 — ¢ = —c € §. Therefore.
§ contains at least one positive element. Denote by a the smallest positive element of
S. Since § is closed under addition and subtraction, S contains a, a +a = 2a, ... and
0—a=—a.0—-2a=—2a,... thatis, {ka ke Z) C §.

Letce §. Thene = ka+r,wherek €¢ Zand0 <r < a. Sincer =c—ka € §, we
cannot have r > 0, because this would contradict the definition of « as the smallest positive

integer in 8. Therefore, r = 0, i.e., ¢ = ka. Therefore, § C {(ka ;k € Z}. O
Lemma 1.2.
Letay, ..., a; be positive integers with greatest common divisord. There existn,, ..., ny €

Z such thatd = Zf:] ;.

Proof. The set § = [Zfza nid; 5 Ry, ... Ry € Z] 1s closed under addition and substrac-

tion, and therefore, by Lemma 1.1, § = {ka ;k € Z}, wherea = Zle n;a; 1s the smaliest
positive integer in S.

417
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Since ¢ divides all the a;’s, d divides a, and therefore 0 < d < a. Also, eacha; isin §

and is therefore a multiple of a, which implies thata < g.c.d(ay. ..., a;} = d. Therefore,
d=a. o
Theorem 1.1.

Letd bethe g.c.dof A = {a, .n > 1}, aset of positive integers that is closed under addition.
Then A contains all but a finite number of the positive multiples of d.

Proof, We may assume without loss of generality that § = 1 (otherwise, divide all the a,

by d). Forsomek,d =1 = g.cd. (a1, . .., a), and therefore by Lemma 1.2,
k
l = Zn,—a;
i=1
for some ny,...,n; € Z. Separating the positive from the negative terms in the latter

equality, we have | = M — P, where M and P are in A.

letne Nyn= P(P—1). Wehaven = aP + r, where r € [0, P — 1]. Necessarily,
a > P— 1, otherwise, ifa < P =2, thenn =aP +r < P(P—1). Usingl = M — P, we
have thatn = aP +r(M — P)=(a—r)P +rM. Buta — r > 0. Therefore, n is in A.
We have thus shown that any n € N sufficiently large-sayn > P(P — |)-sin A. a

1.2 Abel’s Theorem

Lemma 1.3, Abel's Lemma
Let {b,},> and {a,},., be two sequences of real numbers such that

byzby =2 b, 20,
and such that for some real numbers # and M, and alln > 1,
m=a + --+a, <M

Then, forall n > 1,
him <aiby+ -+ ayb, < h /M. (L.1)

Proof. Lets, = a; + -- - + a,. and use Abel’s summation technique to obtain

alb] +"'+anbn = b]S] +b2(52 _Sl)+"'+bn(5n _Sn—i)
= si[b1 — b2l + -+ Sai[bar — Byl + sp[ba].

The bracketed terms are all nonnegative, and therefore replacing each s; by its lower bound
or upper bound yields the result. G

We recall without proof a standard result of calculus.
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Lemma 1.4.
The sum of a uniformly convergent series of continuous functions is a continuous function.

Theorem 1.2. Abel's Theorem

Let {a,),-1 be a sequence of real numbers such that the radius of convergence of the power
series Y oo d,z" is 1. Suppose that the sum Y a, is convergent. Then the power series
S anx" is uniformly convergent in [0, 1] and

0

. 0

ngll apx" = Z ap. (1.2)
=0 n=0

where x 1+ 1 means that x tends to 1 from below.

Proof. It suffices to prove that 3 - a,x" is uniformly convergent in [0, 1], since (1.2)
then follows by Lemma 1.4. Write A} = a, + -+ + a,. By convergence of 3~ a,,
forall e > 0, there exists ny > 1 such that p > n > ng implies |A}| < €. and therefore,
since for x € [0, 1], the sequence {x"},. is nonincreasing. Abel’s lemma gives, for all
x € 0. 1].

|aax™ + .. +a,x?| < ex® <e,

from which uniform convergence follows. O

Theorem 1.3.
Let{a,}n>0 be a sequence of nonnegative real numbers such that the power series Z?:o 2"

has a radius of convergence 1. If

lim a,x" =a <, (1.3)

then

ia,, =d. (1.4)

n=0

Proof. Forx € [0,1), 37 ja,x" < Y. o ,a, (the a, are nonnegative), and therefore
by (1.3).a < ) .-, a,. This proves the result when a = oc.

We now suppose thata < oco. From Y pa, =limy 3P a,x", wehavethat 3 F_oa, <
a < 0o. Thus, Y7 a, is a nondecreasing sequence, converging to some @, @ < a < o0.
By Abel's theorem, lim,+y 3 oo, a,x" = «, and therefore« = aand 3 - a, = a. O

Theerem 1.3 is a partial converse of Abel’s theorem, requiring the additional condition
that {a,},-¢ be a nonnegative sequence. In general, the partial converses of Abel’s theorem
are called Tauberian theorems. For instance:
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Theorem L4, Tauber’s theorem
Let [a,},=p be a sequence of real numbers such that the radius of convergence of Z:;o apz”

is 1. If

20
lim apx" = a < 1.5
xtl ; ( )

(2)
a=o{=-), (1.6)
R

The proof is omitted, since the result will not be used in this book; see, however, E.C.
Titchmarsh, The Theory of Functions, nth edition, Oxford University Press, 1986, §1.23.

and if moreover

then >, a, converges to a.

Theorem 1.5. Cesaro’s lemma
Let {£,},-0 be a sequence of rcal numbers such that

limb, = 0.
ntoa
Then b )
m 2T T
ntoo n

Proof. The sequence {b,},, is bounded in absolute value, say by K. For fixed arbitrary
€ > 0, there exists ng such that n > sy implies [b,| < ¢, and therefore

'bl++bn < bl+“'+bno + bn';+"‘+bn
7 n n
ngK n—n
== '06526.
n n
if n is sufficiently large. |

1.3 Lebesgue’s Theorems for Series
The results in this subsection concern the validity of exchanging limits and infinite sums.
Theorem 1.6. Dominated Convergence

Let {ank}yz 1 421 De an array of real numbers such that for some sequence (b}, of non-
negative numbers satisfying

Zbk < 0, (1.7
k=1

itholds that forallr = 1,k > 1,
lant! < by (L.8)
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If moreover forall k > 1,
liTm A = . (1.9

then

l.m):ank_z:m (1.10)

ntoo

Proof. Lete > 0 be fixed. Since Y ;- | by is a convergent series, one can find M = M (¢)
such that ZEC:MH by < §. Since faq| = by and therefore |a,| < b, we have

o
Z lan | + Z |ak\<—.
k=M+ k=M+1

Now, for sufficiently large n,

M
> law —al < 3
k=1

Therefore, for sufficiently large n,

s ad € 2e

1ank—akF+ Z |Gkl + Z \ak|<§+?:€ O
=l Paryal Playyal

=

[+
E Opk — §
k=1 k

Theorem 1.7. Monotorne Convergence
Let {ani},=1 41 beanarray of nonnegative real numbers such that forallk > 1. the sequence

{@ni }n>1 15 nONdecreasing and such that

lim g, = ax < oc. (1.11)
nroc

Then

ler;lOZamgAZaﬁ (1.12)
Proof. If ;7 ,a; < oo, the result is a direct application of the dominated convergence

theorem.
For the case Y o, a; = o¢, let A > 0 be fixed, and choose M = M (A) such that

}:f’f:l a; > 2A. For sufficiently large n, Z,fi, {a, —au) < A. Therefore, for sufficiently

large n,
M

fo'e] M
ZankZzanrl-Z(a,,k—ak)zZA—A:A. O
k=1

k=1 k=1

Theorem 1.8. Fatou’s Lemma
Let {an ), x> be an array of nonnegative real numbers. Then

oQ ool
liminfa, < liminf ¥ a.;. 1.13
kZ=I: atoo k ntoo ; k ( )
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Proof. By definition of lim inf, for fixed &,

def .
ek = Inf{@ui, ik, - )

increases, as n 1 o, to lim inf, ;. a,;. Therefore, by monotone convergence,
X [e w3
Zlim inf @, = lim 1 Zz,,,(.
=1 ntoc ntoo i

But since z,; < au,
oc x2
E Tk = § Anks
=1 k=1

and therefore
fs'w)

0
lim 3 "z < liminf ) " ay. 0
ntoc P ntoe =

1.4 Infinite Products

Theorem 1.9. Infinite Products
Let {a, },>1 be a sequence of numbers of the interval [0, 1).

(a)If Y ™ a4, < oo, then
n=1

lim H(1 —a) > 0.
k=1

ntoa

(L)Y IFDY 2, a, = oc, then
lim [T(1 - a) =o0.
ﬂ,mk=|

Proof, (a): Foranynumberscy, ..., c, in[0, 1),itholdsthat{] — ¢} (1 —¢c2)---(1 —¢,) >
I —cp —c3 =+ — ¢, (proof by induction). Since Y .-, a, converges, there exists N such
that forall n > N,

1
ay+---+da, < 3
Therefore, defining 7 (n) = [],_, (1 — a;), we have that forall n > N,

w(n)
T{N-1)
Therefore, the sequence { (r}},.~ is a nonincreasing sequence bounded from below by
37 (N = 1) > 0, so that lim, e, 7 (1) > 0.

=(=ay) (I =a)= 1@y + - +a) > 5

(b): Using the inequality 1 —a < e¢™ whena € [0, 1), wehave thatw(n) < e —#2 74,
and therefore, if 307 | a, = 00, limyy 7 (1) = 0. d
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1.5 Tychonov’s Theorem

Theorem 1,10, Tychonov's Theorem
Let {x,},-0 be a sequence of elements of [0, 177, that is

1, = (0,0}, xu(1), .. )

such that x,(k) € [0, 1] forall k, n € N. There exists a strictly increasing sequence of
integers {n;};»p and an element x € {0, 13" such that

}%Igc}xn,(k) = x(k) (1.14)

forallk e N.

Proof. Since the sequence {x,(0)},so i contained in the closed interval [0, 1], by the
Boltzano—Weierstrass theorem, one can extract a subsequence {x,,om(())} 10 SUCh that

lim 2y0,(®) = £(0)

for some x(0) ¢ [0,1]. In tum, one can extract from {xnnm(l)} g @ subsequence

{xmn(1)},, such that |
lim x,,, (1) = x(1)
I1Too

for some x(1) € [0, 1]. Note that

lim xnl(;}(()) = JC(O)

[too
Iterating this process, we obtain for all j € N a sequence {Xu,1}, that is a subsequence
of each sequence {xui(D},ps - {%n, (1)}, , and such that

lim x, (k) = x(k

jim x ;a(ky = x(k)

for all k < j, where x(1),..., x{(j) € [0,1]. The diagonal sequence n; = ny(!) then
establishes (1.14}. m

1.6 Subadditive Functions

Theorem 1.11. Subadditive Function Theorem
Let f:(0,00) — Rbea nonnegative function such that lim, o (r) = 0, and assume that
f is subadditive, that is,

fle+3) < f(O) + fls)

forall s, r € (0, 20). Define the (possibly infinite) nonnegative real number

q=supf(—r).
=0 1
Then Y
1 qu_ (1.15)
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Proof. By definition of ¢, there exists for each a € [0, ¢) a real number £, > 0 such that
ACITIRSS d.

fy  —

To cach r > 0. there corresponds an n € N such that ry = #r + § with 0 < § < ¢. Since f
is subadditive. f(r)) < nf(r) + f(48), and therefore

a< M0 FE)

fg I To
which imphes
a < lim inf M
rl0 I3

{6 — 0, and thereforc f(8) > 0,asr — 0;also 2 — 1 ast — (1) Therefore,

i

a < limianw— < limsup —= < g,
rl0 f 110

(1) f()
!

from which (1.15) follows, since 4 can be chosen arbitrarily close to ¢ (arbitrarily large,
when g = oc). C

2 Linear Algebra
2.1 Eigenvalues and Eigenvectors

The basic results of the theory of matrices relative to eigenvalues and eigenvectors will now
be reviewed, and the reader is referred to the classic text of Gantmacher (1959), or to the
more recent (Horn and Johnson, 1985) for the proofs,

Let A be a square matrix of dimension » x r, with complex coefficients. If there exists
a scalar A € C and a column vector v € €7, v 3 0, such that

Av = rv(resp., v' A = av"), 2.1)

then v is called a right eigenvector (resp., a left eigenvector) of A associated with the
eigenvaluc A. There is no need to distinguish between right and left eigenvalues because
if there exists a left eigenvector associated with the eigenvalue A, then there exists a right
eigenvector associated with the same eigenvalue A. This follows from the facts that the set
of eigenvalues of A is exactly the set of roots of the characteristic equation

det(Ai —A) =10 (2.2)
where [ is the r x r identity matrix, and that

det(rAf — A) = det(af — AT).
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The algebraic multiplicity of A is its multiplicity as a root of the characteristic polynomial
det(A] — A).

If Ay, - -, Ay are distinct eigenvalues corresponding to the right eigenvectors vy, - - -, vk
and the left eigenvectors uy, - - -, uy, thenvy, - - -, v are independent, andso are uy, - - -, ity

Call R, (resp. L) the set of right eigenvectors (resp., left eigenvectors) associated with
the eigenvalue A, plus the null vector. Both L, and R, are vector subspaces of C", and they
have the same dimension, called the geometric multiplicity of A. In particuiar, the largest
number of independent right eigenvectors (resp., left eigenvectors) cannot exceed the sum
of the geometric multiplicities of the distinct eigenvalues.

The matrix A is called diagonalizable if there exists a nonsingular matrix I" of the same
dimensions such that

TAT ' = A, (2.3
where
A= diag(h, -, A)
for some A;. - -, A, € C, not necessarily distinct. It follows from (2.3) that with U/ = rr,
UTA = UTA, and with V. = I'"!, AV = VA = AV, and therefore A;,---, A, are

eigenvalues of A, and the ith row of &7 = T (resp., the ith column of V = rHisa
left eigenvector (resp., right eigenvector) of A associated with the eigenvalue ;. Also,
A = 'Y AT and therefore A" = I'"'A"T, that is

A" = VA"UT. 2.4

Clearly, if A is diagonalizable, the sum of the geometric multiplicities of A is exactly equal
to r. It turns out that the latter is a sufficient condition of diagonalizability of A. Therefore,
A is diagonalizable if and only if the sum of the geometric multiplicities of the distinct

etgenvalues of A is equal to r.

Example 2.1. Distinct Eigenvalues

By the last result, if the eigenvalues of A are distinct, A is diagonalizable. In this case,
the diagonalization process can be described as follows. Let 4y, ---, 4, be the r distinct
eigenvalues and let u, - - -, u, and vy, - -+, v, be the associated sequences of left and right
eigenvectors, respectively. As mentioned above, 1y, - - -, ¥, form an independent collection
of vectors, and so do vy, - - -, v,. Define

U=[u--ulV=[v---v] (2.5

Observe that if i # j, uTv; = 0. Indeed, Aulv; = ul Av; = hju]v;, which implies
(A — A;)ulv; = 0, and in turn u] v; = 0, since A; # A; by hypothesis. Since eigenvectors
are determined up to multiplication by an arbitrary nonnull scalar, one can choose them in
such a way that u] v; = 1 forall i € [1, r]. Therefore,

UTv =1, (2.6)
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where / 1s the r x r identity matrix. Also. by definition of {/ and V,
UTA= AU AV = AV. (2.7

In particular, by (2.6), A = VAUT. From the last identity and (2.6) again, we obtain for
altn = 0,

A" = VAU, (2.8)

that is,
A" = ix;'uiuf. (2.9)
=1 o

2.2 Exponential of a Matrix

Theorem 2.1,
Let A be a finite r x r matrix with complex clements. For each r = 0, the series
je s An
> o= (2.10)
n!

n=0

converges componentwise, and it is denoted by €*. For any r x r complex matrix 8 such
that

AB = BA (2.11)
we have
eF(A+B) — e!AeJ'b’ (212)
foratlr > 0. Also,
d
Ze“‘ = At = ¢'*A. (2.13)

Proof. Leta;; = a;;(1), where a;;(n} is the general entry of A%, Let A = max lagl. A
straightforward inductive preof shows that

a{n) < r"LAR (2.14)

for all i, j. Therefore, the general term of (2.10) is bounded in absolute value by the

convergent series
20 1 A"

rt-
M
l—i—zlt Py
e

and the componentwise convergence of (2.10) is proven.
Using the commutativity hypothesis (2.11),

"L (A4 B o A BY
;" = —_ B ———
Z k! ZZI j]r (k —

£=0 k=0 j—0

n AAJ 3 IBI
(X(;rfﬂ) (;r -I_') + C,.
= -
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where it is casy to bound C, and show that lim,1 €, = 0, s0 that (2.12) follows by letting
n — oc. To prove {(2.13). write

e(:+h)A _ e!A erA —17 erA -7

h h h

and
1A

et —1T woa A”
p J/H-h(Zh E)'

n>2

In view of (2.14), each element of the latter matrix series is bounded, and the result fol-

lows. O
Example 2.2.
If A is diagonalizable, i.e.,
A=VAUT,
where A = diag{A,,....A,} is the diagonal eigenvalue matrix, V = [v1,.... v, U =
[y, ..., u, 1, i (resp.. u;) is aright (resp., left) eigenvector corresponding to ;, andUTV =
I ., then
A" = VAUT,
so that
e An o0 An
rA __ ntt ntr T
€ —Z n! 7VZI ”rU
n=>0 n=0
But
o0 n
A ol
ZI”F = diag {e™'. .. .. et}
n=0 .
Finally,
et =V diag{e;‘”, e el”'} Ur,

2.3 Gershgorin’s Bound

Theorem 2.2. Gershgorin's Bound
Let A be a finite r x r matrix with complex elements. Then for any eigenvalue 2, and all
ke(l.r],

|2 — ag| < min(rg, si), (2.15)

where r, = Ej‘:l,j#k 1akj-| and 5; = Z:‘:l.j#k }ajkl.

Proof. Let v = (v(1),.... v(r))’ be aright eigenvector corresponding to the eigenvalue A,
and let & be such that
def .
(k)] = [l = max [u(D)];
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The kth equality in Av = Av is

> ae()) = rulk),
7=l
or cquivalently,

Is

O —awuk) = > ayu()).

J=1. j#k

Therefore,

r

x—awellof) < > aglle()] < rellvll

J=N ik

Dividing by jlvll,, = |v(k)] vields

[A —awl < r.
By considering the left eigenvector u associated with A, we obtain

|2 — ag| < sp. o
Corollary 2.1.
Let P be an r x r stochastic matrix. Then, for all cigenvalues A,

[ — Pt = 1 = p. (2.16)

In particular, when the smallest cigenvalue A, is real,

Ar > —1 4 2rri_in(pk,;-). (2.17)
Proof. For a stochastic matrix,
Ty = Z P =1— pu o
J=l ik

3 Probability

3.1 Expectation Revisited

There are two basic technical tools in probabiiity theory that are indispensable, in this book
and clsewhere: the monotone convergence theorem and the dominated convergence thcorem.
These results give sufficient conditions that allow interchange of limit and expectation.

For most purposcs in this book, we need only the versions of the Lebesgue theorems
given in Section 1.3, However, on a few occasions, the more general statements in terms of
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expectations are necessary. To state them in their generality, we need to briefly summarize
the definition of expectation for arbitrary random variables, which are neither discrete nor
absolutely continuous. For proofs. see (Shiryayev, 1987) or (Williams, 1991).

Let X be a nonnegative random variable. Its expectation, denoted by £[X] as usual. is
defined by

n2"—1
. k k k+1
E[X]AIT?C{; 2—nP(2—n§X< > )+nP(X>n)}. (3.1)
The general term of the right-hand side is clearly increasing with n, and therefore the fmut
is well-defined, possibly infinite, however.

From (3.1). it is clear that
E[la4] = P(A). (3.2)

For a random variable X that is not nonnegative, the procedure already used to define £{X]
in the discrete case and in the probability density case is still applicable, ie., E[X] =
E[X+]— E[X]if not both E[X*]and E[X~] are infinite. If E[X™] and E[X ] are
infinite, the expectation is not defined. If £[|X|] < 00, X is said to be integrable, and then
E[X] is a finite number.

The basic properties of the expectation so defined are linearity and monotonicity: If X,
and X, are random variables with expectations, then for all 4;, 4> € R,

E[MX| +2:X]=ME[X ]+ 2E[X?] (3.3)

whenever the right-hand side has meaning (i.e., is not an o¢ — oo form). Also, if Xy < Xa.
P-a.s., then

E[Xi] < E[X:]). (3.4}
It follows from this that if E[X] is well-defined, then
|E[X]] = E[IX}]. (3.5)

These properties will be accepted without proof. It is clear from (3.1) and (3.2) that if X is
a simple random variable, i.e.,

N
X(@) =) oils (@),
i=l

where o; € R, A; € F, then
N
E[X]=) aP(A:).
i=1
The definitions of the mean, the variance, and the characteristic function of a random variable
are the same as in the discrete case and the probability density case:
my = E[X],
2 _ 2, 2 2
oy = E[(X —mx)]= E[X"] —my,
px(u) = E["X],
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where E[e"X] = E[cos(uX)] + i E[sin(uX)]. (For a complex valued random variable
X = X +iX»y, where X; and X, are real valued integrable random variables, F[X] =
E[X ]+ {E[X] defines the expectation of X.)

Now let ¢ : R — R be some function such that £[|g(X)|]] < oc where X Is a real
random variable with c.d.f. F(x). By definition of the symbol on the left-hand side of (3.6),

fm e F(x) = E[g(X)]. (3.6)

and [, g(x)d F(x) is called the Stieltjes—Lebesgue integral of g(x) with respect to F(x). It
can be shown that if X admits a p.d.f. f(x).ie, F(x) = [ f(y)dy. then

[ () F(x) = f #(X) fx)dx
I3 ®

in accordance with our previous definition of expectation for absolutely continuous random

variables.
Clearly, the Stieltjes—Lebesgue integral inherits from expectation the properties of lin-

earity and monotonicity,

At this point, we shall quote without proof a formula that is true whenever X is a
nonnegative random variable:

E[X] = fﬂm[] — F(x)]dx. (3.7)

We will now mention a difficulty that was concealed in the definition of expectation in
the case of a random vector X = (X, .... X,,) with a probability density fy. For instance,
we have defined for ¥ = g(X,. ..., X, ) the expectation E[Y] by

+20 o5
E[Y] = glxy. ..., ) fx(aro o x0dx - dx,.
—oc -
But now, suppose that ¥ admits a probability density fy. The expectation E[Y] could be
computed by means of the formula

E[Y]= f 3 fr(dy.

oC

The question is this: Are the last two definitions consistent? Without the help of the abstract
definition of expectation, such a question cannot be answered in general. Fortunately, the
answer 1s yes. The theory tells us that all the special definitions of expectation given in the
previous sections are consistent with (3.1).

3.2 Lebesgue’s Theorems for Expectation

The most important technical results relative to expectation are the celebrated Lebesgue the-
orems, which give fairly gencral conditions under which the limit and expectation symbols
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can be interchanged, i.c.,
E [lim X,,:| = lim E[X,]. (3.8)
ntoo

ntoc

Theorem 3.1. Monotone Convergence Theorem.
Let (X, ).>1 be a sequence of random variables such that foralln > 1,

0 S Xn E Xﬂ+|9 P'a.s.
Then (3.8) holds.

Theorem 3.2. Dominated Convergence Theorem.
Let {X,},=1 be a sequence of random variables such that for all @ outside a set A" of null

probability there exists lim,+oc X,(w) and such that forall n = 1
iX:] <Y, Pas,
where Y is some integrable random variable. Then (3.8) hoids.

Example 3.1. 4 Counterexample

We shall see that (3.8) is not always true when lim, 1o X, exists. Indeed, take the following
probabilistic model: € = [0, 1], and P is the Lebesgue measure on [0, 1] (the probability
of [a, b] < [0. 1] is the length & — a of this interval). Thus, w is a real number in [0, 1],
and a random variable is a real function defined on [0, 1]. Take for X, the function whose
graph is a triangle with base [0, %] and height n. Clearly, limpss Xa(w) = Gand £[X,] =

i Xu(x)dx = 1, so that E[limysoc Xa] = 0 # limppee E[X.] = 1.

Example 3.2.
Let {8,},- be a sequence of nonnegative random variables. Then

E {i Sn} = f: E[S,]. (3.9)
n=1 n=1

It suffices to apply the monotone convergence theorem, with X, = Y| Si. &

Example 3.3.

Let {S,},=: be a sequence of real random variables such that )~ _, E[|S;|] < oc. Then
(3.9) holds. It suffices to apply the dominated convergence theorem with X, = i1 Sk
and ¥ = Y7_, |5:). By the result of Example 3.2, E[Y] = 3"}_| E[|S]] < 0. &

Example 3.4, The Product Formula
Asanother illustration of the monotone convergence theorem we shall now prove the product

formula
E[XY]= E[X]E[Y], (3.10)
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where X and Y are independent integrable random variables or independent nonnegative
random variables. We do the proof in the nonncgative case, from which the integrable
case follows easily, using the decomposition of a random variable into its nonnegative and
nonpositive parts.

First notice that for any nonnegative random variable Z, if we define

n2'—1
k
Ly = Z E”%s&%ﬁé; +nlizzn,
k=1
then lim, ;o £, = Z, P-as. Thus, by the Lebesgue monotone convergence theorem.,
lim,so E[Z,] = E[Z]. With obvious notations, limu,4+, X»¥, = XY, and therefore

limgpoe E[X,Y,] = E[XY]. Also, lim,4. E[X,]E[Y,] = E[X]E[¥]. It is then clear
that (3.10) will be proved if
E[X.Y.] = E[X,]E[Y.]

is shown to be true for all # = 1. But then, this verification amounts to observing that for
all i, j,
EMl g oxegVgeresd = BN cxen JELL g cranny]y

“(#5))
(e ) (e (5 5)

The latter equality is just the independence of X and ¥, and the proof is therefore com-
pleted. <

that is
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