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Authors’ Comments
on the Revised and Updated Printing

Due to the strong interest in our book and its wide use in many different areas
of application, in particular in finance, we have decided after a Second Printing
to revise and update several parts of the book to be incorporated in its Third
Printing. We have updated the Brief Survey of Stochastic Numerical Methods
at the beginning of the book to make it even more useful to those readers who
would like to get a first and up to date impression about the area. Within
the main body of the book only a few misprints have had to be corrected. We
would like to thank all those who pointed these out to us. The Bibliographical
Notes at the end of the book have also been considerably extended. We have
made an attempt to include almost all references that we know of and that
appear to be relevant for the topics presented in the book. Accordingly, the
list of references has been significantly increased. This also reflects the rapidly
increasing literature on the topic and the growing importance of stochastic
numerical methods in various fields of application.

We hope that the Third Printing of our book will continue to be a resource
for teaching, research and applications. Also in future we would appreciate
receiving any suggestions for further improvements.

April 1999 Peter E. Kloeden
Eckhard Platen

Authors’ Comments
on the Corrected Second Printing

The timely appearance of our book in July 1992 and its enthusiastic reception
has lead to its being sold out in little more than two years. Springer’s decision
to reprint the book has provided us with the opportunity to correct some
minor mathematical and typographical errors in the first printing of the book,
as well as to update the status of papers previously listed in the References
as to appear. We thank all of those readers who have kindly pointed out
misprints and errors to us and would appreciate receiving any suggestions for
further improvements that could be incorporated into a future revised edition
of the book.

March 1995



Preface

The aim of this book is to provide an accessible introduction to stochastic differ-
ential equations and their applications together with a systematic presentation
of methods available for their numerical solution.

During the past decade there has been an accelerating interest in the de-
velopment of numerical methods for stochastic differential equations (SDEs).
This activity has been as strong in the engineering and physical sciences as it
has in mathematics, resulting inevitably in some duplication of effort due to an
unfamiliarity with the developments in other disciplines. Much of the reported
work has been motivated by the need to solve particular types of problems,
for which, even more so than in the deterministic context, specific methods
are required. The treatment has often been heuristic and ad hoc in character.
Nevertheless, there are underlying principles present in many of the papers,
an understanding of which will enable one to develop or apply appropriate
numerical schemes for particular problems or classes of problems.

The present book does not claim to be a complete or an up to date account
of the state of the art of the subject. Rather, it attempts to provide a sys-
tematic framework for an understanding of the basic concepts and of the basic
tools needed for the development and implementation of numerical methods for
SDEs, primarily time discretization methods for initial value problems of SDEs
with Ito diffusions as their solutions. In doing so we have selected special topics
and many recent results to illustrate these ideas, to help readers see potential
developments and to stimulate their interest to contribute to the subject from
the perspective of their own discipline and its particular requirements. The
book is thus directed at readers from quite different fields and backgrounds.
We envisage three broad groups of readers who may benefit from the book:

(i) those just interested in modelling and applying standard methods, typ-
ically from the social and life sciences and often without a strong background
in mathematics;

(i) those with a technical background in mathematical methods typical of
engineers and physicists who are interested in developing new schemes as well
as implementing them;

(iii) those with a stronger, advanced mathematical background, such as
stochasticians, who are more interested in theoretical developments and under-
lying mathematical issues.

The book is written at a level that is appropriate for a reader with an engineer’s
or physicist’s undergraduate training in mathematical methods. Many chapters
begin with a descriptive overview of their contents which may be accessible to
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those from the first group of readers mentioned above. There are also several
more theoretical sections and chapters for the more mathematically inclined
reader. In the “Suggestions for the Reader” we provide some hints for each of
the three groups of readers on how to use the different parts of the book.

We have tried to make the exposition as accessible to as wide a readership
as possible. The first third of the book introduces the reader to the theory
of stochastic differential equations with minimal use of measure theoretic con-
cepts. The reader will also find an extensive list of explicit solutions for SDEs.
The application of SDEs in important fields such as physics, engineering, biol-
ogy, communications, economics, finance, ecology, hydrology, filtering, control,
genetics, etc, is emphasized and examples of models involving SDEs are pre-
sented. In addition, the use of the numerical methods introduced in the book
is illustrated for typical problems in two separate chapters.

The book consists of 17 Chapters, which are grouped into 6 Parts. Part I on
Preliminaries provides background material on probability, stochastic processes
and statistics. Part II on Stochastic Differential Equations introduces stochas-
tic calculus, stochastic differential equations and stochastic Taylor expansions.
These stochastic Taylor expansions provide a universally applicable tool for
SDEs which is analogous to the deterministic Taylor formula in ordinary cal-
culus. Part IIT on Applications of Stochastic Differential Equations surveys
the application of SDEs in a diversity of disciplines and indicates the essential
ideas of control, filtering, stability and parametric estimation for SDEs. The
investigation of numerical methods begins in Part IV on Time Discrete Ap-
proximations with a brief review of time discretization methods for ordinary
differential equations and an introduction to such methods for SDEs. For the
latter we use the simple Euler scheme to highlight the basic issues and types of
problems and objectives that arise when SDEs are solved numerically. In par-
ticular, we distinguish between strong and weak approximations, depending on
whether good pathwise or good probability distributional approximations are
sought. In the remaining two parts of the book different classes of numerical
schemes appropriate for these tasks are developed and investigated. Stochas-
tic Taylor expansions play a central role in this development. Part V is on
Strong Approximations and Part VI on Weak Approximations. It is in these
two Parts that the schemes are derived, their convergence orders and stability
established, and various applications of the schemes considered.

Exercises are provided in most sections to nurture the reader’s understand-
ing of the material under discussion. Solutions of the Exercises can be found
at the end of the book.

Many PC-Exercises are included throughout the book to assist the reader to
develop “hands on” numerical skills and an intuitive understanding of the basic
concepts and of the properties and the issues concerning the implementation of
the numerical schemes introduced. These PC-Exercises often build on earlier
ones and reappear later in the text and applications, so the reader is encouraged
to work through them systematically. The companion book

P. E. Kloeden, E. Platen and H. Schurz: The Numerical Solution of Stochastic
Differential Equations through Computer Ezperiments. Springer (1993).
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contains programs on a floppy disc for these PC-Exercises and a more detailed
discussion on their implementation and results. Extensive simulation studies
can also be found in this book.

To simplify the presentation we have concentrated on Ito diffusion processes
and have intentionally not considered some important advanced concepts and
results from stochastic analysis such as semimartingales with jumps or bound-
aries or SDEs on manifolds. For a more theoretical and complete treatment
of stochastic differential equations than we give here we refer readers to the
monograph

N. Ikeda and S. Watanabe: Stochastic Differential Equations and Diffusion
Processes. North-Holland, Amsterdam (1981; 2nd Edition, 1989).

In the few instances that we shall require advanced results in a proof we shall
state a reference explicitly in the text. In addition, in the case studies of
different applications of SDEs and numerical methods in Chapters 7, 13 and 17
we shall indicate the names of the authors of the papers that we have consulted.
Otherwise, and in general, further information and appropriate references for
the section under consideration will be provided in the Bibliographical Remarks
at the end of the book.

Two types of numbering system are used throughout the book. Equations
are numbered by their section and number in the section, for example (2.1),
and are referred to as such in this section and within the chapter which includes
it; the chapter number appears as a prefix when the equation is referred to in
other chapters. The resulting numbers, (2.1) or (3.2.1) say, will always appear
in parentheses. Examples, Exercises, PC-Exercises, Remarks, Theorems and
Corollaries are all numbered by their chapter, section and order of occurrence
regardless of qualifier. They will always be prefixed by their qualifier and
never appear in parentheses, for example Theorem 3.2.1. Figures and Tables
are each, and separately, numbered by the same three number system, with the
third number now referring only to the occurrence of the Figure or the Table,
respectively. The only exception to these numbering systems is in the “Brief
Survey of Stochastic Numerical Methods” at the beginning of the book, where
just a single number is used for each equation.

During the writing of this book we have received much encouragement, sup-
port and constructive criticism from a large number of sources. In particular,
we mention with gratitude L. Arnold, H. Follmer, J. Gartner, C. Heyde, G.
Kallianpur, A. Pakes, M. Sgrenson and D. Talay, as well as each others’ in-
stitutions, the Institute for Dynamical Systems at the University of Bremen,
the Institute of Advanced Studies at the Australian National University and
the Institute for Applied Mathematics of the University of Hamburg. Special
thanks also go to H. Schurz and N. Hofmann who programmed and tested the
PC-Exercises in the book and produced the figures.

Berlin, May 1991 Peter E. Kloeden
Eckhard Platen
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Suggestions for the Reader

We mentioned in the Preface that we have tried to arrange the material of
this book in a way that would make it accessible to as wide a readership as
possible. Since prospective readers will undoubtedly have different backgrounds
and objectives, the following hints may facilitate their use of the book.

(i) We begin with those readers who require only sufficient understanding
of stochastic differential equations to be able to apply them and appropriate
numerical methods in different fields of application. The deeper mathematical
issues are avoided in the following flowchart which provides a reading guide to
the book for those without a strong background in mathematics.

[§1.1—§1.2 - §1.3 — §1.6 — §1.7 — §1.8 |

Chapter 6
Chapter 7

Chapter 8

[

[ §9.1—§9.2 — §9.3 — §9.4 — §9.6 — §9.7]

[ §10.1 — §10.2 — §10.3 — §10.4 — §10.5

{ §11.1 = §11.2 — §11.3 — §11.4|

[ §12.1 — §12.2 = §12.3 — §12.4]

[ §13.1 — §13.2 — §13.3]

1
[ 5141 - §14.2 — §14.3 - §14.4]

[ §15.1 — §15.2 — §15.3 — §15.4 — §15.5 |

Chapter 17

g



SUGGESTIONS FOR THE READER XVII

(i)  Engineers, physicists and others with a more technical background in
mathematical methods who are interested in applying stochastic differential
equations and in implementing efficient numerical schemes or developing new
schemes for specific classes of applications, could use the book according to
the following flowchart. This now includes more material on the underlying
mathematical techniques without too much emphasis on proofs.

Chapter 1
Chapter 2
Chapter 3

Chapter 4

Chapter 6
Chapter 7
Chapter 8

Chapter 9

e

[§10.1 — §10.2 — §10.3 — §10.4 — §10.5|

1
[§11.1 — §11.2 — §11.3 — §11.4]

!
[§12.1 — §12.2 — §12.3 — §12.4

Chapter 13

i

[ §14.1 — §14.2 — §14.3 — §14.4]

[§15.1 — §15.2 — §15.3 — §15.4 — §15.5]

Q

=l |8
& ]
fo3 N R W
® -
AR
<] I I~



XVIII SUGGESTIONS FOR THE READER

(ili) Mathematicians and other readers with a stronger mathematical back-
ground may omit the introductory parts of the book. The following flowchart
emphasizes the deeper, more theoretical aspects of the numerical approxima-
tion of Ito diffusion processes while avoiding well known or standard topics.

§1.3 — §1.9
§4.3 — §4.4

1
Chapter 5

i

Chapter 6
Chapter 9
Chapter 10
Chapter 11
Chapter 12
Chapter 13
Chapter 14
Chapter 15

Chapter 16

DHEnERE

Chapter 17



Basic Notation

ac A

e n

2

(a,b)
[a,8]
aVb
aAb

o
?Rd
z=(z',...,2%
(z,9)

||

A= [ai’j]

Re(z2)
Im(2)

the empty set

a is an element of the set A

a is not an element of the set A

the complement of the set A

the union of sets A and B

the intersection of sets A and B

the set of elements of set A that are not in set B
defined as or denoted by

identically equal to

approximately equal to

with distribution

the set of real numbers

the set of non-negative real numbers
the open intervala < ¢ < bin R
the closed intervala <z < bin R
the maximum of a and b

the minimum of a and b

the factorial of the positive integer n
the largest integer not exceeding a

the d-dimensional Euclidean space

a vector z € R¢ with ith component zf for i = 1, ..

the scalar product of vectors z, y € R4
the Euclidean norm of a vector z € R¢
transpose of the vector z

a matrix A with ijth component a*J
the square root of —1

the real part of a complex number z

the imaginary part of a complex number z

. d



XX BASIC NOTATION
f:Q1— Qs a function f from @; into @,
14 the indicator function of the set A
f! the first derivative of a function f : R — ®?!
i the second derivative of a function f : ! — ®!
&) the kth derivative of a function f : ! — #!
Opiu, 2% the ith partial derivative of a function u : ®¢ — R!

Oku, (%) u

the kth order partial derivative of u with respect to z*

C(®™,R") the space of continuous functions f : ™ — R

ck (™, ®") the space of k times continuously differentiable functions
f:R* >R

B the o-algebra of Borel subsets of %!

L the o-algebra of Lebesgue subsets of %!

E(X) the expectation of the random variable X

i ; the Kronecker delta symbol

O (r?) expression divided by 7P remains bounded as r — 0

o(rP) expression divided by rP converges to zero as r — 0

a.s. almost surely

w.p.1 with probability 1

Other notation will be defined where it is first used. Note that vectors and

matrices will usually be indexed with superscripts. Parentheses will then be
used when taking powers of their components, for example with (z*)3 denoting
the cube of z*. Square brackets [-] will often be used to visually simplify nested
expressions, with the few instances where it denotes the integer part of a real
number being indicated in the text. Function space norms will always be
written with double bars || - ||, often with a distinguishing subscript.



Brief Survey of Stochastic
Numerical Methods

An Ito process X = {X;,t > 0} has the form
¢ t
1) X, = Xo +/O a(X,) ds +/0 b(X,) dW,

for t > 0. It consists of an initial value Xy = zo, which may be random, a
slowly varying continuous component called the drift and a rapidly varying
continuous random component called the diffusion. The second integral in (1)
is an Ito stochastic integral with respect to the Wiener process W = {W;, t >
0}. The integral equation (1) is often written in the differential form

(2) dXt =a (Xt) dt + b(Xt) th

and is then called an Ito stochastic differential equation (SDE). For simplicity,
in this survey we shall restrict our attention to a 1-dimensional Ito process X
with a 1-dimensional driving Wiener process W.

Unfortunately explicitly solvable SDEs such as those listed in Section 4 of
Chapter 4 are rare in practical applications. There are, however, now an in-
creasing number of numerical methods for the solution of SDEs mentioned in
the literature. A crucial task is the systematic development of efficient nu-
merical methods for SDEs, a task to which this book is addressed. Obviously
such methods should be implementable on digital computers. They often in-
volve the simulation of a large number of different sample paths in order to
estimate various statistical features of the desired solution. Modern super-
computers with their parallel architecture are well suited to such calculations;
see Petersen (1987) and Hausenblas (1999b).

Here we shall survey various time discrete numerical methods which are ap-
propriate for the simulation of sample paths or functionals of Ito processes.

Numerical Approaches to Stochastic Differential Equations

To begin we shall briefly mention several different approaches that have been
suggested for the numerical solution of SDEs. On the very general level there
is a method due to Boyce (1978) by means of which one can investigate, in
principle at least, general random systems by Monte Carlo methods. For
SDEs this method is somewhat inefficient because it does not use the special
structure of these equations, specifically their characterization by their drift
and diffusion coeflicients.
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Kushner (1974) and Kushner & Dupuis (1992) proposed the discretization of
both time and space variables, so the approximating processes are then finite
state Markov chains. These can be handled on digital computers through
their transition matrices. Higher order Markov chain approximations are de-
veloped in Platen (1992). In comparison with the information encompassed
succinctly in the drift and diffusion coefficients of an SDE, transition matrices
contain a considerable amount of superfluous information which must be re-
peatedly reprocessed during computations. Consequently such a Markov chain
approach seems applicable only for low dimensional problems on bounded do-
mains. Similar disadvantages also arise, in higher dimensions at least, when
standard numerical methods are used to solve parabolic partial differential
equations, such as the Fokker-Planck equation and its adjoint, associated with
functionals of the solutions of SDEs. These are, of course, also methods for
computing the probability densities of Ito diffusions.

The most efficient and widely applicable approach to solving SDEs seems to
be the simulation of sample paths of time discrete approximations on digital
computers. This is based on a finite discretization of the time interval [0, T
under consideration and generates approximate values of the sample paths
step by step at the discretization times. The simulated sample paths can
then be analysed by usual statistical methods to determine how good the
approximation is and in what sense it is close to the exact solution. The state
variables here are not discretized as in Kushner’s Markov chain approach and
the structure of the SDE as provided by the drift and diffusion coefficients
is used in a natural way. An advantage of considerable practical importance
of this approach is that the computational costs such as time and memory
required increase only polynomially with the dimension of the problem. A
multi-faceted variety of reseach topics on numerical methods for SDEs has
emerged over the last twenty years. Many of these can be linked to complexity
theory, see e.g., Traub, Wasilkowski & Wozniakowski (1988), Wozniakowski
(1991) and Sloan & Wozniakowski (1998), where it was shown that simulation
approaches, including those of stochastic numerical analysis, are optimal with
respect to average case complexity.

Time Discrete Approximations

Simulation studies and theoretical investigations by Clements & Anderson
(1973), Wright (1974), Fahrmeir (1976), Clark & Cameron (1980), Riimelin
(1982) and others showed that not all heuristic time discrete approximations
of an SDE converge in a useful sense to the solution process as the maximum
step size § tends to zero. In particular, it was found that one cannot simply use
a deterministic numerical method for ordinary differential equations, such as
a higher order Runge-Kutta method. Consequently a careful and systematic
investigation of different methods is needed in order to select a sufficiently
efficient method for the task at hand.
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We shall consider a time discretization (7); with
3) O=m<7n<- <y <--<7y=T

of a time interval [0, T'], which in the simplest equidistant case has step size

T
(4) §=%-
We shall see in Chapter 9 that general time discretizations, even with random
times, are possible, but usually a maximum step size § must be specified.
The simplest heuristic time discrete approximation is the stochastic gener-
alization of the Euler approximation which is sometimes called the Fuler-
Maruyama approzimation, see Maruyama (1955), but often just the Euler
approzimation. For the SDE (2) it has the form

(5) Yor1 =Y +a(Yn) Ap +0(Yn) AW,

forn=0,1, ..., N — 1 with initial value

(6) }’0 = X0,

where

(7N Ap=Tn41 —Tn =26

and

8) AWyp =Wr, = Wo,

forn =0, 1, ..., N — 1. Essentially, it is formed by fixing the integrands

in (1) to their values at the beginning of each discretization time subinterval.
The recursive scheme (5) obviously gives values of the approximation only
at the discretization times. If values are required at intermediate instants,
then either piecewise constant values from the preceding discretization point
or some interpolation, especially a linear interpolation, of the values of the
two immediate enclosing discretization points could be used.

The random variables AW, defined in (8) are independent N(0; A,,) normally
distributed random variables, that is with means and variances

E(AW,) =0 and E((AW.)) = A,

respectively, for n = 0, 1, ..., N — 1. In simulations we can generate such
random variables from independent, uniformly distributed random variables
on [0,1], which are usually provided by a pseudo-random number generator
on a digital computer. We shall discuss and test random number generators
in Sections 3 and 9 of Chapter 1.

In practice, linear or non-linear congruential pseudo-random number genera-
tors are often used. An introduction to this area is given by Ripley (1983a).
Books that include chapters on random number generation include Ermakov
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(1975), Yakowitz (1977), Rubinstein (1981), Ripley (1983b), Morgan (1984),
Ross (1990), Mikhailov (1992), Fishman (1996) and Gentle (1998). We men-
tion also the papers by Box & Muller (1958), Marsaglia & Bray (1964), Brent
(1974), Eichenauer & Lehn (1986), Niederreiter (1988), Sugita (1995), Antipov
(1995) and Antipov (1996).

The Strong Convergence Criterion

In problems such as those that we shall consider in Chapter 13 involving direct
simulations, filtering or testing estimators of Ito processes it is important that
the trajectories, that is the sample paths, of the approximation be close to
those of the Ito process. This suggests that a criterion involving some form
of strong convergence should be used. Mathematically it is advantageous to
consider the absolute error at the final time instant 7', that is

9) €(0) = E(| X7 — Ynl),

which can be estimated from the root mean square error via the Lyapunov
inequality

(10) €(6) = B(Xr — Yul) < |/ B (1Xr - YuP).

The absolute error (9) is certainly a criterion for the closeness of the sample
paths of the Ito process X and the approximation Y at time 7.

We shall say that an approximating process Y converges in the strong sense
with order -y € (0, 00] if there exists a finite constant K and a positive constant
do such that

(11) E(|Xr-Yn|) < K&

for any time discretization with maximum step size § € (0,00). In the de-
terministic case with zero diffusion coefficient b = 0 this strong convergence
criterion reduces to the usual deterministic criterion for the approximation of
ordinary differential equations. The order of a scheme is sometimes less in
the stochastic case than in the corresponding deterministic one, essentially
because the increments AW, of the Wiener process are of root mean square
order 61/2 and not 4. In fact, the Euler approximation (5) for SDEs has strong
order v = 0.5 in contrast with the order 1.0 of the Euler approximation for
ordinary differential equations.

Publications related to the development of higher order strong approximations
include Franklin (1965), Shinozuka (1971), Kohler & Boyce (1974), Rao, Bor-
wanker & Ramkrishna (1974), Dsagnidse & Tschitashvili (1975), Harris (1976),
Glorennec (1977), Kloeden & Pearson (1977), Clark (1978), Nikitin & Razevig
(1978), Helfand (1979), Platen (1980a), Razevig (1980), Greenside & Helfand
(1981), Casasus (1982), Clark (1982), Guo (1982), Talay (1982a, 1982b, 1982c,
1983), Drummond, Duane & Horgan (1983), Casasus (1984), Guo (1984),
Janssen (1984a, 1984b), Shimizu & Kawachi (1984), Tetzlaff & Zschiesche
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(1984), Unny (1984), Clark (1985), Averina & Artemiev (1986, 1988), Drum-
mond, Hoch & Horgan (1986), Kozlov & Petryakov (1986), Greiner, Strittmat-
ter & Honerkamp (1987), Liske & Platen (1987), Platen (1987), Milstein
(1987, 1988b), Shkurko (1987), Romisch & Wakolbinger (1987), Golec &
Ladde (1989), Feng (1990), Nakazawa (1990), Bensoussan, Glowinski & Ras-
canu (1992), Feng, Lei & Qian (1992), Artemiev (1993b), Kloeden, Platen &
Schurz (1993), Saito & Mitsui (1993a, 1996), Petersen (1994b), Térok (1994),
Ogawa (1995), Gelbrich & Rachev (1996), Grecksch & Wadewitz (1996), New-
ton (1996), Schurz (1996b), Yannios & Kloeden (1996), Artemiev & Averina
(1997), Denk & Schaffer (1997), Abukhaled & Allen (1998) and Schein & Denk
(1998).

The Weak Convergence Criterion

In many practical situations, some of which will be described in Chapter 17,
it is not necessary to have a close pathwise approximation of an Ito process.
Often one may only be interested in some function of the value of the Ito
process at a given final time T such as one of the first two moments E(X7r)
and E((X1)?) or, more generally, the expectation E(g(Xr)) for some function
g. In simulating such a functional it suffices to have a good approximation
of the probability distribution of the random variable X7 rather than a close
approximation of sample paths. Thus the type of approximation required here
is much weaker than that provided by the strong convergence criterion.

We shall say that a time discrete approximation Y converges in the weak sense
with order B € (0,00] if for any polynomial g there exists a finite constant K
and a positive constant dg such that

(12) |E (9(X7)) — E(9(YN))| < K6

for any time discretization with maximum step size § € (0,dp). In Section 7
of Chapter 9 we shall generalize slightly the class of test fuctions g used here.
When the diffusion coefficient in (1) vanishes, this weak convergence criterion
with g(z) = z also reduces to the usual deterministic convergence criterion for
ordinary differential equations.

Under assumptions of sufficient regularity Milstein (1978) showed that an Eu-
ler approximation of an Ito process converges with weak order 8 = 1.0, which
is greater than its strong order of convergence v = 0.5. On the other hand,
Mikulevicius & Platen (1991) proved that the Euler scheme still converges,
but with weak order less than 1.0, when the coefficients of (1) are only Holder
continuous, that is Lipschitz-like with a fractional power. Some of the papers
in which the Euler method has been studied include Allain (1974), Yamada
(1976), Gikhman & Skorokhod (1979), Clark & Cameron (1980), Ikeda &
Watanabe (1989), Janssen (1984a, 1984b), Atalla (1986), Jacod & Shiryaev
(1987), Kaneko & Nakao (1988), Kanagawa (1988, 1989, 1995, 1996, 1997),
Golec & Ladde (1989), Mackevicius (1994), Cambanis & Hu (1996), Gelbrich
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(1995), Bally & Talay (1995, 1996a, 1996b), Jacod & Protter (1998), Kohatsu-
Higa & Ogawa (1997) and Chan & Stramer (1998).

Higher order weak approximations have been investigated, e.g., by Milstein
(1978), Platen (1984), Talay (1984), Mikulevicius & Platen (1991). In par-
ticular, weak approximations of the Runge-Kutta type have been proposed
and studied by Greenside & Helfand (1981), Talay (1984), Platen (1984),
Klauder & Petersen (1985a), Milstein (1985), Haworth & Pope (1986), Ave-
rina & Artemiev (1986), Mackevicius (1994) and Komori & Mitsui (1995).
Wagner (1987b) has investigated the use of unbiased weak approximations,
that is with 8 = oo, for estimating functionals of Ito diffusions.

Stochastic Taylor Formulae

A natural way of classifying numerical methods for SDEs is to compare them
with strong and weak Taylor approximations. The increments of such approx-
imations are obtained by truncating the stochastic Taylor formula, also called
Wagner-Platen formula, see Wagner & Platen (1978). This result was then
extended and generalised in Platen (1981a, 1982b), Platen & Wagner (1982),
Azencott (1982), Sussmann (1988), Yen (1988, 1992), BenArous (1989), Kloe-
den & Platen (1991a, 1991b), Hu (1992, 1996), Hu & Watanabe (1996),
Kohatsu-Higa (1997), Liu & Li (1997) and Kuznetsov (1998).

A Stratonovich version of the stochastic Taylor formula was presented in Kloe-
den & Platen (1991a, 1991b) and can be found together with results on mul-
tiple stochastic integrals in Chapter 5.

The Wagner-Platen formula allows a function of an Ito process, that is f(X}),
to be expanded about f(Xj,) in terms of multiple stochastic integrals weighted
by coefficients which are evaluated at X;,. These coefficients are formed from
the drift and diffusion coefficients of the Ito process and their derivatives up
to some specified order. The remainder term in the formula contains a finite
number of multiple stochastic integrals of the next higher multiplicity, but
now with nonconstant integrands. For example, a Wagner-Platen formula for
the Ito process (1) for t € [to, 7] may have the form

t t
(13) f (Xt) = f (Xto) +c1 (Xto) Ao ds+ ¢ (Xto) /to dW,

t 82
o3 (Xo) /t /t dW,, dW,, + R
0 0

with coefficients

a(@) ' (2) + 3 (6(2)) " (2,
a@ = b@f @),
b(z) {4(2) 1" (@) + ¥ () §' (@)} .

a (z)

c3 (z)
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Here the remainder R consists of higher order multiple stochastic integrals
with nonconstant integrands involving the function f, the drift and diffusion
coefficients and their derivatives. A Wagner-Platen formula can be thought
of as a generalization of both the Ito formula and the deterministic Taylor
formula. If we use the function f(z) = z in the formula (13) we obtain the
following representation for the Ito process (1):

X t t
(14) X, = Xt0+a(Xt0)/ ds+b(Xt0)/ aw,
to to

t 82
+b (Xeg) ¥ (Xe,) / / dW,, dW,, + R.
to Jto

By truncating stochastic Taylor expansions such as (14) about successive dis-
cretization points we can form time discrete Taylor approximations which we
may interpret as basic numerical schemes for an SDE. In addition we can
compare other schemes, such as those of the Runge-Kutta type, with time
discrete Taylor approximations to determine their order of strong or weak
convergence. We shall see that we must include the appropriate terms from
the corresponding stochastic Taylor expansion, that is the necessary higher
multiple stochastic integrals, to obtain a numerical scheme with a higher or-
der of strong or weak convergence. Thus to build a higher order scheme one
does not only need more smoothness of the drift and diffusion coefficients but
also more information about the driving Wiener processes.

Strong Taylor Approximations

The simplest strong Taylor approximation of an Ito diffusion is the FEuler

approrimation
(15) Yor1 = Yo +alA,+0AW,

forn =0, 1, ..., N — 1 with initial condition (6), where A, and AW, are
defined by (7) and (8), respectively, with the AW, representing independent
N(0; Ap) normally distributed random variables. Here we have written a
for a(Yy) and b for b(Yy), a convention which we shall henceforth use for
any function. In addition, as here, we shall not repeat the standard initial
condition (6) in what follows. It was shown in Gikhman & Skorokhod (1972a)
that the Euler scheme converges with strong order v = 0.5 under Lipschitz
and bounded growth conditions on the coefficients a and b.

If we include the next term from the Wagner-Platen formula (14) in the scheme
(15) we obtain the Milstein scheme

1
(16) Yoi1 = Yo+ aln +bAW, + b % {(AWn)2 _ An}

forn=0,1,..., N—1; see Milstein (1974). The additional term here is from
the double Wiener integral in (14), which can be easily computed from the
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Wiener increment AW, since

Tn+l 32 1
(17) / AW, Wy, = 5 {(AW,)? - An}.
Tn Tn
We shall see that the Milstein scheme (16) converges with strong order y = 1.0
under the assumption that E((X()?) < oo, that a and b are twice continuously
differentiable, and that a, o/, b, b’ and b” satisfy a uniform Lipschitz condition.
For a multi-dimensional driving Wiener process W = (Wl, ..., W™) the gen-
eralization of the Milstein scheme (16) involves the multiple Wiener integrals

Tn41 [S2 . .

() T = [ [ awa awz,

Tn Tn
for j1, j2 € {1,...,m} with j; # j2, which cannot be expressed simply as in
(16) in terms of the increments AW}! and AW}2 of the corresponding Wiener
processes. In Section 8 of Chapter 5 we shall suggest one possible way of
approximating higher order multiple stochastic integrals like (18).
Close relationships exist between multiple Ito and Stratonovich integrals which
form some kind of algebra. This algebra and certain approximations of multi-
ple stochastic integrals have been described in Platen & Wagner (1982), Liske
(1982), Platen (1984), Milstein (1988a, 1995a), Kloeden & Platen (1991a,
1991b), Kloeden, Platen & Wright (1992), Hu & Meyer (1993), Hofmann
(1994), Gaines & Lyons (1994), Gaines (1994, 1995a), Castell & Gaines (1995),
Li & Liu (1997), Burrage (1998) and Kuznetsov (1998).
Generally speaking we obtain more accurate strong Taylor approximations by
including additional multiple stochastic integral terms from a stochastic Tay-
lor expansion. Such integrals contain additional information about the sample
paths of the Wiener process over the discretization subintervals. Their pres-
ence is a fundamental difference between the numerical analysis of stochastic
and ordinary differential equations. For example, the strong Taylor approzi-
mation of order v = 1.5 is given by

(19) Y41 = Ya+alA,+bAW, + %bb’ {(aw,)? - A}
+ba’ AZ, + % {aa' + %b2a”} A2
+ {ab’ + %b2b”} (AW, A, — AZ,)
+%b {ov" + ()} {% (AW,)? - A,,} AW,

forn =0, 1, ..., N —1. Here the additional random variable AZ, is required
to represent the double integral

Tn+1 $2
(20) AZ, = / / dW,, dss,
Tn Ty

n
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which is normally distributed with mean, variance and correlation

E(AZ) =0, E((AZ))= % (An)? and E(AW,AZ,) = % (An)?,

respectively. All other multiple stochastic integrals appearing in the truncated
Taylor expansion used to derive (19) can be expressed in terms of A,, AW,
and AZ,, thus resulting in (19). It was shown in Wagner & Platen (1978)
and Platen (1981a) that the scheme (19) converges with strong order v = 1.5
when the coefficients a and b are sufficiently smooth and satisfy Lipschitz and
bounded growth conditions. We note that there is no difficulty in generating
the pair of correlated normally distributed random variables AW,,, AZ, using
the transformation

1 1
(21) AWn =(aa A111/2 and AZ, = 2 (Cn,l + % Cn,2) A?;/z,

where (n,1 and (2 are independent normally N (0; 1) distributed random vari-
ables.

Following Platen (1981a), we shall describe in Chapter 10 how schemes of any
desired order of strong convergence can be constructed from the corresponding
strong Taylor approximations. The implementation of such schemes requires
the generation of multiple stochastic integrals such as I(; ;) and of higher
multiplicity, which can be done by means of an approximation method which
we shall describe in Chapter 5. Those readers who do not wish to use such
multiple stochastic integrals could follow Clark (1978) and Newton (1986a,
1986b), in which schemes only involving the increments of the Wiener process
are proposed. These schemes, which we shall describe in Section 4 of Chapter
13, are similar to the strong Taylor approximations above, but with the random
variables modified. Moreover, they are optimal within the classes of strong
orders v = 0.5 or 1.0, respectively.

Strong Runge-Kutta, Two-Step and Implicit Approximations

A practical disadvantage of the above strong Taylor approximations is that
the derivatives of various orders of the drift and diffusion coefficients must
be determined and then evaluated at each step in addition to the coefficients
themselves. There are time discrete approximations which avoid the use of
derivatives, which we shall call Runge-Kutta schemes in analogy with similar
schemes for ordinary differential equations. However, we emphasize that it is
not always possible to use heuristic adaptations of deterministic Runge-Kutta
schemes for SDEs because of the difference between ordinary and stochastic
calculi.

A strong order 1.0 Runge-Kutta scheme is given by

(22) Yos1 = Ya+aln + bAW, + % {6(%) -} {(aWa)? - .} A72
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with supporting value )
T, =Y, +bAL?

forn =0, 1, ..., N — 1. This scheme can be obtained heuristically from the
Milstein scheme (16) simply by replacing the derivative there by the corre-
sponding finite difference; see Platen (1984). Clark & Cameron (1980) and
Riimelin (1982) have shown that Runge-Kutta schemes like (22) converge
strongly with at most order v+ = 1.0. More general Runge-Kutta schemes
can be found in Chapter 11, but they have usually only the strong order of
convergence v = 1.0 if just the increments AW,, of the Wiener process are
used. Higher multiplicity stochastic integrals must be used to obtain a higher
order of strong convergence.

In Riimelin (1982), Gard (1988), Kloeden & Platen (1995, 1992) and Artemiev
(1993a, 1993b) further Runge-Kutta type schemes can be found. It is natural
to ask whether the tree approach developed in Butcher (1987) can be trans-
lated to the stochastic setting. Some results along these lines were given by
Saito & Mitsui (1993b), Burrage & Platen (1994), Komori, Saito & Mitsui
(1994), Komori & Mitsui (1995), Saito & Mitsui (1996), Burrage & Burrage
(1996, 1997), Burrage, Burrage & Belward (1997), Komori, Mitsui & Sugiura
(1997) and Burrage (1998). For instance, in the case of a single driving Wiener
process, a rooted tree methodology has been described for Stratonovich SDEs
by Burrage (1998).

Four-stage Runge-Kutta methods of strong order v = 1.5 can also be found in
Burrage (1998). Similarly, in the context of filtering problems Newton (1986a,
1986b, 1991) and also Castell & Gaines (1996) have proposed approximations
that are, in some sense, asymptotically efficient with respect to the leading
error coefficient within a class of Runge-Kutta type methods.

Lépingle & Ribémont (1991) suggested a two-step strong scheme of first order.
For the case of additive noise, b = const., another two-step order 1.5 strong
scheme which is due to the authors takes the form

(23) Yp4y1 =Yp+2al, - a (Yn—l) b(Yn-1) AWp_1 Ap + Vo + Vi

with
Vo =bAW, +ad'bAZ,,

where AW,, and AZ, are the same as in (21); see Chapter 12 for more details.
What really matters in a numerical scheme is that it should be numerically
stable, can be conveniently implemented, and generates fast highly accurate
results. The well-known concept of A-stability, see Bjorck & Dahlquist (1974),
can be directly generalised to the case of SDEs with additive noise, that is
b(z) = const. in equation (1), see Milstein (1988a, 1995a), Hernandez & Spigler
(1992) or Kloeden & Platen (1992). A typical implicit order 1.5 strong scheme
for additive noise is

1
(24) Yn+1 = Yn + 5 {a (Yn+1) + a,} An + bAWn
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43 {a(12) —a(12)}{o2 - 3aWa ) a712

with supporting values
TE =Y, +al, £bAY?

where AW,, and AZ, are the same as in (21). Implicit or fully implicit schemes
are needed to handle stiff SDEs, which will be discussed in Section 8 of Chapter
9 and in Chapter 12; see Petersen (1987), Drummond & Mortimer (1991) and
Hernandez & Spigler (1993).

Milstein, Platen & Schurz (1998) have proposed a family of balanced methods
that seem to be rather effective for stiff SDEs. Implicit schemes or different
concepts of numerical stability have been suggested and studied in a variety of
papers, including Talay (1982b, 1984), Klauder & Petersen (1985a), Pardoux
& Talay (1985), Milstein (1988a, 1995a), Smith & Gardiner (1988), McNeil
& Craig (1988), Artemiev & Shkurko (1991), Drummond & Mortimer (1991),
Kloeden & Platen (1995, 1992), Hernandez & Spigler (1992, 1993), Artemiev
(1993a, 1993b, 1994), Saito & Mitsui (1993b), Hofmann & Platen (1994), Mil-
stein & Platen (1994), Hofmann (1995), Komori & Mitsui (1995), Hofmann
& Platen (1996), Saito & Mitsui (1996), Schurz (1996a, 1996c), Ryashko &
Schurz (1997), Burrage (1998), Fischer & Platen (1998), Higham (1998), Mil-
stein, Platen & Schurz (1998) and Petersen (1998).

Another type of strong approximations was investigated in Gorostiza (1980)
and Newton (1990). In the 1-dimensional case the time is here discretized in
such a way that a random walk takes place on a prescribed set of threshholds in
the state space, with the approximating process remaining on a fixed level for
a random duration of time and then switching with given intensity to the next
level above or below it. Finally, the reader is referred to Doss (1977), Sussmann
(1978) and Talay (1982b) for other investigations of strong approximations of
Ito diffusions.

Weak Taylor Approximations

When we are interested only in weak approximations of an Ito process, that
is a process with approximately the same probability distribution, then we
have many more degrees of freedom than with strong approximations. For
example, it suffices to use an initial value Yy = Xo with a convenient probability
distribution which approximates that of Xy in an appropriate way. In addition
the random increments AW,, of the Wiener process can be replaced by other
more convenient approximations AW, which have similar moment properties
to the AW,,. In a weak approximation of order 8 = 1.0 we could, for instance,
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choose independent AWn forn =0,1, ..., N —1 with moments

0 : r=1and3
(25) E((aw,)) ={ A, L or=2
Z.(An) : r=4,5,...
where
(26) 1Z; (An)] < K A}
for r = 4, 5, ... and some finite constant K > 0. This means we could use an

easily generated two-point distributed random variable taking values /A,
with equal probabilities, that is with

(27) P (AW,, = :t\/A—n) = %

The simplest useful weak Taylor approximation is the weak Fuler scheme

(28) Yo =Ya+alA, +bAW,
forn=20,1, ..., N—1. It follows from results in Talay (1984) that (28)

has weak order 8 = 1.0 if the coefficients a and b are four times continuously
differentiable with these derivatives satisfying a growth bound. This contrasts
with the order v = 0.5 of the strong Euler scheme (15).

We can construct weak Taylor approximations of higher order 8 = 2.0, 3.0,
... by truncating the Wagner-Platen expansion. For example, the weak Tay-
lor approzimation of order B = 2.0 has, following Milstein (1978) and Talay
(1984), the form

. a2
(29) Yoqr = Ya+al,+bAW, + %bb’ {(AWn) - An}
’ > 1 ’ 1 2 1 2
+ba AZn+§ aa +§ba A
+ {ab’ + lbzb"} {aWn A, - AZ,)
2
forn=0,1,..., N—1. Here AW,, approximates AW, and AZ, the multiple
stochastic integral (20). As with the weak Euler scheme (28) we can choose
random variables AW,, and AZ, which have approximately the same moment
properties as AW, and AZ,, For example, we could use
(30) AW, = AW, and AZ,= %AWH A,

with the AW, independent N(0; A,,) normally distributed, or we could use

(31) AW, =AY?T,  and AZ,= -;-Af‘/zTn,
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where the T}, are independent three-point distributed random variables with

(32) P (T, =+V3) =1 ad P@m=0=2
6 3

Multi-dimensional and higher order weak Taylor approximations also involve
additional random variables, but these are much simpler than those in strong
approximations as will be seen in Chapter 14.

It was shown under appropriate assumptions in Platen (1984) that a Taylor
approximation converges with any desired weak order § = 1.0, 2.0, ... when the
multiple stochastic integrals up to multiplicity 3 are included in the truncated
stochastic Taylor expansion used to construct the scheme.

Weak Runge-Kutta and Extrapolation Approximations

It is often convenient computationally to have weak approximations of Runge-
Kutta type which avoid the use of derivatives of the drift and diffusion coef-
ficients, particularly the higher order derivatives. An order 2.0 weak Runge-
Kutta scheme proposed by Talay (1984) is of the form

() Yor = Yo+ {a(tn) =50 (Tn) ¥ (Tn) } &

+ {—\% b(An — By) + v2b (Tn) Bn} A2

+{3 ((2)v () -w) 52wz o,

with supporting value

< 1 1 1 1
Tp=Y,+ 2 (a — §bb') Ap + %bAn A2 4 be’AﬁAn
forn=0,1, ..., N—1, where the A, and B, are independent random variables

which are, for example, standard normally distributed or as in (32).

The scheme (33) still uses the derivative b’ of the diffusion coefficient b. It is
possible to avoid such derivative, as in the following order 2.0 weak Runge-
Kutta scheme due to Platen:

1 /s 1 _ .
(34)Yai1 = Yat 3 {a(Tn) +a} An+ 7 (6(T) +5(17) + 20} AW,
1 _ 2 \2 _
+7 o) —vay {(am)’ - an} a7
with supporting values
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forn =0, 1, ..., N — 1, where the AW, can be chosen as in (30) or (31).
Weak second and third order Runge-Kutta type schemes have been proposed,
for instance, by Kloeden & Platen (1992), Mackevicius (1994) and Komori &
Mitsui (1995).

Higher order approximations of functionals can also be obtained with lower or-
der weak schemes by extrapolation methods. Talay & Tubaro (1990) proposed
an order 2.0 weak extrapolation method

(35) VeoT) = 2B (9 (YX(D))) - E(9 (Y*(D))),

where Y®(T) and Y?(T) are the Euler approximations at time 7" for the
step sizes 6 and 24, respectively. Higher order extrapolation methods from
Kloeden & Platen (1991b) will also be presented in Section 3 of Chapter 15.
Essentially, many order B weak schemes can be extrapolated with formulae
similar to (35) to provide order 28 accuracy for 8 = 1.0, 2.0, .... Further
results on extrapolation methods can be found in Hofmann (1994), Goodlett
& Allen (1994) and Mackevicius (1996). Artemiev (1985), Miiller-Gronbach
(1996 ), Gaines & Lyons (1997), Mauthner (1998) and Burrage (1998) have
derived results on step size control. Furthermore, Hofmann (1994), Hofmann,
Miiller-Gronbach & Ritter (1998) have considered extrapolation methods with
both step size and order control.

An order 2.0 weak predictor-corrector scheme for SDEs proposed by Platen,
which has the corrector

(36) Yo41 =Y+ % {a(Tns1) +a} An+ 0,

with

a " 2 ~
U, = bAW, + %bb’ { (AW,.) - A,,} + % {ab’ + %b%"} AW, A,

and the predictor
< 1 ] 7 1 ’ 1 2 N 2
(37 Tn+1=Yn+aAn+\Iln+§abAWnAn+§ aa +-2—ba As,

where AW,, and A, can be as in (30) or (31)-(32), is an example of a simplified
weak Taylor scheme. The corrector (36) resembles the implicit order 2.0 weak
scheme

1
(38) Ynri=Ya+ 3 {a (Ynt+1) +a} Ap + ¥y,

Higher order Runge-Kutta, predictor-corrector and implicit weak schemes as
well as extrapolation methods will be examined in Chapter 15.

Runge-Kutta schemes with convergence only in the first two moments have
been considered in Greenside & Helfand (1981), Haworth & Pope (1986),
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Helfand (1979), Klauder & Petersen (1985a) and Petersen (1987). This conver-
gence criterion is weaker than the weak convergence criterion (10) considered
here. Obviously, a scheme which converges with some weak order 8 will not
only converge in the first two moments, but also in all higher moments with
this same order 8 when they exist. Further papers that deal with weak higher
order approximations and their numerical stability include Fahrmeir (1974),
Milstein (1978, 1985, 1988a), Platen (1980b, 1984, 1995), Gladyshev & Mil-
stein (1984), Talay (1984, 1986, 1990), Ventzel, Gladyshev & Milstein (1985),
Haworth & Pope (1986), Talay & Tubaro (1990), Drummond & Mortimer
(1991), Kloeden & Platen (1991b), Mikulevicius & Platen (1991), Kloeden,
Platen & Hofmann (1992), Kannan & Wu (1993), Hofmann (1994, 1995), Hof-
mann & Platen (1994, 1996), Mackevicius (1994), Komori & Mitsui (1995),
Bally & Talay (1996a, 1996b), Kohatsu-Higa & Ogawa (1997) and Milstein &
Tretjakov (1997).

Monte-Carlo Simulation and Variance Reduction

Wagner (1987a, 1987b) has proposed another way of approximating weak ap-
proximations of diffusion processes which is based on the Monte Carlo simu-
lation of functional integrals and uses unbiased, variance reduced approxima-
tions to estimate functionals of Ito diffusion processes. This will be described
in Chapter 16. Useful references on variance reduction techniques in a more
classical setting include Hammersley & Handscomb (1964), Ermakov (1975),
Boyle (1977), Maltz & Hitzl (1979), Rubinstein (1981), Ermakov & Mikhailov
(1982), Ripley (1983b), Kalos & Whitlock (1986), Bratley, Fox & Schrage
(1987), Chang (1987), Wagner (1987a, 1988a, 1988b, 1989a, 1989b), Law &
Kelton (1991) and Ross (1990). Other variance reduction methods use more
structure of the underlying SDE, see e.g., Milstein (1988a), Glynn & Iglehart
(1989), Goodlett & Allen (1994) and Newton (1994, 1997).

To compute functionals of diffusions also quasi Monte Carlo methods have
been employed, where the random variables are replaced by elements from
some low discrepancy sequence or point set, see, e.g., the book by Niederreiter
(1992). Low discrepancy point sets such as Sobol, Halton or Faure sequences,
discussed for instance in Halton (1960), Sobol (1967), Tezuka (1993), Tezuka
& Tokuyama (1994), Radovic, Sobol & Tichy (1996), Tuffin (1996, 1997), and
Mori (1998), exhibit fewer deviations from uniformity compared to uniformly
distributed random point sets. This can generally lead to faster rates of con-
vergence compared to random sequences as discussed in Hofmann & Mathé
(1997) and Sloan & Wozniakowski (1998). However the gain in efficiency is not
always balanced with the bias that may result from the use of these methods.

We conclude this brief survey with the remark that the theoretical understand-
ing and practical application of numerical methods for stochastic differential
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equations are still under development. An aim of this book is to stimulate an
interest and further work on such methods. For this the Bibliographical Notes
at the end of the book may be also of assistance.



Chapter 1
Probability and Statistics

The basic concepts and results of probability and stochastic processes needed
later in the book are reviewed here. The emphasis is descriptive and PC-
Exercises (PC= Personal Computer), based on pseudo-random number gener-
ators introduced in Section 3, are used extensively to help the reader to develop
an intuitive understanding of the material. Statistical tests are discussed briefly
in the final section.

1.1 Probabilities and Events

If we toss a die, then, excluding absurd situations, we always observe one of
six basic outcomes; it lands with its upper face indicating one of the numbers
1, 2, 3, 4, 5 or 6. We shall denote these outcomes by wi, wg, w3, ws, ws and
we, respectively, and call the set of outcomes 2 = {w;, w2, w3, wa, ws, we} the
sample space. If we toss the die IV times and count the number of times N; that
outcome w; occurs, we obtain a relative frequency f;(N) = N;/N. This number
usually varies considerably with N, but experience tells us that as N becomes
larger it approaches a limit limy_, o fi(N) = pi, which we call the probability
of outcome w;. Clearly 0 < p; < lforeachi=1,2,..., 6 and Efﬂp; =1
for a fair die each p; = 1/6, giving a uniform distribution of probabilities over
the outcomes.

Often we are interested in combinations of outcomes, that is subsets of the
sample space 2 such as the subset {w;, w3, ws} of odd indexed outcomes. If we
can distinguish such a combination by either its occurence or its nonoccurence
we call it an event. Clearly if a subset A is an event, then its complement A¢ =
{wi € Q : w; ¢ A} must also be an event. In particular, the whole sample space
€2 is an event, which we call the sure event since one of its outcomes must always
occur; its complement, the empty set @, is also an event but can never occur. We
might think that every subset A of {2 should be an event, in which case we could
determine its probability P(A) from those of its constituent outcomes, that is
as P(A) = )_,.caPi- However this corresponds to a situation of complete
information about each of the outcomes, information which we may not always
possess. For example, we may have only kept records of the occurences of odd
or even indexed outcomes, but not of the actual outcomes themselves. Then we
only distinguish and determine probabilities for the four subsets 8, O = {w;,
w3, ws}, E = {wa2, ws, we} and Q, which are thus the only events in this case.
Actually, we could introduce new basic outcomes O (odd) and E (even) here;
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then the sample space is {O, E} and all of its subsets are events. This shows
that we have some flexibility in the choice of the sample space.

Whatever the sample space Q and the collection A of events, we would
always expect that § and Q are events and that

(1.1) A, AN B and AU B are events if A and B are events.

Here the event AUB occurs if either the event A or the event B occurs, whereas
ANB occurs if both A and B occur. Then, supposing that we have determined
the probability of each event from frequency records either of the event itself
or of its constituent components, we would always expect these probabilities
to satisfy

(12)  0<P(A)<1, P(A)=1-P(4), P@®) =0 PQ) =1
and
(1.3) P(AUB)=P(A)+ P(B) f ANB=10

for any events A and B. From these we could then deduce for any positive
integer n that

n n
(1.4) U A; and ﬂ A; are events if Ay, A,,..., A, are events

i=1 i=1

and that

n

(15) P (U A;) = Z P(4;) if A1, Aa, ..., A, are mutually exclusive,
i=1 3

i=1

thatis if A;NA; =0foralli,j=1,2, ..., nwithi# j.

A similar situation applies when we have a countably infinite number of
outcomes. Suppose we count the number of telephone calls arriving at an
exchange during a specified time period. This will be a finite nonnegative
integer i = 1, 2, ..., but, in principle, it can be arbitrarily large. An appropriate
choice of sample space here is the countably infinite set @ = {wq, w;, wa,
...}, where the outcome w; corresponds to the arrival of ¢ calls. If we repeat
these counts over sufficiently many time periods, we could then use the limits
of relative frequencies of occurence to determine the probability p; for each
outcome wy, obtaining 0 < p; < 1foreach ¢ =0, 1,2, ... with } ;o pi = 1.
As in the die example we call a subset of 2 an event if we can distinguish it by
either its occurence or nonoccurence; not every outcome w; need be an event.
(Strictly speaking, no outcome w; can be an event since it is an element and
not a subset of the sample space 2. However the singleton set {w;} may be
an event, in which case we call it an elementary event, although it need not be
an event). There may now be an infinite number of events, such as E,, = {wo,
w2, ..., wan} corresponding to an even number of calls not exceeding 2n, for
eachn =0, 1, 2, .... Their countable union E = [ J72 , E, = {wo, w2, wa, ...}
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occurs if there is an even number of calls, no matter how large, and so should
also be an event if all of the E,, are events. In general, we would expect that

(e o] (o)
(1.6) U A; and ﬂ Aj; are events if A}, Ay, As,... are events

i=1 t=1

and that

oo o0
(1.7) P (U A;) = EP(A;) if A;, Az, A3, ... are mutually exclusive
i=1

=1

for any countable collection A;, Aj, As, ... of events. Apart from this modifi-
cation, things are then much the same as for a finite number of basic outcomes.
An obvious difference is that a uniform distribution of probabilities over all
outcomes is now impossible.

For uncountably many basic outcomes matters are not so straightforward.
Suppose that we wish to determine the speed of a car from its speedometer
which ranges from 0 to 250 km/h. The interval 0 < w < 250 seems to be an
appropriate choice for the sample space 2, but here the intrinsic limitations in
the calibration of the speedometer prevent us from ever reading with complete
accuracy any specific nonzero speed @; the best we can do is to assertain
that the speed lies within some small interval (& — ¢, @ + €) around @. Such
subintervals are the natural events here. The singleton set {0} might also be
an event since we can easily detect zero speed, though possible not solely from
a speedometer. As in the previous examples, we would expect to obtain events
when we took unions or intersections of events, and to be able to combine
their probabilities accordingly. However, there may now be uncountably many
events and this can cause problems. For example, if each singleton set A, =
{w} is an event and has zero probability P(A4,) = 0, then Q = U{A.;w € O}
is an uncountable union if  is uncountable. Obviously, P(2) = 1, yet for any
countable collection of the A, we would have Y ;o P(Au;) = 0. Worse still,
the uncountable union or intersection of events need not itself be an event.
We can fortunately avoid these difficulties by restricting attention to countable
combinations of events.

In each of the preceding examples the essential probabilistic information
can be succinctly summarized in the corresponding triplet (2, A, P) consisting
of the sample space €2, the collection of events A and the probability measure
P, where A and P satisfy the properties (1.1)-(1.7). We call such a triplet (£,
A, P) a probability space. In our discussion above we have glossed over the
conceptual subtleties associated with the use of limits of relative frequencies to
define and to determine probabilities. These can lead to serious problems if we
try to develop a logically consistent theory of probability from this direction.
To circumvent these difficulties it is now usual to develop probability theory
axiomatically, with a probability space as its starting point. The probabilities
are now just numbers assigned to each event and the relative frequencies only
suggestive of how such numbers might be obtained. This axiomatic approach
to probability theory was first propounded by Kolmogorov in the 1930s. We
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shall return to it in Chapter 2 and present definitions there. Some terminology
will however be useful before then. In particular, the collection of events A is
known technically as a o-algebra or o-field. While P(@) = 0 always holds, there
may also be nonempty events A with P(A) = 0; we call these null events. The
sample space 2 is the sure event, and we say that any other event A with P(A)
= 1 occurs almost surely (a.s.) or with probability one (w.p.1).

Regardless of how we actually evaluate it, the probability P(A) of an event
A is an indicator of the likelihood that A will occur. Our estimate of this
likelihood may change if we possess some additional information, such as that
another event has occured. For example, if we toss a fair die the probability of
obtaining a 6 is P({ws}) = ps = 1/6 and the probability of obtaining an even
number, that is the probability of the event £ = {w2, ws, we}, is P(E) = py
+ ps + ps = 1/2. If we know that an even number has been thrown, then,
since this occurs in one of three equally likely ways, we might now expect that
the probability of its being the outcome wg is 1/3. We call this the conditional
probability of the event {ws} given that the event E has occured and denote
it by P({we}|E), noting that

P({ws} N E)
P(E)
where P(E) > 0. In general, we define the conditional probability P(A|B) of
A given that an event B has occured by
P(AN B)
P(B)

P({we}|E) =

(1.8) P(A|B) =

provided P(B) > 0 and define it to be equal to 0 (or we leave it undefined) in
the vacuous case that P(B) = 0. This definition is readily suggested from the
relative frequencies

NanB _ NanB [ Np
Ng = N N’

where Ngnp and Np are the numbers of times that the events AN B and B,
respectively, occur out of N repetitions of what we usually call an ezperiment.

It is possible that the occurence or not of an event A is unaffected by
whether or not another event B has occured. Then its conditional probability
P(A|B) should be the same as P(A), which with (1.8) implies that

(1.9) P(AN B) = P(A)P(B)

In this case we say that the events A and B are independent. For example,
events A and B are independent if P(4) = P(B) = 1/2 and P(AN B) =
1/4. This particular situation occurs if we toss a fair coin twice, with A the
event that we obtain a head on the first toss and B a head on the second toss,
provided that the way we toss the coin the second time is not biased by the
outcome of the first toss. This may seem tautological; in fact, we shall use
the independence of outcomes of a repeated experiment to define independent



1.2. RANDOM VARIABLES AND DISTRIBUTIONS 5

repelitions of the experiment. Finally, we say that n events Ay, Ay, ..., A, are
independent if

(1.10) P(A,'l n A.', n-.-N A,‘k) = P(Agl)P(A,',) .. -P(A,'k)

for all nonempty subsets {71, %2, ..., i} of the set of indices {1, 2,..., n}.

1.2 Random Variables and Distributions

We are often interested in numerical quantities associated with the outcome of
a probabilistic experiment, such as our winnings in a gambling game based on
tossing a die or the revenue made by a telephone company based on the number
of calls made. These numbers, X(w) say, provide us with information about
the experiment, which, of course, can never exceed that already summarized in
its probability space (£2, A, P). They correspond to the values taken by some
function X : Q — R, which we call a random variable if its information content
is appropriately restricted.
Consider the indicator function I, of a subset A of Q defined by

0 : wgA
21) IA(w)z{I : wiA

which is thus a function from Q into ®. For I4 to be a random variable we
require A to be an event, or equivalently the subset

@ : a<0
{weQ: Ij(w)<a}=¢ A° : 0<ax<1
Q : 1<a

to be an event for each a € R.
In general, for a probability space (2, A, P) we say that a function X : Q
— R is a random variable if

(2.2) {weQ:X(w)<a}leA foreach a€R,

that is if {w € Q : X(w) < a} is an event for each a € R. This is not quite
so restrictive as it may seem because it implies that {w € Q : X(w) € B}
is an event for any Borel subset B of R, that is any subset of R in the o-
algebra B is generated from countable unions, intersections or complements of
the semi-infinite intervals {z € R; —oo < z < a}.

We call the function Px defined for all B € B by

(2.3) Px(B) = P({w € Q: X(v) € B})

the distribution of the random variable X, and note that the ordered triple (®,
B, Px) is a probability space which contains all of the essential information
associated with the random variable X . Since point functions are simpler than
set functions we often restrict attention to the function Fx : ® — R defined
for each z € R by
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(2.4) Fx(z) = Px((—00,z)) = P{w € 2 : X(w) < z}),

which we call the distribution function of X. For example, if A is an event the
distribution function for its indicator function I4 is

0 :z<0
(2.5) Fr,(z)=¢ 1-P(4) : 0<z<1
1 : 1<z

Since for any z < ywe have {w € Q@ : X(w) <z} C{weN: X(w) < y}
and hence P({w € Q: X(w) < z}) < P({w € 2 : X(w) < y}), we can see that
any distribution function Fx satisfies:

(2.6) IEIPw Fx(z)=0 and x_ljr_{loo Fx(z)=1
with
(2.7) Fx(z) nondecreasing in z.

The example (2.5) shows that Fx need not be a continuous function, but from
properties (1.1)-(1.7) and (2.4) we can show that Fx is always continuous from
the right, that is

(2.8) hlirg+ Fx(z+h)=Fx(z) forall ze€®R.

Conversely, for any function F' : ® — R satisfying properties (2.6)-(2.8), we
can define a random variable X which has F as its distribution function. We
can use (R, B, Px) as the underlying probability space for this random variable,
with Px defined for subintervals (—oo, z] in terms of F' using (2.4) and then
extended appropriately to the more general Borel subsets. In this setting the

Féxd

1.0

1.0 x

Figure 1.2.1 Distribution (2.5) for P(A4) = 1.
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random variable is the identity function on . Often we omit mention of this
probability space and concentrate on the distribution function.
In applications the following examples are frequently encountered.

Example 1.2.1  The simplest nontrivial random variable X takes just two
distinct real values 1 and x5, where 1 < r3, with probabilities p; and p,
= 1 — p;, respectively. It is often called a two-point random variable and its
distribution function is given by

0 @ z<xoy
Fx((c): 1 Ty <z<zx
1 : z2<z

For instance, the indicator function I4 of an event A is such a random
variable with ; = 0 and z2 = 1 (see (2.5)). Another two-point random variable
arises in the gambling game where we win a dollar when a tossed coin shows a
head and lose a dollar when it shows a tail; here £; = —1 and =z, = +1.

Example 1.2.2 In radioactive decay the number of atoms decaying per unit
time is a random variable X taking values 0, 1, 2, ... without any upper bound.
The probabilities p, = P(X = n) often satisfy the Poisson distribution with

n

A
Pn = ;" exP(—’\)

forn=0,1,2, ..., where A > 0 is a given parameter.

The above two examples are typical of a discrete random variable X taking
a finite or countably infinite number of distinct values 2o < z; < --- < 2z, <
.-+ with probabilities p, = P(X = z,) for n = 0, 1, 2, .... The distribution
function Fx here satisfies

F(x)

1.0

-0.3 c.3 x

Figure 1.2.2 Distribution for Example 1.2.1 with —z; = z2 and p; = 0.5.
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Pn

1 2 3 4 S n

Figure 1.2.3 Poisson probabilities for A = 2.

(29)  Fx(z)= { 0 = =<z

2?=0pi : zn53<$n+1,"=0y1,--'

Fx is a step-function with steps of height p, at z = z,,. For such a random
variable the set {2, z1, 22, ...} could be used as the sample space Q, with all
of its subsets being events.

In sharp contrast are the random variables taking all possible values in ®.
We call such a random variable X a continuous random variable if the proba-
bility P({w € © : X(w) = z}) is zero for all z € R. In this case the distribution
function Fy is often differentiable, that is there exists a nonnegative function
p, called the density function, such that Fy(z) = p(z) for each z € ®; when Fx
is only piecewise differentiable this holds everywhere except at certain isolated
points. Then

T
(2.10) Fx(z) = / p(s)ds
- 00
for all z € R, including the above mentioned exceptional points in the piecewise
differentiable case. Such a distribution function is usually said to be absolutely
continuous. The following are commonly occuring examples.

Example 1.2.3  Consider a random variable X which only takes values in
a finite interval a < ¢ < b, such that the probability of its being in a given
subinterval is proportional to the length of the subinterval. Then the distribution
function is given by

0 c z<a

FX(E)Z tP—a : aSsz
1 bz
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which is differentiable everywhere ezcept atz = a andz = b. The corresponding
density function is given by

0 : z¢a,b]
p(x)={

rl—a : z € [a,b)

We say that the random variable X in Example 1.2.3 is uniformly distributed
on [a,b] and denote this by X ~ U(a,b). Alternatively, we say that it has a
rectangular density function.

The U(0,1) random variables are a special case of the beta- distributed
random variable with parameters @ = # = 1. In general, the beta-distribution
with positive parameters @ and 3 has the density function

0 z ¢[0,1]
2.11 z) = 9 ( -x] -
( ) ) { ;3(1a,ﬁ)p : : z€el0,1]

where

1
B(a,B) = ‘/; z* (1 - z)Pldz.

Example 1.2.4  The life-span of a light bulb is a random variable X which
is often modelled by the exponential distribution

0 <0
1—exp(-Az) : >0

17§g-(a:) = 4{

for some intensity parameter A > 0. Fx is differentiable everywhere except for
z = 0 and has the density function

0 1 z<0
p(z) =
Aexp(—=Az) : z2>0.

POO

1.0+

1.0 »

Figure 1.2.4 The rectangular density with a = 0 and b = 1.
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185

1 2 x

Figure 1.2.5 The exponential density with A = 2.

O
0.5

-1.0 Q +1.0 'x

Figure 1.2.6 The standard Gaussian density.

Example 1.2.5 The density function

(2.12) p(z) = -\/—;_;exp (—%ﬁ)

has a bell-shaped graph which is symmetric about x = 0. The corresponding
distribution function Fx(z) is differentiable everywhere and has a sigmoidal-
shaped graph, but must be evaluated numerically or taken from tables since no
anti-derivative is known in analytical form for (2.12). A random variable with
this density function is called a standard Gaussian random variable.

Gaussian random variables occur so commonly in applications, for example
as measurement errors in laboratory experiments, that they are often said
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to be normally distributed. Their ubiquity is explained by the fundamental
theorem of probability and statistics, the Central Limit Theorem, which will
be discussed in Section 5.

In anticipation of the next section, we say that two random variables X
and Y are independent if the events {w : X(w) € A} and {w : Y(w) € B} are
independent for all Borel sets A and B. Essentially, the values taken by either
of the random variables are uninfluenced by those taken by the other. More
will be said about this concept in Section 4.

1.3 Random Number Generators

The numerical simulation of a mathematical model of a complicated proba-
bilistic system often provides information about the behaviour of the model,
and hopefully of the original system itself, which cannot be obtained directly
or easily by other means. Numerical values of each of the random variables
must be provided for a test run of the model, and then the outputs of many
test runs are analysed statistically. This procedure requires the generation of
large quantities of random numbers with the specified statistical properties.
Originally such numbers were taken directly from actual random variables,
generated, for example, mechanically by tossing a die or electronically by the
noisy output of a valve, and often listed in random number tables. This proved
impractical for large scale simulations and the numbers were not always sta-
tistically reliable. In addition, a particular sequence of random numbers could
not always be reproduced, an important feature for comparative studies, and so
had to be stored. The advent of electronic computers lead to the development
of simple deterministic algorithms to generate sequences of random variables,
quickly and reproducably. Such numbers are consequently not truly random,
but with sufficient care they can be made to resemble random numbers in most
properties, in which case they are called pseudo-random numbers.

These days most digital computers include a linear congruential pseudo-
random number generator. These have the recursive form

(3.1) Xnt1=aX, +b (mod )

where a and c are positive integers and b a nonnegative integer. For an integer
initial value or seed Xy, the algorithm (3.1) generates a sequence taking integer
values from 0 to ¢—1, the remainders when the aX,, + b are divided by ¢. When
the coefficients a,b and ¢ are chosen appropriately the numbers

(3.2) U, = X,/c

seem to be uniformly distributed on the unit interval [0, 1]. Since only finitely
many different numbers occur, the modulus ¢ should be chosen as large as
possible, and perhaps also as a power of 2 to take advantage of the binary
arithmetic used in computers. To prevent cycling with a period less than ¢
the multiplier a should also be taken relatively prime to ¢. Typically b is
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chosen equal to zero, the resulting generator then being called a multiplicative
generator. A much used example was the RANDU generator of the older
IBM Scientific Subroutine Package with multiplier a = 65,539 = 2!¢ + 3 and
modulus ¢ = 23!; the IBM System 360 Uniform Random Number Generator
uses the multiplier @ = 16,807 = 7° and modulus ¢ = 23! — 1, which is a prime
number.

The reader is referred to specialist textbooks for an extensive discussion on
pseudo-random number generators and their properties. In Section 9 we shall
mention some basic tests for checking their statistical properties and reliability.
For the remainder of this section we shall assume that we have a subroutine
RDN which provides us with U(0,1) uniformly distributed pseudo-random
numbers by means of (3.2) and a generator (3.1). We shall show how we
can then use this subroutine to generate pseudo-random numbers with other
commonly encountered distributions, in particular those described in Section
2.

A two-point random variable X (see Example 1.2.1) taking values z; < z,
with probabilities p; and p, = 1 — p; can be generated easily from a U(0,1)
random variable U, namely with

X={$1 : 0SU<m;

(3.3)
z; : <UL

This idea extends readily to an N-state random variable X taking values z;

< z2 < --- < zy with nonzero probabilities p1, p2, ..., pv where ) ;~; pi = 1.
Withso=0ands; =Y J_ piforj=1,2,..., Nweset X =z;4,ifs; <U <
sjy1for j=0,1,2,..., N—1. We could approximate an infinite-state Poisson

distributed random variable (see Example 1.2.2) by an N-state random variable
for some large N by coalescing all of the remaining, less probable, states into
the final state. However, computationally more efficient algorithms for Poisson
random variables have been developed, but will not be given here.

The corresponding method for a continuous random variable X requires the
probability distribution function Fx to be inverted when this is possible. For
a number 0 < U < 1 we define z(U) by U = Fx(z(U)), so z(U) = Fx'(U) if
Fx! exists, or in general

(34) z(U) =inf{z : U < Fx(2)}.

This is called the inverse transform method and is best used when (3.4) is easy
to evaluate. For example, the exponential random variable with parameter
A > 0 (see Example 1.2.4) has an invertible distribution function with

t(U)=Fx'(U)=-In(1-U)/x for 0<U <L

When U is U(0,1) distributed, then so too is 1 — U and a little computational
effort can be spared by using RDN directly to generate 1 — U.

In principle the inverse transform method could be used for any continuous
random variable, but may require too much computational effort to evaluate



1.3. RANDOM NUMBER GENERATORS 13

(3.4). This is the situation with the standard Gaussian random variable, since
the integrals for its distribution function must be evaluated numerically. The
Boz-Muller method for generating standard Gaussian random variables avoids
this problem. It is based on the observation that if Uy and U, are two indepen-
dent U(0,1) uniformly distributed random variables, then N; and N, defined
by

(35) N \/—2ln(U1)cos(21rU2)
Nz = vV —-—2ln(U1) sin(27rU2)

are two independent standard Gaussian random variables. This can be verified
with a change of coordinates from cartesian coordinates (N, N3) to polar coor-
dinates (r,0) and then to U, = exp(—3r?) and U; = /27 (see Exercisel.4.11).

A variation of the Box-Muller method which avoids the time consuming
calculation of trigonometric functions is the Polar Marsaglia method. It is
based on the facts that V = 2U — 1 is U(—1,1) uniformly distributed if U is
U(0,1) distributed and that for two such random variables V; and V» with W
= V2 + V2 <1, Wis U(0,1) distributed and = arctan(V;/V2) is U(0,27)
distributed. Since the inscribed unit circle has 7 /4 of the area of the square
[-1,1]?, the point (V;, V2) will take values inside this circle with probability
/4 ~ 0.7864816---. We only consider these points, discarding the others.
Using

cos0-——Yl— sinO——Vz—
vw’ vw

when W = V2 + V2 < 1 we can rewrite (3.5) (see Exercise 1.4.11) as

(3.6) Ny = WW/=2In(W)]W
Nz = Vz\/-—Zh’l(W)/W

Although a proportion of the generated uniformly distributed numbers are
discarded, this method is often computationally more efficient than the Box-
Muller method when a large quantity of numbers is to be generated.

We shall use the above methods in exercises in the following sections, assum-
ing that they do indeed generate random numbers with the asserted properties.
In Section 9 we shall examine the validity of this assumption.

PC-Exercise 1.3.1 Write a program for two-point, exponential and Gaus-
stan random variables based on the above methods to generate a list of pseudo-
random numbers.
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1.4 Moments

The values taken by a random variable X can vary considerably. It is useful if
we can isolate some salient features of this variability, such as the average value
and the way in which the values spread out about this average value. The first
of these is an average weighted by the likelihood of occurence and is usually
called the mean value or ezpected value and denoted by E(X). For a discretely
distributed random variable it is defined as

(4.1) E(X)=)_ zip,

iel

where I = {0, £1, £2, ...}, which is readily suggested by the relative frequency
interpretation of the probabilities; the summation is over all possible index
values taken by the random variable.

When the random variable has an absolutely continuous distribution the
corresponding definition for its mean value is

(4.2) E(X) = / ” e p(z)dz,

—00

since, roughly speaking, p(z)dz is the probability that X takes its value in
the interval (z,z + dz). This assumes that the improper integral (4.2), and
the infinite series (4.1) if countably infinite indices are involved, actually con-
verge. This does not happen, for example, with the Cauchy probability density
function

(4.3) p(z) = 1

(14 z?%)
since it gives too much weighting to large values of z.

Exercise 1.4.1 Show that the improper integral (4.2) diverges for the
Cauchy density function (4.3).

For a particular random variable X we often use the notation p = E(X)
for the mean value. A measure of the spread about u of the values taken by X
is given by its variance which is defined as

(44) Var(X) = E (X - p)?),

provided that the infinite series or improper integral involved converges. The
variance is consequently always nonnegative and is often denoted by o2 =
Var(X), where ¢ is called the standard deviation of X. For the commonly
encountered probability distributions considered in Section 2 the mean values
and variances all exist and are listed in Table 1.4.1.

Exercise 1.4.2  Ezpand E ((X — p)?) to show that Var(X) = E(X?) — p?.

Exercise 1.4.3  Verify the means and variances in Table 1.4.1.
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| Distribution | Example | Mean x | Variance ¢* |
Poisson 1.2.2 A A
Uniform U(a, b) 1.2.3 (a+b)/2 | (b—a)*/12
Exponential 1.2.4 At A2
Standard Gaussian 1.2.5 0 1

Table 1.4.1 Means and variances of some common probability distributions.

PC-Exercise 1.4.4  Use the RDN generator on your PC to generate N =
10* U(0,1) uniformly distributed pseudo-random numbers. Partition the in-
terval [0, 1] into subintervals of equal length 5x 10~2 and count the number of
generated numbers falling into each subinterval. Plot a histogram of the relative
frequencies divided by the subinterval length. Does this histogram resemble the
graph of the density function of a U(0,1) random variable? In addition, evalu-
ate the sample average jiny and sample variance 6% for the generated numbers
zy, 2, ..., TN, where

1 N 1 N
~ _ = . 22 _ - o h 2
(4.5) AN = N;z. and &y = N—l;(z' An)°.

How do these compare with the mean 1/2 and variance 1/12 of a truly U(0, 1)
distributed random variable? What can you conclude about the statistical reli-
ability of your RDN generator from this simple test? (Note that we divide by
N — 1 here rather than by N in the sample variance in (4.5 ) as this provides
an unbiased estimator of the true variance.)

PC-Exercise 1.4.5  Repeat PC-Ezercise 1.4.4 for exponentially distributed
random numbers with the parameter value A = 2.0. Since the density function
p(z) > 0 for all z > 0, you could partilion the finite interval [0,2], say, into
subintervals of equal length, with all of the values larger than 2 being discarded.

PC-Exercise 1.4.6  Repeat PC-Ezercise 1.4.4 for standard Gaussian ran-
dom numbers generated by the Boz-Muller and Polar Marsaglia methods. For
this, partition the interval [-2.5, 2.5), say, into 102 subintervals of equal length,
with fired semi-infinite intervals (—oo, —2.5) and (2.5,00) for the other values.

The standard Gaussian distribution considered in Example 1.2.5 is a special
case of the general Gaussian distribution with mean g and variance o2. Its
density function is given by

(46) e = T exp (’(’”2;")2)

and still has the bell-shaped graph, which is now centered on the mean value
¢ = p and is stretched or compressed according to the magnitude of o2, its
maximum value being 1/(v/27 ) and its points of inflection at u + . We often
write X ~ N(u;0?) for a random variable with this distribution. It is not hard
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to see then that the transformed random variable Z = (X — p)/o satisfies the
standard Gaussian distribution. The inverse transformation X = ¢Z + u con-
verts a standard Gaussian random variable into an N(u;02) distributed random
variable X. We can use this to obtain an N(u;0?) distributed pseudo-random
variable X from the output of the Box-Muller or Polar Marsaglia methods.

We remark that in general we obtain another random variable when we
combine random variables by the usual arithmetic operations. For a general
transformation of a random variable, however, we need some restriction on
the transforming function to ensure that the resulting variable satisfies the
condition (2.2). Let us define Y(w) = ¢g(X(w)) for all w € Q, where X is a
random variable and g :  — R a function. Then in order that Y be a random
variable we require {w € Q : Y(w) € B}, or equivalently {w € Q : X(w) €
g~ 1(B)}, to be an event for every Borel subset B of ®. This is certainly the
case when ¢ is continuous or piecewise continuous; in fact, g could be even
more irregular. When Y is a random variable its expected value, if it exists, is
just

(4.7) Zg(z.-)p,- or /

iel -

{o o]

N g(z)p(z) dz

when the distribution of X is discrete or absolutely continuous. Typical func-
tions often considered are the polynomials g(z) = z? or g(z) = (z — p)P for
integers p > 1. The resulting expected values of Y = g(X) are then called
the pth-moment or the pth-central moment; the variance Var(X) is thus the
2nd order or squared central moment of X. Such moments convey information
about the random variable, but the higher order moments need not always
provide additional information; for example, the Gaussian distribution is com-
pletely characterized by its first two moments, its mean u and variance o2, and
the Poisson distribution by its mean A.

Exercise 1.4.7 For X ~ N(p;0%) andk =0, 1, 2, ... show that E((X —
¥ =0 and E(X —p)?*) =1-3 -5 -+ (2k — 1)o%*, but E(|X|™!) = oo.

From the basic properties of integrals, or of infinite series in the discrete
case, we always have

for any two random variables X;, X2 and any two real numbers «, 3, provided
the mean values here all exist. Also when X;(w) < X3(w), almost surely, we
have

(4.9) E(X,) < E(X2)

Moreover, Jensen’s inequality

(4.10) 9(E(X)) < E(9(X))

holds for any convex function g :  — R, that is satisfying

g(Az + (1 - A)y) < Ag(z) + (1 = A)g(y)
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for all z, y € R and 0 < A < 1. In particular, for g(z) = |z| and g(z) = z? it
gives, respectively,

(4.11) [E(XI<E(X]) and [|E(X)| < VE(X?)

A generalization of this is the Lyapunov inequality: if X is not concentrated
on a single point and if E(|X|*) exists for some s > 0, then for all 0 < r < s
anda € R

(4.12) (E(X = aI" )" < (E(X - a’)"/".

For a nonnegative random variable X, that is with X (w) > 0 almost surely,
we have the Markov inequality

(4.13) P({w: X() > a}) < %E(X) forall a>0.
From this we can deduce the Chebyshev inequality
(4.14) P ({w;|1X(W)* > a}) < %E(X”) for all a > 0.

Exercise 1.4.8  Prove the Markov and Chebyshev inequalities.

The mean value or expectation E(X) is the coarsest estimate that we have
for a random variable X. If we know that some event has occured we may be
able to improve on this estimate. For instance, suppose that the event A =
{w € :a < X(w) < b} has occured. Then in evaluating our estimate of the
value of X we need only consider these values of X and weight them according
to their likelihood of occurence, which is now the conditional probability given
this event. The resulting estimate is called the conditional expectation of X
given event A and is denoted by E(X|A). For a discretely distributed random
variable the conditional probabilities for the event A = {w € 2 : a < X(w) <
b} satisfy

0 : z;<aorb<z;
Pi/EaSIijpj : alz; <b

and so the conditional expectation

P(X =z;|A) = {

(415)  E(X|A) =) «PX=zilA)= Y =n /[ )Y -

iel alz;<b alz;<b

For a continuously distributed random variable with a density function p the
corresponding conditional densily is

0 1 z<aorb<cz
pzld) = p(a:)/f:p(s)ds : a<z<b

with the conditional expectation
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00 b b
(4.16) E(X|A)=/ zp(zlA)dz:/ zp(z)dx// p(z)dz .

Similar results hold for other kinds of events provided that they occur with
nonzero probability. The conditional expectations so obtained satisfy proper-
ties analogous to (4.8)—(4.11) for the usual expectations. Additional properties
of this important concept can be found in Section 2 of Chapter 2.

Exercise 1.4.9 Show that a random variable X distributed exponentially
with parameter A (see Ezercise 1.2.4) has conditional ezpectations

E(X|X>a)=a+ E(X)=a+ !

for any a > 0. Here the event A = {w € Q : X(w) > a} is abbreviated to
{X > a}. (This identity characterizes the exponential distribution; it says, for
ezample, that the expected remaining life of a light bulb is independent of how
old the bulb is.)

PC-Exercise 1.4.10  Generate 103 ezponentially distributed random num-
bers with parameter A = 0.5. Calculate the average of these numbers and the
averages of those numbers > a where a = 1, 2, 3 and 4. Compare these with
the identity in Ezercise 1.4.9.

Often we need to consider several random variables X;, X5, ..., X,, at the
same time. These may, for example, be the components of a vector-valued
random variable X : Q — R” or of a matrix-valued random variable, which
are then called a random vector or a random matriz, respectively. As with
a single random variable, we can form a distribution function for n random
variables X, X, ..., X, which are defined on the same probability space; if
they are not, we can always modify them to have a common probability space.
The distribution function Fx, x,...x, : ®* — [0,1], called the joint distribution
function, is defined by

(4.17) Fxlx,...xn(.’cl,zz,...,xn)
= PHlwe: Xi(w)<z,i=12,...,n})

Its properties are most apparent in the case of two random variables X; and
Xy. Then Fx, x, satisfies

(4.18) 1111100 Fxlxa(xl,zz) =0
for i =1or 2,

(419) zl,}ti:x—l»oo F)(“y(2 (:L'l, xz) =1
and

(4.20) Fx,x, is nondecreasing and continuous from the right in z; and z».
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Moreover

(4.21) Fx,x,(z1,22) = Fx,x,(22, 1)

and for i; =1 or 2 and i3 = 2 or 1 the marginal distribution FX-‘: satisfies
(4.22) Fx, (zi,) —=—zilaiin°o Fx,, x., (i, iy).

Unlike the case of a distribution function of a single variable, properties (4.18)—
(4.22) for a collection of functions must be strengthened to ensure that there
exists a pair of random variables X;, Xo which has these functions as its joint
and marginal distributions. For continuous random variables the joint dis-
tribution function is often differentiable, except possibly at some isolated or
boundary points, and there is a density function p : 2 — R+ given by

(92FX1)(2
p(""‘lizz) - 621612 (31,1‘2):

in which case

Ty T3
FX;X; = / / p(31,82) d31d82.
—-00 J—00

When the density function is

Vdet C 1
Plen, ) = =5 —exp | =5 D (i —m)(z; — 1)
£,j=1

for some vector p = (p1, p2) € R2? and some 2x2 positive definite and symmetric
matrix (thus with two real, positive eigenvalues) C = [c'¥] with determinant
detC, we say that the random variables are jointly Gaussian with mean vector
p and covariance matriz C~!, the ijth component of C~! being E((X; —
w:i)(X; — pj)) for i, j = 1, 2. Since there exists an invertible 2 x 2 matrix S
such that C = ST, the vector X = STZ + u is jointly Gaussian with mean
vector p and covariance matrix C~! = S~1(S~!)T whenever Z = (21, Z,)
has independent standard Gaussian components Z; and Z;. The Box-Muller
or Polar Marsaglia methods can thus be used to generate pairs of Gaussian
pseudo-random numbers with any mean vector and covariance matrix. This
reflects the important property that linear and orthogonal transformations of
Gaussian random variables yield Gaussian random variables.

Exercise 1.4.11  Show that the random variables Ny andN5 generated by the
Boz-Muller and Polar Marsaglia methods (see (3.5) and (3.6)) are Gaussian
with zero mean vector and identily covariance matriz when U, and U; are
independent U(0,1) uniformly distributed random variables.

PC-Exercise 1.4.12 Write a program to generate a pair of Gaussian
pseudo-random numbers X1, X, with means 3 = E(X;) =0, pz = E(X2) =
0 and covariances E(X?) = h, E(X2) = h3/3 and E(X,1X,) = h%/2 for any h
> 0. Generate 103 pairs of such numbers for h = 0.1, 1 and 10, and evaluate
the sample averages and sample covariances, comparing these with the above
values.
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We say that two random variables X; and X, are independent if their joint
and marginal distribution functions satisfy

(4.23) Fx,x,(z1,22) = Fx,(z1)Fx,(z2)

for all z1, z2 € R. This is equivalent to the independent- event definition given
at the end of Section 2. If both Fx, and Fx, have density functions p; and ps,
respectively, and if X; and X, are independent, then their joint distribution
function Fx, x, has a density function p which satisfies

(4.24) p(z1,x2) = p1(z1)p2(z2).

Moreover, the product X; X5 of two independent random variables X; and X,
has expectation given by

(4.25) E(X:X;) = E(X,)E(X>)
and the sum X; 4+ X5 has variance
(4.26) Var(X;1 + X2) = Var(X;) + Var(X3),

if these moments exist. Hence for two independent random variables both the
means and variances are additive, and the means are also multiplicative.

PC-Exercise 1.4.13  Check numerically whether or not the jointly Gaus-
sian random variables X1, X, with means and covariances given in PC-Ezercise
1.4.12 might be independent.

Exercise 1.4.14  Verify analytically that the random variables X; and X»
in PC-Ezercise 1.4.12 are dependent.

The properties (4.18)—(4.22) generalize readily to any number n > 2 of random
variables X, X3, ..., Xp, but require somewhat more complicated terminology
if they are to be expressed succinctly. We let {11, 22, ..., iz} be any subset of
{1,2, ..., n} for 2 < k < n. Then the joint distributions Fx, x,,..x,, and the
marginal distributions Fx, x,,..x, defined by (4.17) satisfy

(4.27) ,_lirlla° Fxlxa...x" (.’81, Z2,... ,2,.) = 0;

Ji=1,2,...,n

(4.28) l'l_i.l‘ilw Fx, x,.x,.(z1,22,...,2,) = 1;

Vi=1,3,...,n
(4.29) Fx,x,.-x, is nonincreasing and continuous from the right in z;

fori=1,2,..,n;

(4.30) FX.-IX,-Z---X,"‘ (zi“ziaa tte )zl',.) = FX;XQ-"X,,(zlyx?) ey zn);
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with the marginal distributions Fx, x.,..x,, for 1 <k < n satisfying

(4.31) inlx..z...x'.k(z.'l,x.',,--',3:,'.)

= lim  Fx,x,.x.(z1,Z2,..-,Zp)-

Tj—too
Vigiy,ig,..ip

Similarly the definition and properties (4.23)-(4.26) generalize to n > 2
independent random variables X, X5, ..., X,, with independence occuring if
all of the joint and marginal distribution functions satisfy

(4.32) FX.',X.'Z---X.',, (Iil 1 Ligs ot zik) = FX.'I (zil)FX.',(zia) T in,‘ (ziu)

for all {iy, i3, ..., 4} C {1, 2,...,n} and 1 < k < n. If each Fyx, has density
function p;, then Fx, x,..x, has density function p given by

(4.33) p(z1,22,...,25) = p(z1)p(z2) - - - p(zn)-

In addition, for n independent random variables the product X;X,--- X, has
expectation

(4.34) E(X1Xa- - Xa) = E(X1)E(X2) - E(Xn),

n .
whereas the sum )_;_, X; has variance

(4.35) Var (2": X.-) = ival'(xi),
i=1 i=1

provided these quantities exist.

When we are considering n different random variables X;, X5, ..., X, at
the same time it is often convenient to use vector notation. For vectors z =
(z1, .- zn) and y = (y1, - .-, Yn) in R™ we recall that the Euclidean norm |z|
and inner product (z,y) are defined by

(4.36) |z| =

n n
Z z? and (z,y) = E i,
=1 i=1

respectively. We note that for n = 1 the Euclidean norm coincides with the
absolute value. It can be shown algebraically that these satisfy the triangle

inequality
(4.37) |z +yl < || + |yl

and the Cauchy-Schwarz inequality
(4.38) I(z,9)| < =] lyl

for all z and y in R™. The former also holds for other norms on R" and
indeed for many vector spaces, such as a function space, on which a norm can
be defined; the latter holds whenever the vector space has an inner product
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compatible with a norm, that is with |z| = /(z,z) for all vectors z in the
space. An integral version of (4.38) is

b 2 b b
(4.39) Af(z)y(z)d:c S/a fz(z)da:/a g% (z) dz,

provided these integrals are meaningful. A generalization of this is the Holder

inequalily
b 1/p b 1/q
< ( [ re@ dz) ( [ s@ dx)

where 1/p + 1/q = 1 with p, ¢ > 1, provided the integrals exist.
The following moment inequalities for random vectors X = (X, ..., X,)
and Y = (Y3, ..., Yy,) are often useful:

b
(4.40) / f(2)o(z) dz

(4.41) E(IX +Y[) < e (E(IXT) + E(IY]))

withe, = 1forr<landec, =21 forr > 1;

(4.42) (E(X + Y)Y < (BOXI)Y + (B(YT)"
for r > 1; and
(4.43) E((X,Y)]) < (B(X )P (E(lY]9)"/

for p, ¢ > 1with1/p+1/¢g = 1.

Exercise 1.4.15  Prove inequalities (4.41)-(4.43).

1.5 Convergence of Random Sequences

In many situations we have an infinite sequence X,, X, ..., X, ... of random
variables and are interested in their asymptotic behaviour, that is in the exis-
tence of a random variable X which is the limit of the X, in some sense. There
are several different ways in which such convergence can be defined. Broadly
speaking these fall into two classes, a stronger one in which the realizations of
X,, are required to be close in some way to those of X and a weaker one in
which only their probability distributions need be close. We can assume with-
out loss of generality that the random variables are all defined on a common
probability space.

The following three convergences are the most commonly used ones in the
strong class.
I. Convergence with probability one (w.p.1):

(5.1) P ({w €9 lim [Xp(w) - X(w)| = 0}) =1.
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This is also known as almost sure convergence.
II. Mean-square convergence: E(X2) <ocoforn=1,2,..., E(X?) < oo and

(5.2) lim E (|X, - X[*) = 0.
n— 00
III. Convergence in probability:
(56.3) lim P({w € ©;|Xn(w) — X(w)| > €}) = 0for all e > 0.

Convergence in probability is also called stochastic convergence. It is equivalent
to

. |Xn —X| '\ _
(5.4) Am E (1 +1Xn—- X[/~ 0.

which is sometimes more convenient since the expectation in (5.4) defines a
distance function, known as a metric, between the random variables.

Both (I) convergence w.p.1 and (II) mean-square convergence imply (III)
convergence in probability, the latter following directly from the Chebyshev
inequality (4.14):

P(IXo,=X|2€)=P(|Xa - XP?>€) < -6-15E (1Xn - X?).

Generally (III) does not imply either (I) or (II), nor does either of (I) or (II)
imply the other. This can be demonstrated by counterexamples, such as in the
following exercise.

Exercise 1.5.1 Let Q@ = [0,1] and let P([a,d]) = |b — a| for any subinterval
[@,b] € [0,1). Forn =1,2,3,...let Ay = {w € Q:0< w<1/n} and
define Xpn = /nla,. Evaluate E(X2) and P(X, > ¢) for alle > 0 and n =
1, 2,3, .... Hence deduce that X,, converges to 0 in probability, but not in the
mean-square sense.

If, however, | X, (w)| < |Y(w)|, w.p.1, for some random variable Y with E(Y?)
< 00, then (I) implies (II) and (II) is equivalent to (III). This is a consequence
of the Dominated Convergence Theorem, which will be stated in Section 2 of
Chapter 2 (Theorem 2.2.3).

For the class of weaker convergences we do not need to know the actual ran-
dom variables or the underlying probability space(s), but rather we only need
to know the distribution functions. We mention here the following convergences
from this class.

IV. Convergence in distribution:

(5.5) lim Fx_(z) = Fx(z) at all continuity points of Fix.

This is also known as convergence in law and refers to the distributions of the
random variables X,, and X.
V. Weak convergence:

(5.6) Jm [ 1@ = [ f)dre)
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for all test functions f : ® — R, usually continuous functions vanishing outside
of a bounded interval which may depend on the particular function. Sometimes
it is useful to consider weak convergence with respect to other sets of test
functions. The integrals in (5.6) are (improper) Riemann-Stieltjes integrals,
about which we shall say more in Chapter 2. If the distribution functions have
densities, then (5.6) reduces to the more familiar (improper) Riemann integrals:

o0 (o}
(5.7) lim / £(@)pa(z) dz = / F(z)p(z) ds.
= Jooo -0

While they may appear more complicated, the integral limits (5.6) and (5.7)
are often easier to verify in theoretical contexts than are the pointwise limits
(5.5).

Convergence in probability (III) implies convergence in distribution (IV),
but the converse implication does not hold as the following counterexample
shows.

Example 1.5.2 Consider two independent two-point distributed random
variables X and Y, both taking values 0 and 1 with equal probabilities 1/2,
andlet X, =Y forn=1,2,3,.... Then X,, and X have the same distribu-
tions, so they obviously converge in distribution, However, they do not converge
in probability because P(| X, — X|=1)=1/2 forn=1,2,3, ...

PC-Exercise 1.5.3 Define Y, = X + Z, where X is a U(0,1) uniformly
distributed random variable and Z,, an independent N(0;1/n) Gaussian random
variable forn = 1, 2, 3, .... For fired but large n, say n = 103, use the
programs from PC-Ezercise 1.3.1 to generate sufficiently many realizations of
Y,. Calculate relative frequencies and plot a histogram to obtain an estimation
of the graph of the density function of Y,,. Then estimate the mean-square error
E(|Yn — X|?) for large n. Does this suggest that the Y, converge to X in the
mean-square sense?

The intuitive idea of defining probabilities as the limits of relative frequen-
cies determined from many repetitions of a given probabilistic experiment re-
ceives some theoretical justification from an asymptotic analysis of sequences
of independent identically distributed (i.i.d.) random variables X1, X2, X3, .. ..
Let 4 = E(X,) and 0? = Var(X,). From this independence it follows (see
(4.35)) that the averaged random variables

1
A,.:;Snz (X1+X2++Xn)

S|

also have mean E(A,) = p and variance Var(4,) = o0%/n. The Law of Large
Numbers, one of the fundamental theorems of probability and mathematical
statistics, says that

(5.8) A, —p as n—oo

with convergence in probability (III) in its weak version and convergence with
probability one (I) or in mean-square (II) in its strong versions.
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PC-Exercise 1.5.4  Use the random number generators in Section 3 for
uniform, two-point, exponential and Gaussian random numbers to verify the
limit (5.8) in the mean-square sense by averaging (A, — p)? for sufficiently
many different runs, say 102, and for n = 10, 102 and 103.

Another fundamental result, the Central Limit Theorem, says that the nor-
malized random variables
(Sn — np)
5.9 Zpy = —==,
(5-9) " av/n

for which E(Z,) = 0 and Var(Z,) = 1, converge in distribution to a standard
Gaussian random variable Z. This is also true under weaker assumptions than
the i.i.d. assumption on the original random variables X;, X5, X3, ... and
provides an explanation for the dominant role of the Gaussian distribution in
probability and statistics.

Exercise 1.5.5  Show that the Central Limit Theorem provides more infor-
mation than the Law of Large Numbers about the limiting behaviour of the
sequence A, Aj, As, ...

PC-Exercise 1.5.6  As in PC-Ezercise 1.5.4 generate sequences of random
numbers and calculate their Z,, values from (5.9). Using histograms of relative
frequency plots obtain simulated approzimations to the graphs of the densily
functions for the Z, and show that these approach the graph of the density
function of the standard Gaussian distribution as n is taken larger and larger,

spectfically for n = 100, 500 and 1000.

The Bernoulli trials are an illustration of the Law of Large Numbers and
the Central Limit Theorem. They are independent repetitions of an experiment
with two basic outcomes, such as heads and tails when a coin is tossed, with
probabilities p and 1 — p, respectively. If we let X, = 1 for a head and X,
= 0 for a tail, then we have an i.i.d. sequence X;, X3, X3, ... with mean
E(X,) = p and variance Var(X,) = p(1 — p). The sum S, = X; + X3 +
.-+ 4+ X, is then just the number n(H) of heads occuring out of n tosses and
Ap = Sp/n = n(H)/n is the relative frequency of tossing a head in n tosses.
Of course, these relative frequencies are themselves random variables, but the
Law of Large Numbers says that they converge to the common mean p, which
is the probability of throwing a head in a single trial.

As another illustration consider a fair coin and let X,, = +1 for a head and
Xn = —1 for a tail. Then E(X,) = 0 and Var(X,) = 1, so by the Central
Limit Theorem the random variables Z, = S,/v/n defined by (5.9) converge
in distribution to a standard Gaussian random variable Z. This is more than
we get from the Law of Large Numbers for the averages A, = S, /n, namely
convergence to 0. Alternatively, the random variables S, are approximately
N(0;n) distributed for large n. Such a sequence of sums of i.i.d. random
variables is called a random walk on account of the appearance of its graph
when plotted against n.
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Figure 1.5.1 The random walk in PC-Exercise 1.5.7.

PC-Exercise 1.5.7 Form a random walk S,, using the two-point random
number generator (3.3) and plot S, against n, joining the successive points
in the (n,Sy) plane by straight line segments. Repeat this for other sequences
corresponding to different initial seeds and compare the plotied paths.

1.6 Basic Ideas About Stochastic Processes

A sequence of random variables X;, Xs, ..., X, ... often describes, or may
be conveniently imagined to describe, the evolution of a probabilistic system
over discrete instants of time t; < t3 < --- < t, < ---. We then say that it

is a stochastic process and call the totality of its joint distribution functions
{inxx-'z"'x-‘,- 14, =1,2,...and j =1, 2, ...} its probability law. Henceforth
we shall write these distributions as Ft,.lg,.z...t‘j to emphasize the role of the
time instants. A sequence of i.i.d. random variables is a trivial example of a
stochastic process in the sense that what happens at one instant is completely
unaffected by what happens at any other, past or future, instant. Moreover its
probability law is quite simple, since any joint distribution is given by

(61) F‘ixti:““i,’ (2,'1,1:,'2,. .. ,:c,-j) = F(x.-,)F(:c,-,) o F(.’L‘,'J.),

where F is the common distribution function of the random variables. Another
simple example are the iterates of a first order difference equation such as

(6.2) Xns1 = 4Xn(1 = X2)
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forn =1, 2, 3, ...; here each random variable is determined exactly from its
predecessor, and ultimately from the initial random variable X;. For most
interesting stochastic processes encountered in applications the relationship
between the random variables at different time instants lies somewhere between
these two extremes. For instance, the joint distributions may all be Gaussian
in which case we call the process a Gaussian process; they may satisfy (6.1),
but generally need not.

Stochastic processes may also be defined for all time instants in a bounded
interval such as [0, 1] or in an unbounded interval such as [0,00), in which case
we call them continuous time stochastic processes. As an example, let A > 0
be a fixed parameter and for each ¢ > 0 define X (t) to be a Poisson distributed
random variable with parameter At. Continuing with the radioactive decay
interpretation of Example 1.2.2, X(¢) then represents the number of atoms
decaying in the time interval (0, ).

In general we shall denote the time set under consideration by T and assume
that there is a common underlying probability space (2, A, P). A stochastic
process X = {X(t), t € T} is thus a function of two variables X : TxQ — R
where X(t) = X(t,-) is a random variable for each t € T. For each w € Q we
call X(-,w) : T — R a realization, a sample path or a trajectory of the stochastic
process. The curves plotted in Figure 1.5.1 can be interpreted as the realizations
of a stochastic process. The functions X cannot be completely arbitrary, but
must satisfy information restrictions, both at specific time instants, to ensure
that random variables result, and also between different time instants. The
latter are particularly crucial, mathematically speaking, for continuous time
processes and will be discussed in some detail in Chapter 2.

For both continuous and discrete time sets T it is useful to distinguish
various classes of stochastic processes according to their specific temporal rela-
tionships. Assuming that the expressions exist, the expectations and variances

(6.3) u(t) = E(X(t)), o*(t) = Var(X(t))
at each instant ¢ € T and the covariances
(6.4) C(s,t) = E((X(s) — u(s))(X(t) — p(?)))

at distinct instants s, t € T provide some information about the time variability
of a stochastic process.

Example 1.6.1 A Poisson process with intensity parameter A > 0 is a st-
ochastic process X = {X(t), t > 0} such that (i) X(0) = 0; (i) X(t)— X (s) s
a Poisson distribuled random variable with parameter A(t — s) for all0 < s <
t; and (iii) the increments X (t2) — X (t1) and X(ta) — X(t3) are independent
forall 0<t; <ty <tz <ts Its means, variances and covariances are u(t)
= M, 0%(t) = Mt and C(s,t) = Amin{s,t}, respectively, for all s, t > 0.

An important class of stochastic processes are those with independent in-
crements, that is for which the random variables X(¢;4+1) — X(¢;), 7 = 0, 1,
2, ..., n—1 are independent for any finite combination of time instants ¢, <
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t1 < -+ < tyin T. If tg is the smallest time instant in T then the random
variables X (t9) and X (#;) — X (o) for any other ¢; in T are also required to be
independent. A Poisson process is an example of a continuous time stochastic
process with independent increments. Another is the standard Wiener process
W = {W(t), t > 0}, that is a Gaussian process with independent increments
for which

(65) W(@O0)=0 wp.l, EW(t)=0, Var(W(t)-W(s)=t—s

for all 0 < s <t. In fact, it can be shown that any continuous time stochastic
process with independent increments and finite second moments E(X?2(t)) for
all ¢ is a Gaussian process provided X (2q) is Gaussian for some tg € T

The stationary processes are another interesting class of stochastic processes
since they represent a form of probabilistic equilibrium in the sense that the
particular instants at which they are examined are not important. We say that
a process is strictly stationary if its joint distributions are all invariant under
time displacements, that is if

(6.6) Fooantath,tath = Fiytg 0,

for allt;,t; + h€ T wherei=1,2,...,nand n = 1, 2, 3, ...; in particular,
the X (t) have the same distribution for all t € T. For example, a sequence
of i.i.d. random variables is strictly stationary. On the other hand, if there
is a constant u and a function ¢ :  — R such that the means, variances and
covariances of a stochastic process satisfy

(6.7) p(t)=p, o%(t)=c(0) and C(s,t) =c(t—s)

for all s, t €T, then we call the process wide-sense stationary. This means
the process is only stationary with respect to its first and second moments.
It is straightforward to show that a strictly stationary process is wide-sense
stationary if its means, variances and covariances are all finite, but a wide-
sense stationary process need not be strictly stationary.

Example 1.6.2  The Ornstein-Uhlenbeck process X = {X(t), t € Rt} with
parameter ¥ > 0 and initial value Xo € N(0;1) is ¢ Gaussian process with
means E(X(t)) = 0 and covariances E(X,X:) = exp(—y|t — s|) for all s, t €
R*. Hence it is a wide-sense stationary process. It is also strictly stationary,
as will be seen from equation (7.4).

Exercise 1.6.3 Show that a standard Wiener process W has covariances
C(s,t) = min{s,t} and hence is not wide-sense stationary.

Conditional probabilities provide a more refined tool than mean values and
covariances for analysing the relationships between the random variables of a
stochastic process at different time instants. To illustrate this let us consider a
sequence of random variables X;, X3, X3, ... taking values in a discrete set X’
= {21, z2, z3, ...}, which may be finite or infinite. We shall suppose that we
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are at a time instant n and know the present outcome z;,, that is the value of
Xy, as well as the past outcomes X = z;,, X9 = 2;,, ..., Xn_1 = 2;,_,. Using
this information we wish to predict something about the future outcomes, the
values of X,4+1, Xpnt2, ..., in particular the value of the immediate future
random variable X, ;1. For this the conditional probabilities

P(Xnp41=2zj| X1 =2i,, Xa=2i5,..., Xn=2i,)

P(X1 =.‘C,'1,X2 =I.',,...,Xn = x,'”,Xn+1 =:c1-)
P(X1 =x.~,,X2 =:C,'2,...,Xn = :L‘.'n)

for each z; € A are useful. Here we have abbreviated our notation for events
using, for example, {X; = z;,} for {w € Q : X;j(w) = z;,}. In principle, we
could determine such conditional probabilities for all z;,, =;,, ..., z;, in X
and all n = 1,2, 3, .... In a deterministic system governed, for instance, by a
first order difference equation such as (6.2) only the present value z;_ of X, is
needed to determine the future value of X, 41; the past values of X;, X, ...,
X, -1 are involved only indirectly in that they determine the value of X,,. This
is just the common law of causality and there is a stochastic analogue called
the Markov property, that is

(68) P(Xn+1 = :tj |Xn = .‘B,'“)
= P(Xp41 =zj|X) =2i,, X2 = 2i5,..., X = 24,)

for all possible z;, z;,, zi;, ..., %i, iIn X withn=1,2,3,.... A sequence of
discrete valued random variables with this property is an example of a Markov
process; in particular, we call it a discrete time Markov chain.

While they are peripheral to the theme of this book, we shall look a little
more closely at discrete time Markov chains with a finite number of states X =
{z1, z2, ..., zN } because they allow some important concepts to be introduced

and understood in a relative!x simple setting. Foreachn =1,2,3, ... we define
an N x N matrix P(n) = [p*7(n)] componentwise by

(6.9) P (n) = P(Xp41 = zj|X, = i)

fori, j =1,2, ..., N. Obviously 0 < p"i(n) < 1 and, since X,41 can only

attain states in X,
n
(6.10) > (n) =1
j=1

foreachi=1,2,..., Nand n =1, 2, 3, .... We call the matrix P(n) the
transition matriz of the Markov chain and its components (6.9) the transition
probabilities at time n. A probability vector on X is a vector p = (p1, p2, -- .,
pn) € RN with 0 < p; < 1fori=1,2, ..., Nand 3V, p; = 1. Thus if
p(n) is the probability vector corresponding to the distribution of the random
variable X,, that is if pi(n) = P(X, = z;) for i = 1, 2, ..., N, then the
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probability vector p(n + 1) corresponding to X, 4, is related to it through the
vector equation

(6.11) p(n+ 1) = p(n)P(n).

Hence, if we know the initial distribution probability vector p(1), then we have
(6.12) p(n) = p(1)P(1)P(2)--- P(n — 1)

for n = 2, 3, ... by applying (6.11) recursively. In the case that the transition
matrices are all the same , that is P(n) = Pforn =1, 2, 3,..., we say that the
Markov chain is homogeneous. For a homogeneous Markov chain (6.12) takes
the form p(n) = p(1)P™~1! or, more generally,

(6.13) p(n+k—1) = p(k)P"!
forany k=1,2,3,...andn=2,3,4, ....

Example 1.6.4  Suppose that a cily with constant population has two dis-
tricts, E and W, and that in any given year 100a% of the inhabitants of E
move to W and 1006% of those of W move to E, with the others remaining
where they are. Taking E as the first state and W as the second, the matriz

l1-a a
b 1-b
is the transition matriz of a homogeneous Markov chain for the (fractional)
population distribution p = (pg,pw) of the two districts. If the population

distribution of the city is initially p(1), then by (6.13) after n years it is p(n+1)
= p(1)P™.

PC-Exercise 1.6.5 Leta =0.1 and b = 0.01 in the Markov chain described
in Example 1.6.4 and consider a person originally living in district E of the
city. Use the two-point random number generator to simulate this person’s
yearly district of residence. Assuming a lifespan of 100 years, estimate from
100 simulations the probabilities of this person’s residing in districts E and W.
Repeat the calculations for a person originally living in district W.

An interpretation of (6.13) is that the probability distribution depends only
on the time that has elapsed rather on the actual time itself. This does not
however say that a homogeneous Markov chain is a strictly stationary stochastic
process. That requires the probability distributions for all instants of time to
be identical, or equivalently the existence of a probability vector p such that
p(n) =pforeachn=1,2,3,.... The transition relationship (6.11) implies that
such a probability vector § must satisfy the system of simultaneous equations,
written here in vector form,

(614) p=pP.
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Property (6.11) for a constant transition matrix P ensures that (6.14) has at
least one solution which is a probability vector. Such a solution is called a
stationary probability vector or distribution for the Markov chain. For example

_ b a

P=\atb atb
is a stationary probability vector for the Markov chain described in Example
1.6.4, a fact which should have been discovered by those readers who did PC-
Exercise 1.6.5. This particular p is the only stationary probability vector for

this transition matrix. Other transition matrices may have more than one
stationary probability vector.

Exercise 1.6.6  Show that all of the probability vectors py = (A/2, /2, 1-))
for each 0 < XA < 1 satisfies (6.14) with the transition matriz

05 05 0
P=1]105 05 0
0 0 1

A homogeneous Markov chain thus describes a strictly stationary stochastic
process only if the initial random variable X is distributed according to one
of its stationary probability vectors.

Certain homogeneous Markov chains with a unique stationary probability
vector p enjoy a powerful property called ergodicity relating the long-term
time averages of its realizations to the spatial averaging with respect to the
stationary distribution. For any function f : X — R we can form the time
average '

1 T
(6.15) 7 2 f(X0)

of the values f(X,) taken by a sequence of random variables X;, X,, ..., X;,
... generated by the Markov chain. An obvious question is: what happens
with these averages as T' — oo ? In fact, in the special case that f(zx) = 1
for some k and f(z;) = O for all other j # k the time average (6.15) is just
the relative frequency of the chain’s being in state z;. We recall that for i.i.d.
random variables X;, X3, X3, ... the Law of Large Numbers would tell us
that the limit exists and is equal to the probability pr. In general, we say
that a Markov chain is ergodic if for every initial X; the limits of the time
averages (6.15) exist and are equal to the average of f over X with respect to
the stationary probability vector p, that is if

1 T N
(6.16) Jim =3 f(X) =) feb.
t=1 i=1

A condition guaranteeing the ergodicity of a Markov chain is that all of the
components of its unique stationary probability vector p are nonzero, that is
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pi >0fori=1,2,..., N. A weaker condition is that all of the components of
some kth power P* of the transition matrix are nonzero. Ergodicity is thus an
extension of the Law of Large Numbers to stochastic processes, but says much
more about the stochastic process, for example, implying its eventual mixing
over the states in X according to the stationary distribution.

PC-Exercise 1.6.7  Verify (6.16) numerically for the Markov chain in Ez-
ample 1.6.4, taking into account PC-Ezercise 1.6.5. Consider functions f : {E,
WY — R with: (i) f(E) = 0, f(W) = L; (i) {(E) = 1, J(W) = 0; (iii) 1(E)
=1, f(W) = -1; (i) f(E) = -1, f(W) = 1. In each case try a variety of
initial distributions p(1) = (pe(1),pw (1)) = (p,1—p) for X, say withp = 0,
0.1, 0.2,..., 0.9, 1. Also try p = 1/11 = 0.09090909... ..

We can handle continuous time Markov chains in a similar way. Let X ()
be distributed over a finite state space X = {z;, z3, ..., zny} according to
an N-dimensional probability vector p(t) for each ¢ > 0. In this context the
Markov property (6.8) takes the form

(6.17) P (X(t1) = z|X(s1) = ziy,. .., X(8n) = Zi,, X(t0) = i)
= P(X(t1) = zj| X (to) = ;)

forall0 < s; <83 <:--< s, <to <ty and all z;, 25, i, i, ..., zi, €EX
wheren =1, 2, 3, .... For each 0 < ¢p < t; we can define an N x N transition
matrix P(to;t1) = [p*?(to;t1)] componentwise by

P (to;ts) = P (X(t1) = 21X (to) = i)

fori,j =1,2, ..., N. Clearly then P(to;to) = I and the probability vectors
p(to) and p(2,) are related by

p(t1) = p(to) P(to; t1).
Applying this for tg < t; <t we have p(t2) = p(to) P(to;t2) and
p(t2) = p(t1) P(t1;t2) = p(to) P(to; 1) P(t1;12)

for any probability vector p(tg). From this we can conclude that the transition
matrices satisfy the relationship

(618) P(to;tg) = P(to; tI)P(tl;tz)

for all o < t; < t3. In the special case that the transition matrices P(to;?1)
depend only on the time difference ¢; — to, that is P(to;t;) = P(0;t; —to) for
all 0 < ty < t;, we say that the continuous time Markov chain is homogeneous
and write P(t) for P(0;t). Then (6.18) reduces to

(6.19) P(s+1t) = P(s)P(t) = P(t)P(s)

for all s,t > 0.
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There exists an N X N intensity matriz A = (a*7) with

. phi(t) L,
o lim;_¢ Y ¥
l i) -1 ..
Im¢_o D i=j

which, together with the initial probability vector p(0), completely character-
izes the homogeneous continuous time Markov chain. If the diagonal compo-
nents a** are finite for each i = 1, ..., N, then the transition probabilities
satisfy the Kolmogorov forward equation

dp*’ - ik () kg
(6.20) - > ptyai =0
k=1

and the Kolmogorov backward equation

(6.21) dp_”(t) — EN:ak,i k,j(t) =0
. dt p =
k=1
for allz, = 1, 2, ..., N. The waiting time of a homogeneous continuous

time Markov chain, that is the time between transitions from a state z; to any
other state, is thus exponentially distributed with intensity parameter \; =

Yjpia.

Example 1.6.8  Consider a stochastic process X (t) taking only the two val-
ues +1 and —1 with probabilities (p*(t),p~(t)) = p(t) and switching according
to the homogeneous transition matriz

_[Q+e®)/2 (1-e1)/2
PO=[ 0l 0 arens |

fort > 0. The intensily matriz here is

-05 05
A'[ 0.5 —0.5}'

For the initial probability vector p(0) = p = (0.5,0.5) we find that pP(t) = p(t)
=p forallt > 0, so p is a stationary probability vector for this Markov chain,
the corresponding strictly stationary stochastic process is known as random
telegraphic noise.

PC-Exercise 1.6.9  Use exponentially distributed waiting times to simulate
the telegraphic noise of Example 1.6.8 on the time interval [0, T] with T = 10.
From a sample of 100 simulations calculate the frequency of being in the state
1 at time T.
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We remark that a continuous time Markov chain is called ergodic if
1 T J
(6.22) dm 7 [ Fx@)a= 3 e

that is with the time averages (6.15) in (6.16) now written in integral form.
The random telegraphic noise process is an ergodic continuous time Markov
chain.

Exercise 1.6.10  For Ezample 1.6.8 show that the probability vectors p(t) =
P(0)P(t) — p ast — oo for any initial probability vector p(0).

As a final exercise we return to the Poisson process defined in Example 1.6.1,
which is a continuous time Markov chain on a countably infinite state space.

Exercise 1.6.11  Show that the Poisson process is a conitinuous time ho-
mogeneous Markov chain on the countably infinite state space {0, 1, 2, ...}.
Determine its transition matriz P(t).

1.7 Diffusion Processes

Markov processes taking continuous values in ® require a somewhat more com-
plicated mathematical framework than their discrete state counterparts, espe-
cially when they also involve continuous time values. A rich and useful class
of such Markov processes are the diffusion processes, which we shall define be-
low after first considering some more general background material. In what
follows we shall always suppose that for £ = 1, 2, ... every joint distribution
Fi,t,..0. (21, T2, ..., zx) of the process X = {X(t), t > 0} under considera-
tion has a density p(t;,z;; t2,22; ...; tx,zx). Then we define the conditional
probabilities

(7.1) P(X(tn41) € B| X(t1) = 21, X(t2) = 22,..., X(tn) = zn)

/P(tl,zl;t2,$2;~--;tn,l‘n;tn“,y)dy
B

00
/ p(t1, 21582, %25 ... 5tn, Znjtny1,¥) dy
-0

for all Borel subsets B of ®, time instants 0 < t; < t2 < ... < t, < ty41 and
all states z;, z3, ..., , € R, provided the denominators are nonzero. (When
the denominator in (7.1) is zero we either define the conditional probability to
be zero or we leave it undefined). In this context the Markov property takes
the form

(72) P(X(tn+1) € BIX(tl) = Il,X(tz) =T2,... ,X(tn) = (Cn)
= P(X(tn+1) € B|X(tn) = zn)
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for all Borel subsets B of R, time instants 0 < t; < {3 < ... <ty < tp41 and
all states z, z,, ..., £, € R for which the conditional probabilities are defined.
If (7.2) is satisfied we call the stochastic process X(t) a Markov process and
write its transition probabilities as

P(s,z;t,B) = P(X(t) € B|X(s) = z),

where s < t. For fixed s,z and t, P(s,z;t,-) is a probability function (measure)
on the o-algebra B of Borel subsets of ®. Under our assumption above it has
a density p(s, z;t,-), called a transition density, so

P(s,z;t,B)=/p(s,z;t,y)dy
B

for all B € B. For technical convenience we usually also define P(s,z;s, B)
= Ip(z) for t = s, where Ip is the indicator function of the set B. Analo-
gously with Markov chains, we say that a continuous time Markov process is
homogeneous if all of its transition densities p(s,z;t,y) depend only on the
time difference t — s rather than on the specific values of s and ¢. Examples of
homogeneous Markov processes are the standard Wiener process (see equation
6.5) with transition density

(1.3) -M>

)=
p(s’z”y)—ﬁ;(t_—.;jexp( 2(t—-s)

and the Ornstein-Uhlenbeck process with v = 1 (see Example 1.6.2) with tran-
sition density

1 (y - ze‘(“’))z)
74 s,z;t,y) = exp| ———m™— %< ] .
(74)  p(s,zt,y) \/% T P ( 2 (1= e-20-9)

Since p(s,z;t,y) = p(0, z;t — s, y) we usually omit the superfluous first variable
and simply write p(z;t — s,y), with P(z;t —s,B) = P(0,z;t — s, B) for the
transition probabilities.

The transition matrix equation (6.19) for continuous time Markov chains
has a counterpart for the transition densities of a continuous state Markov
process. This also follows from the Markov property and is called the Chapman-
Kolmogorov equation:

00
(75) p(saz;try) = / P(3:13§T,Z)P(T,Z§t:y) dz
—00
for all s < 7 <t and z, y € R. For transition probabilities it takes the form
00
(7.6) P(s,z;t,B) =/ P(r,z;t,B)P(s,z;1,dz),

—00

where B € B and the integral is an improper Riemann- Stieltjes integral.
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Exercise 1.7.1  Verify that the transition density (7.3) of a standard Wiener
process satisfies the Chapman-Kolmogorov equation (7.5). What happens to the
T variable in the integrand here?

The transition density of the standard Wiener process is obviously a smooth
function of its variables for ¢ > s. Evaluating the partial derivatives of (7.3)
explicitly, we find that they satisfy the partial differential equations

2
(7.7) % - %g—y{: =0, (s, z) fixed,
and
a 19?
(7.8) a—’s’ + Ea_:; =0, () fixed.

The transition density (7.4) of the Ornstein-Uhlenbeck process satisfies related,
but more complicated partial differential equations (see Exercise 1.7.2 below).
Equation (7.7) is an example of a heat equation which describes the variation
in temperature as heat diffuses through a physical medium. The same equation
describes the diffusion of a chemical substance such as an inkspot. It should
thus not be surprising that a standard Wiener process serves as a prototypical
example of a (stochastic) diffusion process. To be specific, a Markov process
with transition densities p(s, z;t,y) is called a diffusion process if the following
three limits exist for alle > 0,s > 0andz € R:

7.9 lim / s,z;t,y)dy =0,

(7.9) im -—— w_zI)cp( y)dy

7.10 lim / y—2z)p(s,z;t,y)dy = a(s,z

(7.10) imi— ) DRt dy = als,2)

and

(7.11) lim— [ @-oPpsmity)dy=bs2),
tlst—s ly-z|<e

where a and b are well-defined functions. Condition (7.9) prevents a diffusion
process from having instantaneous jumps. The quantity a(s,z) is called the
drift of the diffusion process and b(s, z) its diffusion coefficient at time s and
position z. (7.10) implies that

(7.12) a(s, ) = lim t—_ls-E(X(t) — X(s)|X(s) = z),

so the drift a(s, z) is the instantaneous rate of change in the mean of the process
given that X (s) = z. Similarly, it follows from (7.11) that the squared diffusion
coefficient

(7.13) (s,2) = lim -t—_l—;E’ (X(t) - X(s))*IX(5) = z)
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denotes the instantaneous rate of change of the squared fluctuations of the
process given that X(s) = z.

Exercise 1.7.2  Show that the standard Wiener process is a diffusion process
with drift a(s, ) = 0 and diffusion coefficient b(s,z) = 1, and that the Ornstein-
Uhlenbeck process with v = 1 is a diffusion process with drift a(s,z) = —z and

diffusion coefficient b(s,z) = /2.

When the drift a and diffusion coefficient b of a diffusion process are mod-
erately smooth functions, then its transition density p(s,z;t,y) also satisfies
partial differential equations, which reduce to (7.7) and (7.8) for a standard
Wiener process. These are the Kolmogorov forward equation

op 0 107 ,,, _
(7.14) yria Em {a(t,y)p} — 2557 {b*(t,y)p} =0,  (s,z) fixed,

and the Kolmogorov backward equation

2
(7.15) -g—z + a(s, .‘B)% + %bz(s,z)% =0, (t,y) fixed,

with the former giving the forward evolution with respect to the final state (¢, y)
and the latter giving the backward evolution with respect to the initial (s, z).
The forward equation (7.14) is the formal adjoint of the backward equation
(7.15) and is commonly called the Fokker-Planck equation. Both follow from
the Chapman-Kolmogorov equation (7.5) and (7.9)-(7.11). Instead of present-
ing a rigorous proof, which is intricate, we shall derive the backward equation
(7.15) in a rough, yet illustrative way. For this we approximate the diffusion
process by a discrete-time continuous state process with two equally probable
jumps from (s, z) to (s + As, z + @As + V b2As) where @ = a(s,z) and b2 =
b2(s, z), which is consistent with the interpretations (7.11) and (7.12) of the
drift and diffusion coefficients. For this approximate process we have

1. N _
B(s,zit,y) =3 {B(s + As,z*;t,y) + (s + As,z7;t,9)}

where z¥ = z + @As + Vv b2As. Taking Taylor expansions up to the first order
in As about (s, z;t,y) we find that
op _0p 1:,0%p 3
=== — As+=b"—= As)3/?

0 Ep As+aax s+ 2b 622A3+0(( s)*%)
where the partial derivatives are evaluated at (s,z;t,y). Since this discrete-
time process converges in distribution to the diffusion process, we obtain (7.15)
when we take the limit As — 0.

Exercise 1.7.3  Use the results of Ezercise 1.7.2 to write down the Kol-
mogorov forward and backward equations for the Ornstein-Uhlenbeck process
with parameter v = 1. Then verify that the transition density (7.4) satisfies
the backward equation.
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For a stationary diffusion process there usually exists a stationary probability
density p(y) such that

{o o]
p0) = [ plozity)pl)da

—00
for all 0 < s < t and y € N. This density p then satifies the correspond-
ing stationary or time-independent Fokker-Planck equation, which, in this 1-
dimensional case, is the ordinary differential equation

d _ 1d? ,,
(7.16) I {a(y)b(y)} - 247 {b*(v)p(y)} =0

with drift @ and diffusion coefficient b independent of time ¢t. Naturally p(y) >
0 for all y € R and ff; P(y) dy = 1. Such a diffusion process X = {X(t),t >
0} is said to be ergodic if the following time average limit exists and equals the
spatial average with respect to p, w.p.1, that is if

T 0o
(117) Jim 7 [ rx@yae= [ f@ne)dz,

for all bounded measurable functions f : ® — R. However, unlike its coun-
terparts (6.16) and (6.20) for Markov chains, (7.17) is usually quite difficult to
verify directly for a diffusion process.

Exercise 1.7.4  Solve (7.16) for the stationary probability density of the dif-
fusion process with drift a(y) = vy — y? and diffusion coefficient b(y) = V2y
fory > 0. Assume that p and its derivative f converge to 0 ezponentially fast
as y — 0o. Distinguish the cases where v < 1,1 <v <2 andv > 2.

We would expect from (7.9) that a diffusion process should have well -
behaved sample paths. In fact these are, almost surely, continuous functions
of time, although they need not be differentiable, as we shall show later for
the Wiener process. We can define the continuity of a stochastic process X (t)
in t in several different ways corresponding to the different convergences of
sequences of random variables introduced in Section 5. In particular we have
at a fixed instant ¢:

I. Continuity with probability one:

(7.18) P({w € Q:lim|X(s,w) - X(t,w)| = 0}) =1
II. Mean-square continuity: E(X(t)?) < oo and

(7.19) lim B (1X(s) - X () = 0;

IILI. Continuity in probability:

(7.20) lm: P{we:|X(s,w)—X(t,w)|>€})=0forall e >0; and
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IV. Continuity in distribution:

(7.21) lin} Fy(z) = Fi(z) for all continuity points of F;.
88—

These are related to each other in the same way as the convergences of random
sequences. In particular, (I) and (II) both imply (III), but not each other,
and (III) implies (IV). Moreover (III) can be written in terms of the metric
(5.4) as

o p (XK@ =X@1 Y _
(72 i (T x107) =°

The random telegraphic noise process (Example 1.6.8) is a continuous time
Markov chain with two states —1 and +1, so it is obviously not a diffusion
process. Its sample paths are piecewise continuous functions jumping between
the two values +1 with equal probability. It follows from its transition matrices
that the covariances are

E (IX(s) = X(1)I*) = 2(1 — exp(~|s — 1))

for all s, t > 0, so this process is mean-square continuous at any instant ¢ and
hence also continuous in probability and in distribution. It is also known that
the telegraphic noise process is continuous with probability one at any instant ¢.
This may seem surprising in view of the fact that its sample paths are actually
discontinuous at the times when a jump occurs. There is, however, a simple
explanation. Continuity with probability one at the time instant { means that
the probability P(A;) = 0 where A; = {w € Q : lim,_,; |X(s,w) — X(t,w)| #
0}. Continuity of almost all of the sample paths, which we call sample-path
continuily, requires P(A) = 0 where A = U;»0A;. Since A is the uncountable
union of events A; it need not be an event, in which case P(A) is not defined,
or when it is an event it could have P(A) > 0 even though P(A;) = 0 for every
t > 0. The second of these is what happens for the telegraphic noise process.

For a diffusion process the appropriate continuity concept is sample-path
continuity. There is a criterion due to Kolmogorov which implies the sample-
path continuity of a continuous time stochastic process X = {X(t), t € T},
namely the existence of positive constants a, 3,C and h such that

(7.23) E(1X(t) - X(s)|*) < C|t — s|*+P

for all s,t € T with |t — s| < h. For example, this is satisfied by the standard
Wiener process W = {W(t), t > 0}, for which it can be shown that

(7.24) E (W) —W(s)|*) = 3|t —s|?

for all s, ¢ > 0. Hence the Wiener process has, almost surely, continuous sample
paths.

Exercise 1.7.5  Use properties (6.5) of a standard Wiener process to prove
(7.24).
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We conclude this section with the remark that the uncountability of the time set
is responsible for many subtle problems concerning continuous time stochastic
processes. These require the more rigorous framework of measure and inte-
gration theory for their clarification and resolution. We shall consider some of
these matters in Chapter 2.

1.8 Wiener Processes and White Noise

We have already introduced the standard Wiener process in Section 6 and have
considered some of its basic properties. Recalling (6.5), we define a standard
Wiener process W = {W(t), t > 0} to be a Gaussian process with independent
increments such that

(81) W(0)=0 wp.l, EW(®)=0, Var(W(t)-W(s)=t—s

for all 0 < s < t. This process was proposed by Wiener as a mathematical
description of Brownian motion, the erratic motion of a grain of pollen on a
water surface due to its being continually bombarded by water molecules. The
Wiener process is sometimes called Brownian motion, but we will use separate
terminology to distinguish between the mathematical and physical processes.

We can approximate a standard Wiener process in distribution on any finite
time interval by a scaled random walk. For example, we can subdivide the unit
interval [0, 1] into N subintervals

0=tM <tM<...<tM<c... <t =1

of equal length At = 1/N and construct a stepwise continuous random walk
Sn(t) by taking independent, equally probable steps of length +v/At at the
end of each subinterval. As already mentioned in the paragraph preceding
PC- Exercise 1.5.7, we start with independent two-point random variables X,,
taking values +1 with equal probability. Then we define

(8.2) SN(M) = (Xy + Xa + - - + Xa) VAL
with
(8.3) Sn(t) = Sn (V)

on tS,N) <t< tf,li)l forn=20,1, .., N—1, where Sy(0) = 0. This random

walk has independent increments X;vVA¢t, XV At, X3V AL, ... for the given

subintervals, but is not a process with independent increments. It follows that
4
E(Sn(t)) =0, Var(Sn(t)) = At [E]

for 0 <t < 1, where [] denotes the integer part of 7 € R , thatis [r] = kif k <
T < k+ 1 for some integer k. Now Var(Sy(t)) — t as N = 1/At — oo for any
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0 <t < 1. Similarly, it can be shown for any 0 < s <t < 1 that Var(Sn(t) —
Sn(s)) = t—sas N — oo. Hence it follows by the Central Limit Theorem (see
Section 5) that Sn(t) converges in distribution as N — oo to a process with
independent increments satisfying conditions (8.1), that is a standard Wiener
process.

Exercise 1.8.1  Verify that Var(Sn(t) — Sv(s)) -t —s as N — oo where
0 < s<t<1 for the process Sn(t) defined by (8.2) and (8.3).

PC-Exercise 1.8.2  Generate and plot sample paths of the process Sy(t),
defined on 0 <t < 1 by (8.2) and (8.3), for increasing values of N = 10, 20,

, 100. To compare approzimations of the same sample path with, say, N
= 50 and N = 100, generate 100 random numbers X1, X2, ..., X100 and use
them to determine a sample path of Sygo(t). Then add successive pairs to form
Xl =X + X, X2 = X3+ X4, ..., Xs0 = Xg9 + X100 and use Xl, Xg, ceny
Xso 1o determine the corresponding sample path of Sso(t).

Exercise 1.8.3  Construct an interpolated random walk on 0 < t < 1 by
using linear interpolation within each subinterval instead of (8.3). Determine
its means and variances and their limits. Show that this process is not a process
with independent increments, but still converges in distribution to a standard
Wiener process.

We saw at the end of Section 7 that a Wiener process is sample-path contin-
uous, that is its sample paths are almost surely continuous functions of time.
From (8.1) we see that the variance grows without bound as time increases
while the mean always remains zero. This says that many sample paths must
attain larger and larger values, both positive and negative, as time increases.
In analogy with the strong version of the Law of Large Numbers one finds that
with probability one

(84) lim —= =90

Exercise 1.8.4  Use the properties (8.1) of a Wiener process to prove (8.4).

A much sharper growth rate is given by the Law of the Iterated Logarithm,
which says that

W) = +1, liminf——vv—(i)—— = —

8.5 i
(8:5) lmsmp\ﬂtlnln t—oo +/2tInlnt

with probabilty one. This can be interpreted as saying that there is a sequence
t,, — oo for which the values of the ratios converge to +1 and another sequence
t;, — oo for which they converge to —1. Since it can be shown that {tW(1/t),
t > 0} is also a Wiener process, we can rewrite (8.5) in the form

W (1) - w(t)

B _ 11 liminf—— ) _
/2 nn(1/7) " /atnIn(1/7)

(8.6) llm sup
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Exercise 1.8.5 Show that t W(1/t) and W(t + s) — W(s), for any fized s
> 0, are Wiener processes when W(t) is a Wiener process.

PC-Exercise 1.8.6  As in PC-Ezercise 1.8.2 generate random walks Sy (t)
on 0 <t <1 for increasing N to approzimate the same sample path in the
limiting process. For fized N, say 20, evaluate the ratios

Sn(h+0.5) — Sn(0.5)
h

for successively smaller values of h and plot the linearly interpolated ratios
against h. Repeat this for larger values of N, say 50 and 100. What do these
results suggest about the differentiability of the limiting sample path att = 0.5?

Using Exercise 1.8.5, let us now apply (8.6) to show that the process {W (t+ s)
— W(s), t > 0} is not differentiable at ¢ = 0. From (8.6) for any ¢ > 0 there
exist sequences t,,%;, | 0 (depending on the sample path) such that

W(tn +:3 — W(s) > (1—e) 21n lr;il/t,,)
and
W(tn+:’3—W(s) <(-1+¢) 2lnlrt1§ll/t,,)

when n is sufficiently large. Now we have

2Inin(1/t))/t 500 as t |0,

(W(tn +5) — W(s)) [tn —

and
(W(t, +s) — W(s)) /t;, = —c0

as t,,t;, | 0. Hence the sample path of W(t) under consideration cannot be
differentiable at ¢ = s. Since the limits hold almost surely and s > 0 was
arbitrary, we have thus shown that the sample paths of a Wiener process are,
almost surely, nowhere differentiable functions of time. We shall give another,
more direct and rigorous proof of this unusual property in Section 4 of Chapter
2.

A Wiener process W (t) has by definition the initial value W(0) = 0, w.p.1.
By sample-path continuity and the Law of the Iterated Logarithm (8.5) it
follows that, almost surely, the sample paths sweep in time repeatedly through
the real numbers, both positive and negative. In some applications it is useful
to have a modification of a Wiener process for which the sample paths all pass
through the same initial point z, not necessarily 0, and a given point y at a
later time ¢t = T'. Such a process Bg: Y(t) is defined sample pathwise for 0 < ¢
< T by

8.7) BI(t,w) = 2+ W(t,w) — {W(T,0) ~ y + 2}
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and is called a Brownian bridge or a tied-down Wiener process. It is a Gaussian
process satisfying the constraints BO'I:’:(O,w) = z and Bg: Y(T,w) =y,s0in a
manner of speaking can be considered as to be a kind of conditional Wiener
process. Since it is Gaussian it is determined uniquely by its means and co-
variances, which are

(8.8) u(t) =z — % (z—y) and C(s,t)=min{s,} — %’
for 0 < s,t < T (see (6.3) and (6.4) ).

Exercise 1.8.7  Show that a Brownian bridge Bg:f.’(t) for0 <t <Tis Gaus-
sian with means and covariances (8.8).

PC-Exercise 1.8.8  Modify the random walks Sn(t) on 0 <t < 1 in PC-
Ezercise 1.8.2 to obtain approzimations of the Brownian bridge B&:g. For N =
10, 20, ..., 100 plot approrimations to the same limiting sample path against
timet for0 <t < 1.

In many time-invariant engineering systems the (time-independent) vari-
ance of a stochastic process X(t) can be interpreted as an average power (or
energy) and is written as

(8.9) Var(X(t)) = ¢(0) = /_ : S(v)dv

where ¢(0) is the value of the covariance ¢(t —s) at s = t and S(v) denotes the
spectral density measuring the average power per unit frequency at frequency
v. S(v) is real-valued and nonnegative with S(—») = S(v) for all v, and can
be extracted from (8.9) by an inverse Fourier transform giving

(oo}

(8.10) Sv) = / c(s) exp(—2mws)ds = / c(s) cos(27vs) ds.

- 00 -—00

00

This brings us to Gaussian white noise, which can be thought of as a zero-mean
wide-sense stationary process with constant nonzero spectral density S(v) = Sp.
The name white noise comes from the fact that its average power is uniformly
distributed in frequency, which is a characteristic of white light. Hence its
covariances c(s) satisfy formally

(8.11) c(s) = So 6(s)

for all s, where 6(s) is the Dirac delta function, a generalized function with
8(s) = 0 for all s # 0 such that

i " f()6(s)ds = £(0)

for all functions f continuous at s = 0. This suggests that Gaussian white noise
W is an unusual stochastic process. To elaborate on this, let W = {W(t), ¢t >
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0} be a standard Wiener process and for fixed A > 0 define a new process X*

= {X"(t), t > 0} by ~
(8.12) X(t) = Wit + hz - W(t)

for all t > 0. This is a wide-sense stationary Gaussian process with zero means
and with covariances

1 1
(8.13) c(t—s)—zmax{o,l—-’—lh—sl},
it thus has spectral density
1 |s| _ ((sin(27vh) 2
(814) S).(V) = 7; A (1 - 'Z') COS(21I'V3) ds = (T .

This density is very broad for small A and, indeed, converges to 1 for all »
# 0 as h converges to 0, which suggests that the processes X b converge in
some sense to a Gaussian white noise process W as h converges to 0 and hence
that a Gaussian white noise process is the derivative of a Wiener process.
We have however already noticed above that, almost surely, the sample paths
of a Wiener process are not differentiable anywhere. Thus a Gaussian white
noise process cannot be a stochastic process in the usual sense, but must be
interpreted in the sense of generalized functions like the Dirac delta function. It
cannot be realized physically, but it can be approximated to any desired degree
of accuracy by conventional stochastic processes with broad banded spectra,
such as (8.12), which are commonly called coloured noise processes.

Exercise 1.8.9 Verify (8.13) and (8.14).

Exercise 1.8.10  Show that the Ornstein-Uhlenbeck process with parameter
vy > 0, that is with covariance function c(s) = exp(—+ |s]), has spectral density

2y
S) = T anit
What happens as ¥y — 0o ? What does this suggest about the Ornstein-Uhlenbeck
process?

1.9 Statistical Tests and Estimation

So far we have glossed over some very basic issues concerning the use of pseudo-
random number generators. In the preceding PC-Exercises we have assumed
that the pseudo-random number generators actually do generate independent
random numbers with the desired distribution and have never really specified,
for example, just how many terms of a random sequence are required to pro-
vide a good approximation or estimation of their limit. These issues are closely
interconnected and an extensive theory and array of tests have been proposed
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for their resolution. In principle we should only interpret a given sequence of
numbers as the realization of a sequence of random variables with respect to
a set of specified tests that it can pass. Unfortunately none of the tests is
completely definitive and an element of subjectivity is often involved in their
use. Moreover, where answers can be provided they are in the form of confi-
dence intervals and levels of significance rather than certainties. We shall give
a brief sketch of this important topic here and refer the reader to the extensive
literature for more details.

We can calculate an estimate of an unknown mean value and determine
the number of terms of an approximating sequence needed for a good estimate
with the aid of the Law of Large Numbers (5.8), or the Central Limit Theorem
(5.9) and the Chebyshev inequality (4.14). To see how, consider the Bernoulli
trials with a sequence of i.i.d. random variables X, Xs, ..., X;, ... taking the
value 1 with probability p and the value 0 with probabilty 1 — p, where p is
unknown. Then E(X,) = p and Var(X,) = p(1 — p) and so, by independence,
E(S,) = np and Var(S,) = np(1 —p) for the sum S, = X1 + Xo + ... + X,.
Alternatively, E(A,) = p and Var(A,) = p(1 — p)/n for the sample averages
Ap = Sp/n. The weak version of the Law of Large Numbers tells us that A,
converges to p in distribution, but gives no more information about the rate of
convergence. For this we can apply the Chebyshev inequality (4.14) to A, — p
and the approximation p(1 — p) < 1/4 for 0 < p <1 to obtain

, p(l-p) _ 1
(9.1) P({weQ:|An—pl2a}) S =7 < =3
for all @ > 0 and so (omitting the w)
1
P(lAn—pl<a)=1-P(An=pl20) 2 1- .

Thus for any 0 < @ < 1 and a > 0 we can conclude that the unknown mean p
lies in the interval (A,(w) — @, An(w) + a) with at least probability 1 — a when
n > n(a,a) = 1/(4aa?). In statistical terminology we say that the hypothesis
that p lies in the interval (A, (w)—a, An(w)+a) for n > n(a, a) is acceptable at
a 100a% level of significance, and call (A, —a, An+a) a 100(1—a)% confidence
interval. For example, (Ap, — 0.1, A, + 0.1) is a 95% confidence interval when
n > n(0.1,0.05) = 500.

The number n(a,a) above is usually larger than necessary because of the
coarseness of the inequalities in (9.1). We can sometimes determine a lower
value by using the Central Limit Theorem instead of the Law of Large Numbers.
Since the inequality |A, — p| > a is equivalent to |Z,| > b where

Zp = (S5 —np)//np(1 - p)

and b = ay/n/p(1 — p) and since, by the Central Limit Theorem, Z, is approx-
imately standard Gaussian for large n we have

(9.2) P(|An — p| < @) = P(|Za] < b) » 28(b)
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for sufficiently large n, where

b
®(b) = —\/% A exp (—-%zz) dz.

For a given 100a% significance level we can read the standard Gaussian sta-
tistical tables backwards to determine a value b = b(a) > 0 satisfying ®(b) =
(1 — a)/2. If we know that, say, p € (-},%), then for a given a we solve the

inequality
b(a) = av/n/p(1 - p) < dav/n

n > ii(a, @) = b%*(a)/16a>.

This will give us a 100(1— a)% confidence interval (An(w)—a, An(w)+a) when
n > #i(a,a). For example, when a = 0.05 we solve ®(b) = 0.475 for b ~ 1.96, so
for @ = 0.1 we calculate 7(0.1,0.05) ~ 25, which is considerably smaller than
the n(0.1,0.05) = 500 determined above.

for

Exercise 1.9.1  Repeat the above analysis for a sequence of independent
U(0,1) uniformly distributed random variables to obtain the corresponding es-
timates for n(a,a) and i(a,a).

If we do not know the variance o2 or do not have an estimate for it as with
the Bernoulli trials, we can sometimes use the sample variance 62 instead. Let
X1, Xa, ..., X5 be n independent Gaussian random variables with known mean
# and unknown variance o2. As before we define the sample mean fi, = A, =
> ;=1 Xj/n and the sample variance as

~2 __
(9'3) "_n—l,

n
. E (X; - ﬂﬂ)z )
j=1
where we divide by n — 1 instead of by n since this has been found to give an
unbiased estimate of the true variance. Henceforth we shall use a hat “” on
sample statistics to distinguish them from the true statistics. Then for n > 3
the random variable

Vo2 /n

satisfies the Student i-distribution with n — 1 degrees of freedom, mean zero
and variance (n — 1)/(n — 3). Similarly to (9.2) we have

[n [ 10 20 30] 40] 60] 100] 200 ]
10.9,n-1 1.83 | 1.73 | 1.70 | 1.68 | 1.67 | 1.66 | 1.65
to.99,n—1 || 3.25 | 2.86 | 2.76 | 2.70 | 2.66 | 2.62 | 2.58
Table 1.9.1 Values of t;_q,n—1 for the Student t-distribution
with n — 1 degrees of freedom for « = 0.1 and 0.01.
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P(lan — pl < a)=P(ITa| < t)

where t = ay/n/62. For a given 100a% significance level, we check whether or
not the test variable

TO_i‘zﬂ_"O

" VEEn
with hypothesized mean pg satisfies the inequality
ITY'(I’l < tl—a,n—l

where tj_q,n—1 can be found in statistical tables; some typical values of
ti—a,n—1 are given in Table 9.1.1. If this is not the case, then we reject the
null hypothesis Ho that u = po. Otherwise, we accept it on the basis of this
test. In addition, we form the corresponding 100(1 — a)% confidence interval

(fin — @, fin + a) with
a= tl_a,n_n/&ﬁ/n.

This contains all of the values of pg for which the null hypothesis would be
accepted by this test.

The t-test requires the original random variables to be Gaussian. When
they are not, we can resort to the Central Limit Theorem and use the test
asymptotically. We take n batches of m random variables Xgl), Xg’), cen X,(,J,)
for j =1, 2, ..., n, which are independent and identically distributed (i.i.d.)
with mean p and variance 2. Then we form the sample means AY) and the
sample variances (&S,’,))Z for each batch j =1, 2, ..., n and use the Central Limit
Theorem to conclude that the fis;’.) are approximately Gaussian. The preceding
t-test is then approximately valid for these batch averages rather than for the
original X‘-(’); in practice it has been found that each batch should have at
least m > 15 terms. For pseudo-random number generators each batch could
be determined from a different seed or starting value, thus allowing different
sequences to be tested. If a parallel computer is available, the batches and their
sample statistics can be calculated simultaneously.

PC-Exercise 1.9.2  Simulate M = 20 batches of length N = 100 of U(0,1)
distributed random numbers and evaluate the 90% confidence interval for their
mean value.

PC-Exercises 1.4.4, 1.4.5 and 1.4.6 required frequency histograms for the
outputs of various random generators to be plotted and compared visually with
the graphs of the density functions that they were supposed to simulate. There
are various statistical tests which allow less subjective comparisons, the x2-
goodness- of- fit test being one of the most commonly used. To apply it we
need a large number N of values of i.i.d. random variables. From these we form
a cumulative frequency histogram F(z) which we wish to compare with the
supposed distribution F (z). We subdivide our data values into k£ + 1 mutually
exclusive categories and count the numbers N;, N3, ..., Ni41 terms falling
into these categories; obviously Ny + Nz + -+ + Npyy = N. We compare
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these with the expected numbers Np,, Np;, ..., Npr41 for each category for
the distribution F. To do this we calculate the Pearson statistic

E+1 _ \2
(9.4) x =3 i an)
i=1 Pi
which should be small if our null hypothesis Hy that the data generating mech-
anism has F(z) as its distribution function is to be acceptable at a reasonable
significance level. It is known that the Pearson statistic is distributed asymp-
totically in N according to the x2-distribution with k-degrees of freedom with
E(x?) = k and Var(x?) = 2k. To complete the test we pick a 100a% sig-
nificance level and determine from statistical tables a value x}_, ; such that
P(x? < x%_a’k) = 1—a. If our x? value from (9.4) satisfies x? < X%—a,k’
then we accept our null hypothesis at the significance level 100a%; otherwise
we reject this hypothesis. For instance, x3 g5 30 ~ 43.8 and x3 g9 30 = 50.9.

PC-Exercise 1.9.3  Use the x%-goodness-of-fit test with k = 30 degrees of
freedom, N = 10 generated numbers and significance levels 1% and 5% to test
the goodness-of-fit of the U(0,1) uniformly distributed pseudo-random number
generator on your PC. Repeat these lests for the exponentially distributed ran-
dom number generator with parameter A\ = 1.0 and for the Boz-Muller and
Polar Marsaglia N(0;1) generators. In each case repeat the calculations using
different seeds for the random number generator.

For continuously distributed random variables the discrete categories of
the x2-goodness-of-fit test are artificial, subjective and do not take fully into
account the variability in the data. These disadvantages are avoided in the
Kolmogorov-Smirnov test. This is based on the Glivenko-Cantelli theorem
which says that Dy — 0 almost surely as N — oo, where

Dy = sup |Fn(z)— F(z)|.

—o0o<Lzr<00

We recall that the sample frequency histograms Fy here are themselves random
variables. Kolmogorov and Smirnov proved for any continuous distribution F
that VN Dy converges in distribution as N — oo to a random variable with
the Kolmogorov distribution

H(z)=1-2 i(—l)j‘l exp (—2j%2?)

ji=1

for £ > 0 with H(0) = 0, the values of which can be found in statistical tables.
To apply the test at a 100a% significance level we compare the value of vV NDy
calculated from our data with the value z;_, satisfying H(z1_o) = 1 —a. If
VNDy < z1_o we accept at the 100a% significance level the null hypothesis
Hy that the data generating mechanism has F‘(z) as its distribution function;
otherwise we reject it. In general N > 35 suffices for this test, but for pseudo-
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random number generators a larger value should be taken in order to test a
more representative sample of generated numbers. For instance, zg 95 ~ 1.36
and Zpog ~ 1.63.

PC-Exercise 1.9.4 Repeat PC-Ezxercise 1.9.3 using the Kolmogorov-
Smirnov test at 1% and 5% significance levels and N = 10° U(0,1) random
numbers. Compare the results with those for the x2-test in PC-Ezercise 1.9.3.

Over recent decades it has been found that most commonly used pseudo-
random number generators fit their supposed distributions reasonably well.
The results of PC-Exercise 1.9.3 should concur with this perception. In con-
trast, the generated numbers often seem not to be independent as they are
supposed to be, which is not surprising since, for congruential generators at
least, each number is determined exactly by its predecessor. However, in prac-
tice statistical independence is an elusive property to confirm definitively for
pseudo-random numbers generated by digital computers, and tests for it are
nowhere near as satisfactory as those above for the goodness-of-fit of distribu-
tions. We shall restrict our remarks here to U(0, 1) uniformly distributed linear
congruential generators as described by (3.1) which have the form U, = X, /c
where

Xn+1=aXn +b (mod e).

A simple test for independence involves plotting the successive pairs
(U2n-1,U2p) for n = 1, 2, ... as points on the unit square with the Uz,_;
as the z-coordinate and the U,,, as the y-coordinate. These points lie on one of
¢ different straight lines of slope a/c and a large number of them should fairly
evenly fill the unit square. The presence of patches without any of these points
is an indication of bias in the generator. One way to avoid it is to introduce a
shuffling procedure. For this we generate a string of 20 or more numbers and
choose one number with equal probability from the string. We take this num-
ber as the output of our shuffling procedure and then generate a new number
to replace it in the string. Repeating this step as often as required, we obtain a
shuffled sequence of pseudo-random numbers. We note that this requires more
numbers to be generated than for an unshuffled sequence of the same length
since a random number must also be generated at each step in order to choose
the number to be taken from the string. Shuffling procedures have been found
to be quite effective in reducing patchiness in poor generators.

PC-Exercise 1.9.5  Plot 103 points (Usp—1,Uay,) using the linear congruen-
tial generator (9.1) with parameters a = 1229, b = 1 and ¢ = 2048, using the
seed Xo = 0. Add a shuffling procedure to the generator and repeat the above
plots. Does the shuffling subroutine make a noticeable difference?

PC-Exercise 1.9.6  Repeat PC-Ezercise 1.9.5 using the U(0,1) random
number generator on your PC.

The preceding test is useful in eliminating glaringly biased generators, but is
no guarantee of an unbiased generator. For example, the RAN DU generator



50 CHAPTER 1. PROBABILITY AND STATISTICS

Nunber of generated points [U(2#n-1),U(2%n)]1 ! n = 1000

1 1

0 1 (1]
without shuffling with shuffling

Figure 1.9.1 Result of PC-Exercise 1.9.5.

Xn41 = 65,539X, (mod 23!) appears relatively unbiased, but successive
triples (Xn, Xﬂ+ls Xn+2) satisfy Xn+2 = (6Xn - 9Xn+1) (mod 231). This
relationship was, however, discovered long after the RAN DU generator was
introduced and lead to its demise. There are many other tests for independence,
including the runs test in which the number and lengths of runs of successively
increasing numbers are analysed statistically, but their validity is still unclear.

To conclude this section we remark that there are generators which are fairly
successful at mimicking the salient properties of truly independent random
sequences on digital computers and that in applications the negative properties
of such sequences often play no role. Thus, while they are far from perfect,
pseudo-random number generators are often adequate for the task at hand. We
shall assume in our simulations that they do have the asserted independence
and distributions. An advantage of pseudo-random generators over random
number generators based on natural physical noise sources is that they are
reproducible.



Chapter 2

Probability Theory
and Stochastic Processes

Like Chapter 1, the present chapter also reviews the basic concepts and results
on probability and stochastic processes for later use in the book, but now the
emphasis is more mathematical. Integration and measure theory are sketched
and an axiomatic approach to probability is presented. Apart form briefly
perusing the chapter, the general reader could omit this chapter on the first
reading.

2.1 Aspects of Measure
and Probability Theory

The axiomatic development of probability theory was initiated by Kolmogorov
in the early 1930’s. It is based on measure theory, but it has developed charac-
teristics and methods of its own. The fundamental concept in this approach to
probability theory is the probability space, an ordered triple (2, A, P) consist-
ing of an arbitrary nonempty set Q called the sample space, a o-algebra A of
subsets of 2 called events and a probability measure P on A assigning to each
event A € A a number P(A) € [0, 1] called its probability.

Definition 2.1.1 A collection A of subsets of  is a o-algebra if

(1.1) Q € A

(1.2) A € A ifAec A

(1.3) U4n € A ifAL A . An... €A
n=1

A o-algebra A is thus a collection of subsets of  which contains Q and
is closed under the set operations of complementation and countable unions.
These defining properties are minimal and imply that @ € A and that (7, An
€ A whenever Ay, Ay, ...,A,, ... € A, that is A is also closed under countable
intersections. The possible o-algebras for a given set 2 range from the coarsest
{0, Q} to the finest P(2) consisting of all of the subsets of Q. Often we have
a collection C of subsets of Q which is not a o-algebra and require a o-algebra
containing C. Obviously C is contained in P(f2), but there is a smallest o-
algebra containing C which we denote by .A(C) and call the o-algebra generated
by C. For example, if C = {C} then A(C) = {0, C, C°, 2}. Another example
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is the o-algebra B of Borel subsets of R, generated by the collection C of semi-
infinite intervals { € R : —c0 < z < ¢} for all c € R.

A measurable space is an ordered pair (2, A) consisting of an arbitrary
nonempty set Q and a o- algebra A of subsets of Q. A measure ¢ on (£, A) is
a countably additive set function assigning to each set A € A a nonnegative,
possibly infinite, number p(A). To be specific

Definition 2.1.2 A measure p on a measurable space (2, A) is a nonneg-
ative valued set function on A satisfying

(14) p@) =0

and - -

(15) H (U An) = ZF‘(An)
n=1 n=1

for any sequence Ay, Az, ..., An, ... € A with A; NAj = 0 fori # j where i,
i=1,23, ...

For any measure p on a measurable space (£2, A) we have a measure space
(R, A, P). From (1.5) it follows that u(A) < u(B) for all A C B in A. We
say that p is finite if p(2) < oo, in which case pu(A) < u(2) < oo for all 4 €
A. Definition 2.1.2 does not exclude the trivial case that u(A) = 0 for all A €
A, but we shall not consider such trivial measures here. For 0 < () < oo we
can normalize the measure u and obtain a probability measure P with P(A)
= p(A)/pn(2) € [0,1] for all A € A.

Definition 2.1.3 A probability measure P is a measure on a measurable space

(22, A) for which P(Q) = 1.

A probability space (2, A, P) is thus a measurable space with a probability
measure. From Definitions 2.1.1, 2.1.2 and 2.1.3 we clearly have

(1.6) P(0) =0, P(Q)=1;
(L7) 0< P(A)< P(B)< 1
for all A, B € A with A C B;

(1.8) P(A°)=1- P(A)

for all A € A; and
(1.9) P (U A,.) =Y P(An)
n=1 n=1

for any mutually exclusive A;, Ag, ..., Ay, ... € A, that is with A;NA4; =0

foralli# jandi, j=1,2 3,.... A little harder to prove is the continuity
result

oo
(1.10) P (ﬂl A,,) = lim P(An)

n=

for any Ay D A2D ---D A, D ---with Ay, As, ..., A,, ... € A.
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Another elementary consequence is the deceptively powerful Borel- Cantelli
Lemma:

Lemma 2.1.4  For any sequence of evenis Ay, Ay, ..., A, ... €E A

(1.11) (ﬁ G A,,) =0 if ZP(A,.)<oo

n=1k=n

The event (h~; Ur=, Ak consists of all those outcomes occuring in infinitely
many of the events A,, Ag, ..., A,, ... and is thus a null event if the series
Yoo P(An) converges.

An important measure is the Borel measure upg on the o-algebra B of Borel
subsets of R, which assigns to each finite interval [a,b] = {z € R:a <z < b} =
its length, that is ug([a, b]) = b — a. Consequently pp is not a finite measure,
but it is o-finite on R in that we can write ® = (Jo,[~n, n] with pp([—n, n])
=2n<ooforeachn=1,23,....

The measure space (R, B, ug) is not complete in the sense that there exist
subsets B* of ® with B* ¢ B but B* C B for some B € B with u(B) = 0.
Intuitively we would expect such subsets to have zero measure too. A procedure
of measure theory allows us to enlarge the o-algebra B to a o-algebra £ and
to extend the measure pup uniquely to a measure yuz on £ so that (R, C, ur)
is complete, that is L* € £ with pr(L*) = 0 whenever L* C L for some L €
L with pz (L) = 0. In particular, we have ur(B) = pp(B) for each B € B,
whereas for each L € £ \ B there exists a B € B and an L* € L so that L
= BUL* with pr(L) = pp(B) and pr(L*) = 0. We call £ the o-algebra of
Lebesgue subsets of ® and pup the Lebesgue measure on R.

Many other measures can also be defined on (R, £). We say that a measure
p is singular with respect to the Lebesgue measure pp, written g L pp, if there
exists a subset S € £ with u(S) > 0, but 4z(S) = 0. On the other hand, we
say that u is absolutely continuous with respect to ur, written u < pur, if p(L)
= 0 whenever pu; (L) = 0 for any L € L. In general a measure g on (®, £) will
be neither singular nor absolutely continuous with respect to ur, but in these
cases the Lebesgue Decomposition Theorem says that it can always be written
as the sum of a singular and an absolutely continuous measure.

If (24, A1) and (2, A2) are two measurable spaces we call a function f :
Ql — Q5 measurable, to be precise A; : A2-measurable, if f~1(A4;) = {w) € U

f(w1) € A3} C A, for all A; € A;. In particular, we say that a function is
Borel (or Lebesgue) measurable when Q; = R and A; = B (or £). When (Q;,
A;, P) is a probability space and (£, A2) is either (R, B) or (R, £) we call a
measurable function f : Q; — R a random variable, and usually denote it by
X. For a Borel measurable random variable X we can express measurability
equivalently by requiring X ~!((—o0,z]) € A, that is to be an event, for every
z € R. As we saw in Section 2 of Chapter 1 a random variable X induces
a probability distribution Px on (R, B) defined by Px(B) = P(X~!(B)) for
all B € B. Px is a probability measure, but the resulting probability space
(R, B, Px) is not complete. However we can complete it to (R, £, Px) by
extending Px to the Lebesgue subsets of R, where for convenience we use the
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same symbol Px for the extended measure. One advantage of working with this
completed probability space is that every subset of a null event is itself a null
event. Thus if X is a (Lebesgue measurable) random variable and if ¥ (w) =
X (w), w.p.1, then Y is also a random variable; Y is essentially indistinguishable
from X and in this sense can be considered to be equivalent to X. Another
advantage is that Px and, of greater practical significance, the corresponding
distribution function Fx defined by Fx(z) = Px((—oo,z]) for all z € R, can
be related to the Lebesgue measure pz on (R, L). For example, when we have
an absolutely continuous probability measure Px < uy, then there is a density
function and the integral relationship (1.2.10) holds. On the other hand, when
X is a discrete random variable then we have a singular probability measure
Px L1 BL-

From measure theory we know that a measurable function results when we
perform countably many basic arithmetic operations on measurable functions
defined on a common space, where the operations are defined pointwise with
respect to the common domain of the functions. The same thus also holds
for random variables. In particular, if X and Y are random variables on a
probability space (2, A, P) and if ¢c € R, then X +¢, cX, X +Y, X -Y,
XY and X/Y (provided for the last one that Y = 0 only on null events) are
random variables. Moreover, for a sequence of random variables X;, X, ...,
Xun, ... the functions defined by

B, Ko g3, e spXe and X,

are random variables, as are

(1.12) limsup X, = inf sup X and liminf X,, = sup inf Xj.
n2lk>n n>1k2n

If the limit supremum and limit infimum in (1.12) are equal, except possibly on
a null event, then their common value lim X, is just the limit for convergence
with probability one.

Often the o-algebra A of events in a probability space (2, A, P) contains
much more information than is detectable by looking at the values taken by a
particular random variable X. For this reason it is often useful to consider the
o-algebra A(X) generated by subsets of the form X ~!(L) for all L € £. This is
the coarsest o-algebra consistent with the measurability of X, or equivalently
minimal with respect to the events detectable by X . For example, A(14) = {9,
A, A°, Q} for the indicator I4 of an event A € A (see 1.2.1). The o-algebra
A(X1, X3, ..., Xp) for a collection of random variables X;, X5, ..., X, can
be defined in an analogous way.

Finally, we consider product o-algebras and product measures. Let (£2;,
Ai, p1) and (2, A2, p2) be two measure spaces. Then we define the product
o-algebra A; ® A2 on 5 x Q2 to be the o-algebra generated by the subsets
A; x Ay for all Ay € A; and A; € A;. The product measure p; X py is the
extension to a measure on A;®Aj; of a set function satisfying pyx pa2 (A1Xx A2)
= p1(A1)p2(Az2) for any A; € A; and A; € A3. In the case that the measurable
spaces coincide, we write Q2 for QxQ and A? for A ® A; note that the product
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o-algebra A? also contains sets which are not product sets, for example the
diagonal set D = {(w,w) : w € Q}. When @ = R and A = £ we obtain the o-
algebra £? of two-dimensional Lebesgue subsets and call the product measure
pur X pr the 2-dimensional Lebesgue measure. Analogous definitions apply for
the n-dimensional products ®” and L".

2.2 Integration and Expectations

Mathematical expectations and stochastic integration play a central role in this
book. Hence in this section we shall summarize the basic concepts and results
for deterministic integration, expectations and conditional expectations.

The standard integral of deterministic calculus is the Riemann integral,
which is defined as the limit of the sums of areas of approximating rectangles.
Let f : [a,b] — R be a continuous function on a bounded interval [a, b] and let

a=eM <M< << <ald =0

be an arbitrary partition of [a, b] into n subintervals [z}, z, ;] of (not necessar-

ily equal) length 65") = a:S:)l —z{™ where i = 1,2,...,n. On each subinterval

3
we determine the minimum and maximum values of function f,

(2.1) m™ = min f(z), M™M= max _f(z),

z(M<r<a(}) e{M<r<a(y)
and form the sums of the areas of the lower and the upper rectangular approx-
imations to the graph of f on the subintervals, namely

L, = imSn)ai(ﬂ)’ U, = iM‘(ﬂ)é,(n)

i=1 i=1

If we choose the partitions so that 5 = maxi<i<n 6§n) — 0 as n — o0,
then both of the limits

L= lim L,, U= lim U,

n—00 n—00

exist and are equal. We call their common value the Riemann integral of f on
[a, ] and denote it by

b
® [ f@)ds.
Since mg") <f (E,(")) < M,-(") for any 55") € [:L'E"),:cg:)l] fori =1,2,...,n,
we have n
L.< Y 1 (6™) <ua
i=1
and hence

tim 37 (67) 60 =) [ 12
i=1 a
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that is, when a Riemann integral exists, the approximating rectangles can be
evaluated at any point within a partition subinterval.

Exercise 2.2.1 Determine the lower and upper rectangular sums of the
function f(z) = 2z on the interval [0,1] and use them to evaluate its Riemann
integral on this interval.

Every continuous function is Riemann integrable on a closed and bounded
interval, but not all discontinuous bounded functions are, even if we replace the
minimum and maximum in (2.1) by the infimum and supremum. For example,
the indicator function Ig for the set Q of rational numbers has L, = 0 and
Up=b—aforn=1,23,... on any bounded interval [a,b], so is not Riemann
integrable there. It is obviously a Lebesgue measurable function, and so in
a probabilistic context could be a random variable with an expectation and
moments, properties which are usually expressed in terms of integrals. To
handle such functions, we must use the definition of an integral due to Lebesgue.
The Lebesgue integral has the same value as the Riemann integral when the
latter exists, but has the added advantage of being the appropriate definition
for the development of a unified, abstract theory of integration.

Let (Q,.A, ) be a measure space and suppose that u is finite, for otherwise
we can restrict attention to the subsets in A with finite u measure. A simple
function on (2, A4, u) is a real valued function of the form ¢ = E, 1 @il4;, where
ai,az, ...,an € R and the sets A, Ay, ..., Ay € A are pairwise disjoint. The
Lebesgue integral of such a simple function ¢ over a measurable subset A € A
is defined as

N
(2.2) Aq&dp:Ea;p(AﬂA;).

i=1

The Lebesgue integral of a real-valued A : £- measurable function f : Q2 — R is
then built up systematically from this definition. We shall henceforth omit the
qualifier Lebesgue unless it is necessary to distinguish the integral from another
kind of integral. Suppose that the function f is nonnegative and bounded, that
is with 0 < f(w) < N for all w € Q and some finite N. Then we define

/fd#=sur>/¢dﬂ,
A ¢<sJa

where the supremum is taken over all simple functions ¢ with ¢(w) < f(w) for
all w € A; it is finite since the integrals of these simple functions are bounded
from above by Nu(A). As an example of such simple functions consider ¢, =
Yios (iN/n) Ig, a;n), where the subsets

(2.3) Ei(4; n)—An{wGQ —N<f( )<-'—+—1N}

belong to A since A does and f is measurable; these ¢, satisfy ¢,(w) < f(w)
with ¢,(w) — f(w) as n — oo for all w € A.
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In general, when f is nonnegative but unbounded we define

Lfd#=sgp//‘f~dﬂ

where fy(w) = min{f(w), N}, but here the supremum may be infinite. Finally,
for a measurable functionf of unrestricted sign we write f = f* — f~, where
ft(w) = max{f(w),0} and f~(w) = max{—f(w),0}, and define

(24) [rau= [ rrau= [ 5o

provided at least one of the integrals on the right side of (2.4) is finite. If both
are finite we say that f is (Lebesgue) integrable, which is equivalent to |f|
being integrable since |f| = f* + f~. We denote the set of all A:L-measurable
functions which are integrable on € (and hence on any subset A € A) with
respect to u by L1(Q2, A, p).

Exercise 2.2.2  Use simple functions approzimating the function f(z) = 2z
on the interval [0,1] to evaluate its Lebesgue integral.

From the linearity of the summation in (2.2) we can easily show for any
f,9 € L'(Q,A, u) and real constants «, 3 that of + g € L1(Q, A, p) with

(25) [er+pp au=a [ rauss [ gan,

(2.6) /fd;lf/gdp if flw)<gw) forall weAd
A A

and

. dy = d d

@7) [ sau= [ rau+ [ ran

for any disjoint subsets A, B € A with finite y-measure. The pointwise inequal-
ity in (2.6) can be weakened to all w in A except those in a subset Ag C A of
zero p-measure, that is for almost all w € A. In addition, we obviously have

/Afdu .<_/Alfldﬂ-

A deeper result is the Dominated Convergence Theorem of Lebesgue:

Theorem 2.2.3 Suppose that f,g € L} (R, A, ) where u(Q) < oo and that
f1,f2, fa, ... is a sequence of A:L-measurable functions with |f,(w)| < |g(w)|
for almost allw € Q and n=1,2,3,....Then

lim fnd;t=/fdﬂ

(2.8)

if
Jim fow) = f(w)

for almost allw € Q and n=1,2,3,....
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If a Lebesgue integrable function f : ® — R is Riemann integrable on a
bounded interval [a, ], then it is Lebesgue integrable on [a, b] (with respect to
the Lebesgue measure pr) and the two integrals are equal, that is

b
(2.9) (R) / f(2)dz = /[ @,

For a continuous function f with 0 < f(z) < N for z € [a, ] this follows from
the fact that the subset

NSf(z)s”lN}

Ei(n) = {:c € [a,b] : -

Sl

is the union of a finite number of subintervals [z;j,z;j+1] forj=1,2, ...,
K(i,n). In each of these we can find an §;; such that f(&;;) = iN/n and then
calculate the sum of the areas of the corresponding rectangles for all of the
subintervals, obtaining

K(i,n) .

Z f (fij) (zi;41 — Ii,-) = %N pr (Ei(n)).

j=1

The general result is proved in much the same way. As a consequence we shall
often write the Lebesgue integral (2.9) in the more convenient form f: f(z)dz.
There are however quite elementary functions which are Lebesgue integrable
but not Riemann integrable; for example, the indicator function of the ratio-
nal numbers Ig has Lebesgue integral f: Ig dz = b — a, but is not Riemann
integrable.

As mentioned in Section 1 there are many measures on (R, L) other than
the Lebesgue measure pr. For such measures an integral [, f du is sometimes
called a Lebesgue- Stieltjes integral. Of particular interest are those measures
p# which are absolutely continuous with respect to pur, that is g < pr. This
certainly holds if there is a measurable function p : 8 — R which is nonnegative,
except possibly on a set of 1 -measure zero, such that p(A4) = f L pdyuy for all
A € L. The converse of this statement also holds and is a major result of
integration theory. It is known as the Radon-Nikodym Theorem and, in fact,
asserts that the function p is unique in the sense that any other function with
the same property differs from p on at most a set of yr-measure zero. We
often write this relationship between measures symbolically as du/du; = p. If
f € LY(Q,L,p), we have fp € L'(Q, L, pr) and

/;fdu=/AfpduL

for each A € L. In the case that Px < pr for a probability measure Px induced
on (R,L) by a random variable X the function p = dPx /dur is the density
of the distribution function Fx and is sometimes called a Radon-Nikodym
derivative.



2.2. INTEGRATION AND EXPECTATIONS 59

The above discussion also applies for measures on a measurable product
space such as (R",L"). This raises the question, which is of some practical
significance, as to whether or not an integral with respect to a product measure
1 X g X+ -+ X py, on such a space can be evaluated as a succession of integrals
with respect to each of the constituent measures y;, ys, . .., ptn. To be specific,
let (1,41, #1) and (Qg,.A2, #2) be two complete measure spaces and let f €
LY(Q) x Qa, A1 XAz, p1Xp3). Can the integral fA;xAz fduyxps, where A; € A,
and A, € A,, be evaluated in terms of one or both of the iterated integrals

A (/A’fd#z) dp; and /A, (/Alfdpl) dps?

The answer is affirmative and is provided by Fubini’s Theorem, which says that
the three integrals are equal. It also says, necessarily, that the intermediate
functions and integrals of a single variable are integrable on the appropriate
subset A; or Ay. There is a catch here: the function f(w,-) € L}(Q2, A, p2)
only for almost all (#1-measure) w; € ) rather than for all w; € ©Q,, and
analogously for the functions f(-,wsz). Apart from technicalities in proofs this
is not a problem because the exceptional points have no effect on the value of
the final integral.

The preceding concepts and results specialize to probability spaces and
random variables. Let X be a random variable on a probability space (2, A, P)
and let Px be its probability distribution on (R, £). If X is integrable, that is
if X or equivalently |X| belongs to L(£2, A, P), then we define the expectation
of X as

(2.10) E(X):/{lePszdPx

where these integrals are of the Lebesgue or Lebesgue-Stieltjes types. This
definition holds for both continuous and discrete valued random variables, for
if X takes only the discrete values z;, 2,23, ... then the integrals in (2.10)
reduce to a finite or an infinite sum and

(2.11) E(X) =) z:P(A:)

i>1

where A; = {w € Q: X(w) = z;} for i = 1,2,3 ,.... The absolute convergence
of the sum (2.11), that is the “integrability” of | X|, is still necessary here in the
infinite case to ensure that we can rearrange terms without causing difficulties.
Obviously here Px L pr. In the case that Px <« pup we obtain integral
expressions for the expectations involving density functions as in Section 4 of
Chapter 1. In both the continuous and discrete valued cases the properties
(2.5) and (2.6) of integrals give us

(2.12) E(aX + BY) = aB(X) + BE(Y)

and
(2.13) EX)<E®Y) if X<Y wpl
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for any X,Y € L'(2, A, P) and «, 8 € R, and also Jensen’s inequality (1.4.10),
provided the functions involved are integrable. In addition, since a probability
space is finite, we have a generalization of the Markov inequality (1.4.13)

(2.14) P{lweQ:|X(w)|2a}) < al,,E(IXI")

for any a,p > 0; this requires | X|P € L'(€, A, P), which we write as X €
LP(Q, A, P). Using Jensen’s inequality we obtain

(2.15) E(IX|?) < (E(IXP)Y*

for all 0 < ¢ < p,so X € L1(Q, A, P) for all 0 < ¢ < p whenever LP(Q, A,
P). As mentioned in Section 4 of Chapter 1, the number E (|X|P) is called the
pth-moment of the random variable X. One consequence of (2.14) is that mean-
square convergence of a sequence of random variables implies its convergence
in probability. These results also apply for vector and matrix valued random
variables, with the expectation being defined componentwise.

The Radon-Nikodym Theorem plays a central, and informative, role in
the definition of conditional expectations of a random variable. Let X be
an integrable random variable on a complete probability space (2,4, P) and
let S be a sub-o-algebra of A, thus representing a coarser profile of information
than is available in .A. We define the conditional ezpectation of X with respect
to S or the expectation of X conditioned on S, which we denote by E(X|S),
as any S- measurable random variable Y satisfying

(2.16) /YdP:/XdP,
S S

w.p.1, for all S € S. The existence of Y = E(X|S) and its uniqueness, w.p.1,
are guaranteed by the Radon-Nikodym Theorem. In the special case that
X >0, w.p.1, we can define a measure ux on (2, S) by

px(S) = /SXdP

for each S € S. Clearly ux < P and the function Y = dux /dP has the desired
properties. In the general case, we write X = X+ — X~ where X* > 0 and
take Y = Y+ —Y~ where the Y* correspond to the X* as above. As examples
we have E (X |{0,Q}) = E(X);

PAfAXdP T weEA

ﬂlz;ijchP : wE A

where S = {0, A, A¢, Q} for some A € A with 0 < P(A) < 1; and E(X|A) = X,
w.p.1. The conditional probability £(X|S) is a random variable on the coarser
probability space (€2, S, P), and hence on (2,4, P) too. In contrast, X need :
not be a random variable with respect to (2, S, P) since it need not be §: L-

(2.17) E(X|8)(w) = {
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measurable, but when it is we have E(X|S) = X, w.p.1. Roughly speaking, the
conditional expectation E(X|S) is the “best” approximation of X detectable
by the events in § and is obtained by smoothening X over these events, as
in (2.17). Thus the finer the o- algebra &, the more E(X|S) resembles the
random variable X . In addition, for nested o-algebras S C 7 C A we have

(2.18) E(E(X|T)|S)=E(X|S), w.pl,
and when X is independent of the events in § we have E(X|S) = E(X), w.p.1.

Exercise 2.2.4  Verify the identity (2.18) for the o-algebras S = A({A})
and T = A({A, B}), where A and B are two arbitrary nonempty sets.

In general, conditional expectations have similar properties to those of or-
dinary integrals, for example counterparts of the linearity (2.12) and order
preserving (2.13) properties, Jensen’s inequality (1.4.10) and the Dominated
Convergence Theorem (Theorem 2.2.3).

IfY is a second random variable on (2, .4, P) we define the ezpectation of X
conditioned on Y, written E(X|Y), as the conditional expectation E(X|A(Y))
where A(Y) is the (sub-) o-algebra generated by Y. Then we have

(2.19) E(IX - EXIV)P) < E (1X - £(V)?)

for all A:L-measurable functions f : @ — R, so we can think of E(X|Y') as the
best mean-square approximation for X amongst the random variables f(Y’) for
all such functions f. Moreover, when X = I, for some event A € A and S is
a sub-o-algebra of A, we write P(A|S) for E(14|S) and call it the probability
of A conditioned on S. While P(A|S)(w) appears to satisfy the properties of
a probability measure on A for each w € , it is not a probability measure
because it is only defined with probability one on €2, with the exceptional set
depending on the particular event A.

Exercise 2.2.5  Prove inequality (2.19).

Let us now consider a continuous valued random variable X on a complete
probabilty space (2, A, P). Then, we define the distribution function Fx of X
as a Lebesgue-Stieltjes integral

(2.20) Fx(z) = /(_w ]ldPx

for each z € R, where Px is the probability distribution of X on (R, £). (In
Chapter 1 we found it more convenient to write Px(dz) instead of dPx in
integrals similar to (2.20), particularly on those involving transition properties
of Markov processes). When Px < pr there is an integrable density function
p = dPx/dpr and we can write (2.20) as

(2.21) Fx(x).—_-[_ ]pdpL
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for each z € R. Moreover, if p is sufficiently regular, say piecewise continuous,
we can evaluate the integral (2.21) as an improper Riemann integral. We could
use a proper Riemann integral if instead we evaluated Fx(z) — Fx(a) for a
bounded interval [a,z]. In other cases we can often use a generalization of the
Riemann integral called the Riemann-Stieltjes integral, which is defined on a
bounded interval [a,)] with respect to a function F of bounded variation on
[a,b]. Let a = :c( ) < z(") <...< 1'5:21 = b be an arbitrary partition of

[a,] with 6(*) = maxi<i<n 6 ") . 0 as n — oo where 6( ") — z(") S")
for i = 1,2,...,n. We define the total variation V.(F) of F on [a b] as the
supremum over all such partitions of the sums

Sle(2) -7 ()

and if V2(F) < oo we say that F is of bounded variation on [a,}], which we
denote by F € BV (a,b). Now it can be shown that a function F € BV(a,b)
if and only if its derivative F'(z) exists for almost all (uz-measure) z € [a, b].
Consequently, an absolutely continuous distribution function Fx, that is one
with a density function, is of bounded variation. There are however distribution
functions of bounded variation which are not absolutely continuous, for instance
if Fx has jumps in its graph. We define the Riemann-Stieltjes integral of a
function f with respect to an F € BV (a,b) on a bounded interval [a, ] as the
limit

(2.22) Jim i! (&‘"’) (F (xfi)l) -F (”5")))'
i=1

if these exist and are equal, for arbitrary E,(") € [z&"), 251)1] where 6(") — 0 as

n — 0o, and denote it by

b
(2.23) / f(z) dF (z).

This integral exists, for example, when f is continuous on [a, ], in which case
it equals the Lebesgue integral f[ a,8) fF'dug or the Lebesgue-Stieltjes integral
jia'b] f dF when F is defined by F(L) = [ F' dpy for any L € L is a measure on
(R, £) (this happens if F'(z) > 0 for almost all z € [a,b] ). When the derivative
F' is continuous on [a, b] the Riemann-Stieltjes integral (2.23) reduces to the
usual Riemann integral f: f(z)F'(z) dz.

Exercise 2.2.6  Show that a bounded function F is of bounded variation on
an interval [a,d] if and only if F is the difference of two monotonic real valued
functions on [a,b).
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2.3 Stochastic Processes

We shall now look more closely at stochastic processes from the perspective
of measure theory. Recall that a stochastic process X = {X(t),t € T} is a
collection of random variables on a common probability space (£2, A, P) indexed
by a parameter ¢t € T C R, which we usually interpret as time. It can thus be
formulated as a function X : Tx$2 — R such that X(t,-) is .A:L-measurable in
w € §) for each t € T'; henceforth we shall often follow established convention
and write X; for X(¢). When T is a countable set, the stochastic process is
really just a sequence of random variables X;,, X, ..., X;_, ..., the analysis of
which is relatively straightforward. In contrast, when T is an interval, bounded
or unbounded, the relationship between the X; random variables at different
instants ¢ can lead to some delicate mathematical problems. We shall address
these in this section, assuming from now that T is an interval.

In many practical situations involving stochastic processes we are not given
the probability space (€2, A, P), but rather the finite dimensional distributions,
that is the totality of distribution functions Fy ¢,...;, for all finite combinations
of time instantst; <3 < ...<t,inT withn =1,2,3,.... Kolmogorov showed
how we can then construct a probability space (€2,.4, P) and a function X such
that X is a stochastic process with the given finite dimensional distributions,
-provided these distribution functions satisfy consistency and compatibility re-
lationships like (1.4.27)-(1.4.31). Essentially he took @ = R7, the set of all
functions w : T'— R, and defined X (¢,w) = w(t), so that w not only labels the
sample path but is the sample path. Then he defined A to be the o-algebra
generated by cylinder sets which typically have the form

A={we: X(t,w)€eL; for i=1,2,...,n}
where t; € T and L; € L, to each of which he assigned the probability

(3.1) P(A) = / IsdFy e, 1,(21,22,...,20).
L XL 3%---XL

Finally, he extended this set function (3.1) to the whole o- algebra to obtain
a probability measure. Other probability spaces are possible, and for a given
space there may exist distinct stochastic processes X = {X;,t € T} and Y =
{Y:,t € T} with the same distribution functions. We say that such processes are
equivalent and that one is a version of the other. For example, X;(w) =0 and
Yi(w) = I{w) (), the indicator function of the singleton set {w}, are equivalent
stochastic processes for t € [0, 1] on the probability space ([0,1],£,pr). For
equivalent processes we have P(A;) = 0 for all t € T where A; = {w € O :
Xi(w) # Yi(w)}. As the example shows such processes need not have the
same sample paths, even with probability one, for that requires the set A =
{w € @ : Xi(w) # Yi(w) for some t € T} to be an event. However, as an
uncountable union of events A = U;er A; may not even be an event, let alone
a null event.

While at the most general level no restrictions are imposed on the rela-
tionship between the random variables X; at different time instants t € T, in



64 CHAPTER 2. PROBABILITY AND STOCHASTIC PROCESSES

practice it is useful to do so. A very broad class of stochastic processes, called
separable processes, was introduced by Doob in order to circumvent difficulties
arising from the uncountability of the time interval T. He called a stochastic
process X = {X;,t € T} defined on a complete probability space (2,4, P) a
separable process if there is a countably dense subset S = {s1,52,53,...} of T
called a separant set, such that for any open interval I, and any closed interval
I. the subset
A= U {we: X (w) eI}
teTnl,
of Q differs from the event

A= U {weQ:X,;(w)e I}
leSﬂI,

by a subset of a null event. By the completeness of the probability space the
set A is thus itself an event and P(A) = P(A). Consequently, for a separable
process X = {X;,t € T} sets like {w € Q : X;(w) > 0 for all t € T} are events
and the functions defined, w.p.1, by

inf X,(w), sup X,(w), lim X, (w)
s<t <t st

are random variables, if they exist. In our previous example the process defined
by X:(w) = 0 is a separable process, whereas Y;(w) = I(,}(f) is not.

Loéve showed that for any stochastic process X = {X;,t € T} there is
always an equivalent process X; = {X;,t € T'} defined on the same probability
space which is separable, although his proof required the X; to be extended
random variables, that is possibly taking values +00. When the process X =
{Xt,t € T} is continuous in probability for each ¢t € T matters are much nicer:
there is an equivalent separable process X, = {X;,t € T} which is jointly
measurable, that is the function X : T x 2 — R is measurable with respect to
the product measure (T'xQ,Lx A, ur X P), and for this process any countably
dense subset of T' is admissible as a separant set. In this situation, the typical
one encountered in this book, we can without any loss of generality replace the
original process by such a separable version; indeed, we shall always assume
that this has been done.

If a jointly measurably process X = {X;,¢ € T’} is integrable on T'x, that
isif X € L}Y(T'xQ,Lx A, uL x P), then we can apply Fubini’s Theorem to any
[to,t]xQ C T xQ to conclude that

(3.2) /‘:E(X,) ds=E ([ X, ds) .

In addition we have that Z;(w) = f:o X;(w) ds is well-defined, w.p.1, for almost
all (zr-measure) ¢ € T and is integrable in w. Thus Z; is itself a random
variable on (2, A, P).

In Section 7 of Chapter 1 we mentioned the Kolmogorov criterion (1.7.23)
for a stochastic process to be sample-path continuous, that is with almost
surely continuous functions of ¢ as its sample paths. We saw that this criterion
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was satisfied by the standard Wiener process and thus concluded that this
process is sample-path continuous. Strictly speaking, the criterion assures that
there is a jointly measurable and separable version of the process which is
sample-path continuous, the process itself need not be. Compare X;(w) = 0
and Yi(w) = I{,)(t). For convenience, we usually talk about this separable,
sample-path continuous version as if it were the given process. In fact, the
standard Wiener process is now commonly defined on a canonical probability
space = Co([0, 00), R), the space of continuous functions w : [0,00) — R with
w(0) = 0.

Conditional expectations with respect to a family of sub-o- algebras offer
a succinct way of expressing the temporal relationship of a stochastic process.
Let X = {X;,t € T} be a jointly measurable and separable stochastic process
on a probability space (2,4, P). Then X, is A:L-measurable for each t € T,
but in general the o-algebra A contains many more events in addition to those
detectable by X; at a particular instant ¢t € T', events of the form X, 1(L) for
L € L. For the sake of discussion we shall suppose that 7" = [0,00) and denote
by A: the sub-o-algebra of A generated by the totality of subsets

(3.3) A={weN: X,,(w)eL; for i=1,2,...,n}

of Qforany 0 < s; <s3<...<8, <tand Ly,Ly,...,L, € L where n =
1,2,3,.... Thus A; C A; for any 0 < s <t and we have an increasing family
{A:,t > 0} of sub-o-algebras of A, this corresponding to the fact that more
information about the stochastic process becomes available with increasing
time. Obviously X, is A; : L-measurable for each t > 0. Conversely, we
may be given an increasing family {A;,¢ > 0} of sub-o-algebras of A and
require that a stochastic process {X;,t > 0} defined on a probability space
(2, A, P) have X; A, :L-measurable for each ¢t > 0. In that case we say that
the process {X;,t > 0} is adapted to the family {A;,t > 0} of sub-o-algebras.
Generally, by enlargening the o-algebras, we can assume that such an increasing
family {A:,t > 0} of sub-o-algebras is right-continuous, that is it satisfies A,
= Ne>oAiqe for all ¢ > 0. Further, we can always assume that .4; is complete
for each t > 0. These assumptions allow many technical simplifications in
proofs. Such a family of sub-o-algebras is then called a filtration. Usually we
are given a filtration in addition to the underlying probability space. For a
given stochastic process X the simplest filtration is formed from sets defined
by (3.3) and is often written {AX,¢ > 0}.
Let X = {X;,t > 0} be a stochastic process with

(3.4) E(X.— X,]4,)=0, wp.l,

for all 0 < s < t, where {A;,t > 0} is a filtration to which the process is
adapted. Since E (X,|A;) = X,, w.p.1, we can write (3.4) as

(3.5) E(X:|A;)=X,, w.pl,
for all 0 < s < t. We call such a process a martingale with respect to {A;,t > 0}

or simply a martingale. If the equality sign in (3.5) is replaced by a < then we
call X a supermartingale, or a submartingale if it is replaced by a >. Thus a
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Wiener process is a martingale, but there are also many other processes which
are martingales.

Example 2.3.1  For a standard Wiener process W = {W;,t > 0} the pro-
cesses W2 —t and exp (W, — 3t) are martingales with respect to any family
{A¢,t > 0} of sub-o- algebras to which W is adapted.

A separable martingale X = {X,,t > 0} with finite pth- moment satisfies the
mazimal martingale inequality

1
(3.6) P ({w €Q: sup |X,(w)| > a}) < =E(|X:|P)
0<s<t ar
for any a > 0 and, for p > 1, the Doob inequality
P
37) B (s 1xP) < (527) BOXP).
0<s<t p—1

These important inequalities find many appplications since they give powerful
uniform estimates of the sample paths of a process over a finite time interval
rather than at a specific time instant, such as provided by the generalized
Markov inequality (2.14), namely

P(fw €92 X > a}) < B (IXP).

Exercise 2.3.2  Apply the mazimal martingale and Doob inequalities (3.6)
and (3.7) with p=2 to W2 —t on the interval [0,1]. In both cases simplify the
bound on the right hand side of the inequalities.

Variations of inequalities (3.6) and (3.7) also hold for supermartingales and
submartingales. Taking limits as { — oo, we can then obtain estimates for
the sample paths over all time 0 < s < 0o provided the limit lim;—.o E(|X¢|?)
exists. In fact, martingale convergence theorems guarantee the existence of such
limits. For example, for a positive supermartingale {X;,¢ > 0} there exists a
nonnegative random variable X, with finite mean such that X; — X, w.p.1,
and E(X;) — E(X) ast — o0o. For a discrete-time martingale Xo, X1, X2, ...
the identity (3.5) simplifies to

E(anxn—l):Xn—l’ W-P-l,

for n =1,2,3,.... Interpreted in a gambling context, it says that the expected
winnings of the next game conditioned by knowledge of what was won in games
up to the present game is exactly the winnings of the present game. Inequalities
(3.6) and (3.7) also have analogues for discrete-time martingales.

Example 2.3.3 Let X be a random variable on a probability space (?,.A, P)
and let {A,,n = 0,1,2,...} be an increasing family of sub-c-algebras of A.
Then Xo,X1,X2,... defined by

Xn = E(X|An)

forn=20,1,2,... ts a discrete-time martingale.
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The Markov property (see (1.6.5), (1.6.14), (1.7.2)) implies a useful ex-
pression in terms of expectations conditioned on time-dependent o-algebras of
events. This is possible for both discrete-time and continuous-time processes,
but here we shall concentrate on the technically more complicated continuous-
time case. We consider a separable stochastic process X = {X;,t > 0} defined
on a probability space (2,4, P), which is at least continuous in probability and
is adapted to a filtration {4;,¢ > 0}. Then for each t > 0 we define A to be
the sub-o-algebra of A generated by the totality of subsets of the form (3.3) for
anyt < s) <s3<---<s8,and Ly, Ly, ..., L, where n = 1,2,3,.... Conse-
quently X, is A7 : L-measurable for each s >t and, in fact, A7} is the smallest
o-algebra with this property. It is the collection of all events detectable by the
stochastic process at some future time if ¢ is considered to be the present. The
Markov property implies that

(3.8) E(Y|A) = E(Y|X:), w.pl,

for all t > 0 and all A} : L-measurable Y, for example X, for any s > ¢ and
Ip for any B € A}. Essentially (3.8) says that the expectation of some future
event given the past and the present is always the same as if given only the
present. It follows from this that

(3.9) E(ZY|X)) = E(Z|X:) E(Y|X:), w.p.l,

for all A, : L-measurable Z , all A} :L-measurable Y and all ¢ > 0. This says
that the future and the past are conditionally independent given the present.
For a Markov process X = {X;,t > 0} it also follows from (3.8) and (2.18)
that

E(lefo) = E(E (Y|X¢) 'X‘o) , w.p.l,

for any 0 < tp < t and any .A,+ : £- measurable Y. This corresponds to the
Chapman-Kolmogorov equation (1.7.6).

Let {A;,t > 0} be a filtration on a probability space (2,4, P). We call a
nonnegative random variable 7 on (Q, A, P) a Markov time if the event {w €
Q: 7(w) <t} € A, for each t > 0. This means that by observing a sample path
X, (wo) over an interval 0 < s < t for a stochastic process adapted to {A;,t > 0}
we can always determine whether 7(wo) <t or 7(wo) > t. In defining Markov
times it is convenient to allow 7 to take the value 400 in addition to finite
values. Then for a sample-path continuous process {X;,t > 0} and a closed
subset F C R

(3.10) r(w) = inf {t > 0; X;(w) € F}

defines a Markov time with respect to a family of sub-o- agebras to which the
process is adapted, which may take infinite values. We call it the hitting time
of the set F or the first exit time of its complement F°. Often we say that
a Markov time is a stopping time, particularly when we are only interested
in observing a process until a certain time which depends on the sample path
under consideration. We remark that 7 +¢, 7 At = min{r,t}, TA o, 7Vt =
max{7,t} and 7V ¢ are Markov times when 7 and o are Markov times.
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2.4 Diffusion and Wiener Processes

Let X = {X;,t > 0} be a vector-valued stochastic process on a probability
space (2, A, P) and taking values in ®? with X, being A : L%-measurable for
each ¢ > 0. Similarly to Section 7 of Chapter 1 for a 1-dimensional process, we
define the transition probabilities for such an d-dimensional process by

(4.1) P(s,z;t,L)=P(X; € L|X, =)

forall 0 < s <t, z € R4 and L € L£3. Apart from the obvious change
in dimension, we are now using the slightly more general Lebesgue subsets
of R¢ instead of the Borel subsets. The Markov property (1.7.2) can be re-
stated with the obvious changes. We note that the individual components of
a vector Markov process need not themselves be Markov processes. A similar
generalization applies for the definition of a vector diffusion process. Since the
transition densities need not always exist, we shall reformulate the defining
properties (1.7.9)~(1.7.11) in terms of the transition probabilities (4.1) using
the Lebesgue-Stieltjes integrals over subsets of ®¢. We require the following
limits to exist for any ¢ > 0, s > 0 and z € R4:

(4.2) l‘lgl r— /|y-z|>e P(s,z;t,dy) =0,
(4.3) lim / (y — z) P(s, z;t,dy) = a(s,z)
ts t =58 Jjy_zi<e
and
@9 lm— [ - 9)-2)T Pleatdy) = Bls,2)B(s, )T
the £ =8 Jly—z|<e

where a is an d-dimensional vector valued function and D = BBT is a symmet-
ric, positive definite dx d-matrix valued function. We are using the Euclidean
norm (1.4.36) here and interpret the vectors as column vectors, so YY T is an
d x d-matrix with ijth component y;y;. If its transition probabilities satisfy
(4.2)-(4.4) we call the process a vector diffusion process. The drift vector a
and the diffusion matriz D have similar interpretations to their 1-dimensional
counterparts, except here the off-diagonal components of D are the instanta-
neous rates of change in the conditioned covariances between the corresponding
components of the vector process, namely

.. ) 1 ; ; . )
@ (s,2) = lim —E (X} - X})(X{ - X})|X, = =).

Compare this with (1.7.13) and note that we are using superscripts to index
the components of vector-valued stochastic processes here.

When the drift vector and the diffusion matrix are moderately regular func-
tions, the transition probabilities (4.1) have densities p(s, z;t,y) which satisfy
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the Kolmogorov forward equation, perhaps better known as the Fokker-Planck
equation,

(a5 2 +Xd:—6— {@(t )P} - 3 i & (&9t p} =0
ot 25y \TEVPI T3 2 gy 1T

(s, z in p fixed) with the initial condition
lti{np(s, z;t,y) = 6(z — y),

where § is the Dirac delta function on ®¢. The density p is thus a fundamental
solution of the parabolic partial differential equation (4.5), which we can write
more compactly in operator form as

op e _
E—ﬁ p—o

where £* is the formal adjoint of the elliptic operator £ defined as

a. . Ou 1 & 0%u
(46)  Lu(s,z) = Za'(s,x)a—zi(s,x) +3 > d'”(s,z)m(s,z).

i,j=1
The Kolmogorov backward equation is then

Ou
(4.7) B +Lu=0

and is satisfied by u(s, z) = p(s, z;t,y) for fixed t and y. It also has the solution

(4.8) u(s,z) = E(f (X)) | X, =) = /st F@p(s, it ) dy
corresponding to the final time condition

limu(s,z) = f(z)

sTt

for any sufficiently smooth function f : R¢ — R. Equation (4.8) is often called
the Kolmogorov formula.
For a given (bounded) domain P C ®¢ the inhomogeneous equation

Ou
(4.9) a—-}-ﬂu——l for z€D

with boundary condition u(s,z) = 0 for z € D is satisfied by
u(s,z) = E(7sz)— s

where
Ts,z(w) = inf {t > s : X;(w) € 0D where X,(w) =z}

is the first exit time of the process from D given that it starts at = at time s.
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Exercise 2.4.1  Use integration by parts to show that

/fﬁgd:c—/ gL' fdz =0,
R R

where f,g and their derivatives vanish as * — oo. Hence derive L* from L
when d = 1.

The simplest nontrivial d-dimensional vector diffusion process corresponds
to the zero drift vector a(s, z) = 0 and the identity diffusion matrix D(s,z) = I.
This is the d- dimensional vector Wiener process Wy = (W, W2, ..., W@),
the components of which are pairwise independent standard Wiener processes
satisfying conditions (1.8.1). In fact, similar conditions for a vector process
with independent increments completely characterize a vector Wiener process.
A theorem of Doob says that such a process {X; = (X},...,Xd), t > 0}
adapted to an increasing family {A;,t > 0} of o-algebras is a vector standard
Wiener process if and only if

(4.10) X§=0, E(X{-XiA,)=0,

B ((Xi - X(Xi - XDIA,) = 6 (¢~ 9),
w.p.l,foralli,j=1,...,dand 0 < s <, where §;; is the Kronecker delta

symbol defined by
1 : i=j
bij = { .
0 : i#y

for i,j = 1,2,...,d. These conditions are weaker than (1.8.1) in that they in-
volve conditional expectations with respect to the coarser o-algebras A; rather
than A. The identity (1.7.24) for a 1-dimensional standard Wiener process now
takes the form

E (W — W,[*) = (d* + 2d) |t - s?

for a d-dimensional Wiener process. Hence we can use Kolmogorov’s criterion
(1.7.23) directly to conclude that there is a jointly measurable and separable
version which is sample-path continuous. As for the one-dimensional case we
shall always assume that we are using such a version.

A standard Wiener process W = {W;,t > 0} consists of uncountably many
random variables. However, it is possible to represent it on any bounded inter-
val 0 <¢ < T in terms of only countably many independent Gaussian random
variables. This representation is very similar to a Fourier series with the ran-
dom variables as its coefficients and is called the Karhunen-Loéve ezpansion of
the process. In the sense of mean-square convergence, we have

(4.11) Wi(w) = f: Zp(w)pn(t) for 0<t<T

n=0
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where the Zgy, Z,,...,Z,,... are independent standard Gaussian random vari-
ables and the ¢¢, ¢1, ..., #n,... are the nonrandom functions

V2T . ((2n+ Drt
@n+ Dr s‘“( 2T )

forn=0,1,2,.... These time functions are themselves orthogonal with respect
to an integral inner product, namely

(4.12) $n(t) =

T
(¢s,¢j)=/0 $i(t)pj(t)dt =0

if i # j for any ¢,5 = 0,1,2,..., and satisfy

> 6n()a(t) = min{s, 1},

n=0

which is the covariance function of the process. In our case the random variables
Zo,2%1,2Z3,... are determined in an almost identical way to the coefficients of
a Fourier series, with

2 ((2n+ 1)7r)2/T
4.13 Zn(w =—(——— Wi(w)én(t) dt
(413) @=5(57=") [ W0
for n = 0,1,2,... and are independent standard Gaussian random variables.

Obviously, both the random variables (4.13) and the time functions (4.12)
depend on the particular time interval 0 <t < T.

The expansion (4.11) has both theoretical and practical uses. For example,
if we differentiate the series term by term the resulting series is divergent. This
again suggests the nondifferentiability of the Wiener process. In addition, we
can use a truncation of the series to generate an approximation of a Wiener
process.

PC-Exercise 2.4.2 Generate 50 independent standard Gaussian pseudo-
random numbers for use as realizations of the first 50 random coefficients Zy,
Zy, ..., Zag in the series expansion (§.11). Then plot the graphs of the partial
sums

49
Y Za(w)da(t)
n=0

againstt on the interval 0 <t < 1.

We can also form Karhunen-Loéve expansions using other nonrandom func-
tions than those in (4.12), for example the Haar functions defined in the next
exercise.

Exercise 2.4.3  The Haar functions H, : [0,1] — R defined by Hi(z) = 1

and
m/2 . 0<z<2 ™!

Hymyi(z) = —2™2 . 27 l<z <o

0 : otherwise
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A Figure 2.4.1 Results of PC-Exercise 2.4.2.

/ ' /\/\
Vo Ve NN
0.5 \/\ ' ﬁ\/\\—\ /.\// 1

with HQM+J‘(13) = H2M+1(17 - (] - 1)/2m) fOTj = 1,2, .o .,2m and m = 0, 1,2,
. are a complete and orthonormal system with

1 @ i=j

1
AH,‘(.’C)Hj(.’L‘)d.’L‘:{ 0 - 1¢]

Sketch the first eight Haar functions and verify directly that they satisfy the
preceding orthonormality condition. Then determine the Karhunen-Loéve ez-
pansion for a standard Wiener process on the interval 0 < t < 1 with respect
to the system of Haar functions.

In Section 8 of Chapter 1 we used the Law of the Iterated Logarithm prop-
erty (1.8.5) of a 1-dimensional standard Wiener process to show that its sample
paths are nowhere differentiable functions of time. We shall now show directly
that they do not have bounded variation on any finite time interval. We take
a bounded interval a < t < b which we partition into subintervals [tg"),tg_',_)l]
of equal length 27"(b — a), where tﬁ") =a+k27"(b—a) for k =1,2,...,2".
Then we define

2" -1

2@ = 3 (Wi, @) = Wm(@) = (6= a)
k=0
2" -1

= Y (Ang(w)—27"(b-a))
k=0
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where we have written

Anp(w) = (th ) - Wé‘,)(w))2 .

Since S,, is the sum of independent random variables, each of which has zero
mean, we have E (S,) = 0 and

2" -1
E ( Y (Baplw)—27"(b- a))z)
k=0

(4.14) E(S?)

2"-1

= T (B@) - - B @n) + 20— o))
k=0
2" -1

= Y (b—a)’27?*! by (1.7.24) and (1.8.1)
k=0

= (b—a)?27"t1,

Obviously, then S, — 0 as n — co in mean-square convergence. More impor-
tantly, by the Markov inequality (2.14) for any ¢ > 0 we have

P({w€Q:15.()] 2 ) < 5B (52) < (b= a)) 52"+,

Hence the positive series Y ., P({w € Q : |Sa(w)| > €}) is bounded above by
(b — a)?/€? and so is convergent. By the Borel-Cantelli Lemma 2.1.4 we can
then conclude that the events {w € Q : |S,(w)| > €} occur for at most finitely
many n, w.p.1. Consequently we have with probability one

2" -1 2
(4.15) Jim kz_% (Wti.-.zl(w)—W‘S‘,.)(w)) =b—a.

In fact, this holds for any partitioning of the interval [a, 8] with

(D~ 0 2 n—co

§(™ = max
k>0

provided Y 2, 5™ < co. From it we can deduce that W,(w) is, with proba-
bility one, not of bounded variation on [a, b]. Indeed from (4.15) we have

2"-1
- < 1 n - n n - n
b-aslimap max W @)= Wi @)] 3 Wiy, () = W)

and since, from sample-path continuity,

osi%aé)f_l |W¢£'21 (w) - Wtin)(w)| — 0
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LR 2 Figure 2.4.2 A trajectory of a Wiener process.

w.p.1 as n — oo, we have

2" —1

3 |W,(,> (W) = W, ()| = oo
k=0 k41 *

w.p.1 as n — oo. Thus, almost surely, the sample paths do not have bounded
variation on a <t < b. They cannot then be differentiable, except possibly on
a time subset of Lebesgue measure zero. Roughly speaking, (4.15) says that
Wiss(w) — Wi(w) is of order V6 and so

Wiys(w) — Wi(w)
6

is of order 1/v/6, which suggests that its limit as § — 0% cannot exist.

PC-Exercise 2.4.4  Generate and plot the linearly interpolated trajectory of
a Wiener process on [0,1] at the time instants ty = k27° fork =0, 1, ..., 2°
using independent Gaussian increments.



Chapter 3
Ito Stochastic Calculus

This chapter provides an introduction to stochastic calculus, in particular to
stochastic integration. A fundamental result, the Ito formula, is also derived.
This is a stochastic counterpart of the chain rule of deterministic calculus and
will be used repeatedly throughout the book. Section 1 summarizes the key
concepts and results and should be read by nonspecialists. Mathematical proofs
are presented in the subsequent sections.

3.1 Introduction

The stochastic calculus of Ito originated with his investigation of conditions
under which the local properties of a Markov process could be used to char-
acterize this process. By local properties here we mean quantities such as the
drift and the diffusion coefficient of a diffusion process. These had been used
some time earlier by Kolmogorov to derive the partial differential equations
(1.7.14)—(1.7.15), which now bear his name, for the transition probabilities of a
diffusion process. In contrast, Ito’s approach focused on the functional form of
the processes themselves and resulted in a mathematically meaningful formu-
lation of stochastic differential equations, which until then had been heuristic
and inadequate. A similar theory was developed independently at about the
same time by Gikhman.
An ordinary differential equation

(1.1) E = %—f- =a(t,z)

may be thought of as a degenerate form of a stochastic differential equation,
as yet undefined, in the absence of randomness. It is therefore useful to review
some of its basic properties. We could write (1.1) in the symbolic differential
form

(1.2) dz = a(t,z)dt,

or more accurately as an integral equation

(13) 2(£) = 2o + / as, 2(s)) ds

to



76 CHAPTER 3. ITO STOCHASTIC CALCULUS

where z(t) = z(t; o, t0) is a solution satisfying the initial condition z(t¢) = zo.
Some regularity assumption is usually made on @, such as Lipschitz continuity,
to ensure the existence of a unique solution z(t; zg,%0) for each initial condi-
tion. These solutions are then related by the evolutionary property (1993).

(1.4) z(t; zo,t0) = z(t; z(s; zo, 0), 5)

for all ¢ < s <t. Together these say that the future is determined completely
by the present, with the past’s being involved only in that it determines the
present. This is a deterministic version of the Markov property (1.7.2); indeed,
(1.4) is just the Chapman-Kolmogorov equation (1.7.5) for degenerate transi-
tion probabilities with densities p(to, zo;t,z) = 8(z — z(t; zo,%0)), where 6 is
the Dirac delta function (see (1.8.11)).

Following Einstein’s explanation of observed Brownian motion during the
first decade of this century, attempts were made by Langevin and others to
formulate the dynamics of such motions in terms of differential equations. The
resulting equations were written in the form as

(1.5) dX, = a(t, X,) dt + b(t, X,) &, dt

with a deterministic or averaged drift term (1.1) perturbed by a noisy, diffusive
term b(t, X;) &, where the §; were standard Gaussian random variables for each
t and b(t, z) a (generally) space-time dependent intensity factor. This symbolic
differential was interpreted as an integral equation

(16)  Xi(w) = Xiy(w) + /t a(s, X, (w)) ds + /‘ b(s, X, ()€, () ds

for each sample path. When extrapolated to a limit, the observations of Brow-
nian motion seemed to suggest that the covariance ¢(t) = E(£,£,4¢) of the pro-
cess §; had a constant spectral density, that is with all time frequencies equally
weighted in any Fourier transform of ¢(t). Such a process became known as
Gaussian white noise, particular in the engineering literature. For the special
case of (1.6) with a = 0, b = 1 we see that & should be the derivative of pure
Brownian motion, that is the derivative of a Wiener process W;, thus suggesting
that we could write (1.6) alternatively as

1.7) Xt(w)ngo(w)+/t a(s,X,(w))ds-{-/t b(s, Xs(w))dW,(w).

The problem with this is, as we saw in Section 4 of Chapter 2, that a Wiener
process W, is nowhere differentiable, so strictly speaking the white noise process
§: does not exist as a conventional function of ¢; indeed, a flat spectral density
implies that its covariance function ¢(¢) is a constant multiple of the Dirac
delta function §(t). Thus the second integral in (1.7) cannot be an ordinary
Riemann or Lebesgue integral. Worse still, the continuous sample paths of a
Wiener process are not of bounded variation on any bounded time interval, so
the second integral in (1.7) cannot even be interpreted as a Riemann-Stieltjes
integral for each sample path.
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For constant b(t,z) = b we would expect the second integral in (1.7), how-
ever it is to be defined, to equal b{W;(w) — Wi,(w)}. This is the starting point
for Ito’s definition of a stochastic integral. To fix ideas, we shall consider such
an integral of a random function f over the unit time interval 0 < ¢t < 1,
denoting it by I(f), where

(1.8) 1(f)(w) = / £(s,w) AW, ().

For a nonrandom step function f(t,w) = fjont; <t<tj4yforj=1,2,...,n
where 0 = t; <13 < --- < 1,41 = 1 we should obviously take, at least w.p.1,

(1.9) I1(f)(w) = ij (Wi, () = Wi (@)} -

This is a random variable with zero mean since it is the sum of random variables
with zero mean. For random step functions appropriate measurability condi-
tions must be imposed to ensure the nonanticipativeness of the integrand. To
be specific, suppose that {A;,t > 0} is an increasing family of o- algebras
such that W, is A;-measurable for each ¢ > 0. Then we consider a random
step function f(t,w) = fj(w) ont; <t < tj4; for j = 1,2,...,n where
0=1t; <ty <--- <tpy1 = 1 and f; is A¢;-measurable, that is observable by
events that can be detected at or before time ¢;. We shall also assume that each
f; is mean-square integrable over 2, hence E(sz) <ooforj=1,2,...,n. Since
E(Wy,,, — Wy;|A;) = 0, w.p.1, it follows that the product f;{W;,,, — W,;},
which is Ay, ,-measurable and integrable, has expectation

E (f; {W'j+1 - W‘j}) = E(f; E(W':'+: - Wy, ‘A‘j)) =0
for each j = 1,2,...,n. Analogously to (1.9) we define the integral I(f) by
n
(1.10) I(f)(w)= ZfJ(w){W¢J+1(w)—W‘;(w)}v
i=1
w.p.l. Since the jth term in this sum is Ay,,,- measurable and hence A;-

measurable, it follows that I(f) is A;-measurable. In addition, I(f) is inte-
grable over Q and has zero mean; in fact, it is mean-square integrable with

(1.11) E(1()?) = iE(f,-’E(lex'Wtj|2|Atj))

n
Y E(f]) i —t;)
j=1
on account of the mean-square property of the increments W;, , — W, for
Jj=1,2,...,n. Finally, from (1.10) we obviously have
(1.12) I(af +Bg) = eI(f)+PI(9),

w.p.1, for any a, 3 € R and any random step functions f, g satisfying the above
properties, that is, the integration operator I is linear in the integrand.
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For a general integrand f : [0,1]x Q2 — R we shall define I(f) as the limit
of integrals I(f(™) of random step functions f(*) converging to f. To do this
we need to specify conditions on f and determine an appropriate mode of
convergence for which such an approximating sequence of step functions and
limit exist. For the moment we shall assume that f is continuous in ¢ for all
w € Q and that for each 0 < ¢ < 1 the random variable f(¢,-) is A;-measurable
and mean-square integrable with E(f(t,-))? continuous in ¢{. Then we form a

partition 0 = t(ln) < t(z") <0< ts:,?l = 1 with
() = () _yml _, -
& = lrsnjasn.cn tiy1—t } 0 as n— oo

and define a step function f(*) by f(*)(t,w) = f(rj("),w) on t;-") <t< t;-':r)l

for some choice of ‘r}") satisfying tg") < r}") < tg-',',,)l, where j = 1,2,...,n.
For a choice tg.n) < 'r}") < tg'_;_)l, the random variable f(")(t,-) need not be

A¢-measurable for each t;-") <t< tg'_;)l nor independent of the increment
Wi, .1 — Wi, that is the step function £ may depend on future events. To
avoid this we must take r}") = t;-") forallj =1,2,...,nand n = 1,2,3,....
We shall assume that we have done this and, for now, that the step functions
™ converge to the integrand f in an appropriate mode of convergence. The
problem is to characterize the limit of the finite sums

n

(1.13) I (f(")) (w) = Zf(") (t;"),w) {thl)l (w) - thn)(w)}

j=1

with respect to an appropriate mode of convergence. The Wiener process has
well-behaved mean-square properties, in particular E(W; — W,)?) = t — s.
Moreover for the step functions f(*) the equality (1.11) gives

(1.14) E (I (f("))z) = f:E (f (1. 2) (tis1 —t;)
i=1

and this converges to the Riemann integral fol E(f(s,-)?)ds for n — oo since
E(f(t,-)?) has been assumed to be continuous in t. Together these suggest that
we should use mean-square convergence, and this is exactly what Ito did. If we
assume that E(|f™)(¢,-) — f(t,)|?) = 0 as n — oo for all t € [0, 1], then it is
not hard to show that the mean-square limit of the I( f(")) exists and is unique,
w.p.1. We shall denote it by I(f) and call it the Ito stochastic integral, or just
the Ito integral, of f on 0 < ¢t < 1. I(f) turns out to be an .A;-measurable
random variable which is mean-square integrable on Q with E(I(f)) = 0 and

(1.15) E(1 () = /01 E (f(s,)?) ds.

In addition, I(f) inherits the linearity property (1.12) from the sums (1.13).
Later in this chapter we shall drop the requirement that f has continuous



3.1. INTRODUCTION 79

sample paths, where the Ito integral is defined as above and has the same
properties.

The Ito integral is defined similarly on any bounded interval [t, t], resulting
in a random variable

(1.16) X(w) = /‘ f(s,w) dW, ()

which is A;-measurable and mean-square integrable with zero mean and

t
E(x?) = / E (f(s,)?) ds.

to
From the independence of nonoverlapping increments of a Wiener process in
the step function sum (1.13), and in their mean-square limit, we have

E(sz - XillAtl) =0,
w.p.1, for any ty < t; < t2; hence {X¢,t > 0} is a martingale (2.3.5). Then, for
example, the maximal martingale inequality (2.3.6) gives
1 2 1 [ 9
P(sup 2 a) < 52 (100) < 5 [ B (7Gs, ) d

for any a > 0.
The time-dependent Ito integrals (1.16) also satisfy the linearity property
(1.12) and the additivity property

tg f] t?
f(s,-)ds = F(s,-)ds + f(s,)ds,
t

fo to

w.p.1, for any ¢, < t; < t,, properties which it shares with the conventional
Riemann and Riemann-Stieltjes integrals. However the Ito integral also has
the peculiar property, amongst others, that

t
1
(1.17) / Wi () dW, () = 5 W) - 54
0
w.p.1, in contrast to

[w@ae=["a(3e) = 3w

from classical calculus for a differentiable function w(t) with w(0) = 0. The
equality (1.17) follows from the algebraic rearrangement

n 1 1 n
ZW‘:' (Wi — Wy} = 2 wi - D) Z{W‘j+l - Wtj}2
ji=1 ji=1

for any 0 =¢; <12 < ... <tp41 = 1 and the fact that the mean-square limit
of the sum of squares on the right is equal to ¢.
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We could write the equality (1.17) symbolically in terms of differentials
as E((dW;)?) = dt, which has an interesting consequence in the following
stochastic counterpart of the chain rule. For each ¢ > ¢y, we define a stochastic

process Y; by
Yi(w) = U (¢, Xt(w))

where U(t, z) has continuous second order partial derivatives and X, is given
by (1.16) or, equivalently, by the stochastic differential dX; = fdW;. If X,
were continuously differentiable, the chain rule of classical calculus would give
as the differential for Y;

ou ou

This follows from the first few terms in the Taylor expansion for U in AY; =
U(t+ At, X+ AX;) — U(t, X;), with the second and higher order terms in At
and AX; being discarded. In this case the only first order partial derivatives of
U remain. In contrast, when X; is given by (1.16) we need to take into account
that (dX,)? = f2(dW;)? and hence E((dX;)?) = E(f?)dt, giving us a first order
“dt” term coming from the second order part of the Taylor expansion for U.
To be specific we have

AY; U(t+ At X, +AX) = Ut Xy)

ou ou
{ o At + 6—A:c}

o*U o*U
2 2
+< {6t2 (At) +23t6 AtA:c+—az2 (Az) }

where the partial derivatives are evaluated at (¢, X;). Thus, as we shall see in
Section 3, we obtain

o*U ou

(1.19)  dY; = {%%(t,X,) -f2 = (. X,)} dt + 5~ (t, X2) dX,

with equality interpreted in the mean-square sense. This is a stochastic chain
rule and is known as the Ito formula. It contains an additional term not
present in the usual chain rule (1.18), and this gives rise to the extra term in
integrals like (1.17). For example, with X; = W; and Y; = X?,s0 f = 1 and
U(t,z) = z2, we have

dY; = d (X}?) = 1dt + 2X,dX;

or
Wi dW, = 2d (W) - 5 dt
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Hence in integral form

t 1 1 1 t
/W,dW, = -/d(Wf)——/ 1ds
0 2 0 2 0

1, 1
= M3t
since Wp = 0, w.p.1.
It is usual to express the Ito formula in terms of the differentials d¢ and
dW,. This is easily done in (1.19) since dX; = fdW;. In the general case a
stochastic differential can also include a “dt” term, that is, it has the form

dXi(w) = e(t,w)dt + f(t,w) dWi(w).

Then the Ito formula has the form

oU .~ oU 1 ,8%U au

2 S AR A SN LA QN TN L aay

(1.20) dY: {at +eaz+2f 622} +f6:: Wi

where the partial derivatives of U are evaluated at (¢, X}).
When U is linear in z we have

82U
Fr ik

and the Ito formula (1.20) reduces to the usual chain rule (1.18).

3.2 The Ito Stochastic Integral

In this section we shall consider the Ito stochastic integral and its properties
from a more thorough mathematical perspective, at the same time extending
the definition to a wider class of integrands than that mentioned in Section
1. For this we suppose that we have a probability space (2, A, P), a Wiener
process W = {W;,t > 0} and an increasing family {A;,t > 0} of sub -o-
algebras of A such that W; is A;- measurable with

E(thAo) =0 and E(Wg - W,I.A,) = 0,

w.p.1, for all 0 < s < t. Here the o-algebra .4; may be thought of as a collection
of events that are detectable prior to or at time ¢, so that the A;-measurability
of Z; for a stochastic process {Z;,t > 0} indicates its nonanticipativeness with
respect to the Wiener process W.

For 0 < T < oo we define a class £% of functions f : [0, T]xQ2 — R satisfying

2.1) f is jointly £ x A-measurable;

T
(2.2) /o E (f(£,)?) dt < oo;
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(2.3) E(f(t,)?) < oo foreach 0<t<T;
and
(2.4) f(t,-) is A;-measurable for each 0<t < T.

In addition we consider two functions in £% to be identical if they are equal
for all (¢,w) except possibly on a subset of py x P-measure zero. Then with the
norm

T
(2.5) fllzr = \[/0 E(f(,-)?) dt

L2 is a complete normed linear space, that is a Banach space, provided we
identify functions which differ only on sets of measure zero (in fact, it is a
Hilbert space).

We remark that conditions (2.1)—(2.4) are stronger than f € L%([0,T]xQ,
LxA, pr x P) which, by Fubini’s Theorem guarantees (2.3) only for almost all
(pL-measure) t € [0, T], rather than for all ¢ € [0, 77, as will be required below.

For any partition 0 = t; < 3 < ... < ty41 = T and any mean-square
integrable A;;-measurable random variables f;, j = 1,2,...,n, we define a step
function f € L2 by f(t,w) = fj(w), w.p.1,fort; <t <tjp1andj=1,2,...,n.
Here the integral in (2.2) takes the form

T n
(2:6) [ BT =3B () G 1)
j=1

We denote by SZ the subset of all step functions in £3. Then we can ap-
proximate any function in £2 by step functions in SZ to any desired degree of
accuracy in the norm (2.5). To be specific we have

Lemma 3.2.1 S} is dense in (L%, || - ||2,7)-

Proof We shall consider partitions of [0,7] of the form 0 = tg") < t(z")
<...< tf,';)l = T with tg-:_)l-tg") —0forj=1,2,...,nasn — oco.When f is
mean-square continuous in ¢, that is when E(f(t,)?) is continuous, we define
a sequence of step functions f(*) by f(®)(t,w) = f(tg-"),w), w.p.1, in t§") <t
< tg'j_)l for j =1,2,...,nand n = 1,2,3,.... Clearly then f(*) € S% for each
n=1,23,... and

d
for each t € [0,T]. Hence by the Lebesgue Dominated Convergence Theorem
2.2.3 applied to the space L!([0,T],C, p1) we have

5

1) =16 ) =0 a8 n—oo

2
f(n)(t")—f(t")l ) dt -0 as n— oo.
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Now a function f € E%- is generally not mean-square continuous, but we can
approximate it arbitrarily closely in the norm (2.5) by one that is. To begin,
we approximate f by a bounded function fy € L% defined by

Sn(t,w) = max{—N,min{f(t,w), N}}
for some N > 0. Obviously |fy (t,w)| < N, with fy(t,w) = f(t,w) for those
(t,w) for which |f(t,w)| < N. Moreover

[ B (e - 1097 arsa [ B (1r6,97) it <o

so by the Dominated Convergence Theorem 2.2.3 applied to the functions
E(|fn (t,7) = f(t,))|?) in L1([0,T), L, pL) it follows that

/OTE (lfN(t,-)— f(t,~)|2) dt—0 as N — oo.

Then for such an fy we define a function g; for & > 0 by

t
gr(t,w) = ke_kt/ ekst(s,w) ds.
0

From the properties of fy and the fact that the above integrand does not
involve values of fy for times exceeding t, it follows that gi is jointly £ x A-
measurable and that gx(t, -) is A;-measurable for each ¢t € [0,T]. Also from the
bound on |fn| we have

lgx(t,w)] < N (1 _ e—lct) ’

so E(gi(t,-)?) is finite and integrable over 0 < ¢ < T'; hence g; € £%. Finally,
the sample paths of g; satisfy

l9&(t,w) — gr(s,w)| < 2kN |t — 5|

and are thus continuous. In fact this bound also implies that E(gx(t,-)?) is
continuous, that is g is mean-square continuous. Consequently we can ap-
proximate it by a step function f(") € S2 as in the first part of the proof. For
any given € > 0 we can choose fn, gx and (™ successively so that

1 1
If = fwller < 36 Ifn = gkllz,r < 3

1

llge — FPlla < 3€

Then by the triangle inequality (1.4.37) we have
If = f®llar <,

which is what we were required to prove. O
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Now let f be a step function in S corresponding to a partition 0 = ¢; <
ta < ... < tyy1 = T and random variables fy, f2,...,fn. We define the Ito
stochastic integral for this f over the interval [0, T] by

27 () (@) = ) £i(@) (Wi, (@) = Wy, (w)}
j=1

w.p.l. Since f; is Ay-measurable and W, , — W,, is A, -measurable,
where A;; C A:;,,, their product fj{W,, , — Wi} is Ay, ,-measurable for
Jj=1,2,...,n; hence I(f) is Ar-measurable. In addition, each product is inte-
grable over €, which follows from the Cauchy-Schwarz inequality (1.4.38) and
the fact that each term is mean-square integrable; hence I(f) is integrable. In
fact

E(I(f)

i;E (fJ {W‘j-n - Wti })

ZE(fJ’) E (W‘j+x - Wi, I'A'i) =0
j=1

since E(Wy;,, — Wi;|Ay;) = 0. Also f; and f;f; {Wi,,, — Wy} are Ay;-
measurable for any ¢ < j. Thus

n

E (I (f)z) = ZE (sz {W‘Hl - W‘j}z)

j=1

+2i i E(fjfi {W'j+1 - ng} {mi«n - ng})

J=li=j+1

= Xj;E (sz) E ({W'H»l - W‘i}z IA‘j)

+2E Z E(fifi {Wt,~+1 - Wt:’}) E (W‘-'-n - Wt-'"A':‘)

j=li=j+1

= ZE (sz) (t.i+1 - t.i)
i=1

T
/(; E(f(t’)z) dt,

where we have used E(W,,,, —Wi,|A;;) = 0, E(W,,,, — W, }2Ay) = tj41—t;
and the definition of the Lebesgue (or Riemann) integral for the nonrandom
step function E(f(t,-)?). Finally we note that for f,g € S and ,8 € R we
have af + Bg € SZ, with the combined step points of f and g, so by algebraic
rearrangement we obtain, w.p.1,
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I(af +Pg) =cI(f)+PBI(g).

Collecting these results we thus proved

Lemma 3.2.2 For any f,g € SZ and a, € R the Ito stochastic integral
(2.7) satisfies

(2.8) I(f) is Ap-measurable,
(29) | E(I(f)) =0,

(2.10) E(1(f) = / TE(f(t, )?) dt,
:;-‘111) I(af+Bg9)=al(f)+pBI(g), wp.l

For an arbitrary function f € £3 Lemma 3.2.1 provides us with a sequence
of step functions f(*) € S% for which

T
/=
0
The Ito integrals I( f(™)) are well-defined by (2.7) and, since I(f(™)—I(f(*+™)
= I(f(™ — f(r+m)) they satisfy

£ (J1 (7)1 (o))
- #(fi (o=
- [ = (

which, by the inequality (a + b)? < 2(a? + b?) gives

am B (|t () -1 (o))
o[
+2/0TE (If(t,-)— Fortm)y, -)Iz) dt.

This says that I(f(")) is a Cauchy sequence in the Banach space L%*(Q, A, P),
and so there exists a unique, w.p.1, random variable I in L?(, A, P) such that
E(|I(f(™)—1I)?) = 0 as n — oo. This I is Ar-measurable since it is the limit
of Ap-measurable random variables. Moreover we obtain the same limit I for

2

£, ) - Fme, -)lz) dt,

79,9 - 10, ) a
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any choice of step functions converging to f in £2. To see this let f™ be
another sequence of step functions converging to f and suppose that I( )
converges to I. Then

E (II— i|2) <2E (II — 1) |2) +2E (|i- 1(f™) |2>

where we estimate the second term as in (2.12) with f replacing flntm),
Taking limits as n — co we obtain E(|I — I|?) =0, and hence I = I, w.p.1.

We define the Ito stochastic integral I(f) of a function f € L% to be the
common mean-square limit of sequences of the sums (2.7) for any sequence of
step functions in S2 converging to f in the norm (2.5). It obviously inherits
the properties listed in Lemma 3.2.2 for the step functions, so we have

Theorem 3.2.3  The Ito stochastic integral I(f) satisfies properties (2.8)-
(2.11) for functions f € L.

From the identity 4ab = (a + b)?> — (a — b)2, the linearity of Lebesgue and
Ito integrals and property (2.10) of the Ito integral we can show the following
relationship.

Corollary 3.2.4 For any f,g € L%

T
E(I(f)I(s) = / E(f(t,)a(t, )) dt.

So far we have only considered the Ito integral I(f) of a function f € £%
over a fixed time interval [0,7]. We shall continue to assume that f € L%
and take any Borel subset B of [0,7]. Then the Ito integral of f over the
subset B is just the Ito integral I(fIg) of fIp over [0,T], where Ip is the
indicator function of B; clearly fIg € L2. Usually we consider subintervals
[to,t1] of [0, T] and denote the resulting Ito integral by f:o‘ fdW,. We could
alternatively define this directly in terms of step functions defined only on
[to,21]. For 0 <tp <t; <ty < T we have

fI[‘Q,tjl = fI[to,tll + fI[tl,tgl}
except at the instant ¢ = ¢;, and so from the linearity property (2.11) we obtain,
w.p.1,

ta

213) [ f(s,w)aW,(w) = /t " f(s,w) AW, (w) + , " (s, w) AW, ().

to

For a variable subinterval [to,f] C [0,7] we form a stochastic process Z =
{Z¢,t0 <t < T}, defined by

(2.14) Zi(w) = /: F(s,w) dW, (),
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w.p.1, for tg <t < T. Replacing 0 by o and T by ¢ in Theorem 3.2.3, we see
that Z; is A;-measurable with F(Z;) = 0 and

t
(2.15) E(2}) = / E (f(s,-)?) ds.
to
From (2.13) and (2.14) we then obtain for any 0 <t/ <t < T
t
B (120~ 20") = [ B(56s,97) ds,
t!

from which it follows that Z; is mean-square continuous. Thus it has a separable
and jointly £ x.4-measurable version, which we shall use from now on. In fact
this version has, almost surely, continuous sample paths, which we shall prove
in Theorem 3.2.6 using the following martingale property of Z.

Theorem 3.2.5 Forty <s<t<T we have
E(Z, — Z,|A,) =0, w.p.l.

Proof We shall write Z,(") for the integral (2.14) when the integrand is a step
function f(®). Then we have, w.p.1,

70 - 27w = [ 1,0) W)

Restricting attention to the subinterval [s,t] with a partition s = tg") < t({') <
- < tf,';)l =tand f(")(t§"),w) = f}")(w), we see that fj(") is A, (n)-measurable,

whereas E(W‘(;) - W,mlA,m) =0,wpl, forj=1,2,..., n Hence
i+l J 3

E (50 { W = W } A0 = £VE (W = Wom|Am) =0,

iAW, ~ W f [Am ) = f; @, ~ Wi A

w.p.1, for j = 1,2,...,n. Taking successive conditional expectations with re-

spect to the coarser o-algebras .At(.) , .At(..) Y e .At(..), A, of the corresponding
n n-1 3

sum (2.7) for the Ito integral of the step function f(*over [s,t], we obtain
(2.16) E(z-2M|4,) =0, wpl,

on account of the properties of nested conditional expectations. The stated
result then follows because (2.16) is preserved in the mean- square limit. O

Since Z; defined by (2.14) is a mean-square continuous martingale, the
maximal martingale inequality (2.3.6) with (2.15) implies that

(2.17) P ( sup |Z,| > a) < -(;1-2- /': E (f(s,")?) ds

toSsSt

for any a > 0, and the Doob inequality (2.3.7) with (2.15) yields

(2.18) E( sup |Z,|2) < 4[:E(f(s,-)2) ds.

to<s<t
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The difference of two martingales with respect to the same increasing family
of o-algebras is itself a martingale. Hence for f € £3 and { (™} a sequence of

step functions converging to f in £, the difference Z; — Z,(") is a martingale,
where Z; and Z,(") are defined as in (2.14) for f and (), respectively. Then
by the inequality (2.17) we have

1 T 2 1
> ) <nt [ 5 (|- 169 ) ds < 5
n to n
if we choose the step functions f(®) such that
T 2
[ 560 -1 ) as < %
to n

for n = l, 2, 3, .... The infinite series
n

(>
EP ( sup |Z, -zM
n=1
is thus convergent, and so by the Borel-Cantelli Lemma 2.1.4

to<s<T
1
N = wEN: su IZ‘”—Z(n)w >_}
NUfren g, - )2

P ( sup |Z, - Z,(")
fQSSST

is a null event, that is for w € N the inequality

n 1
sp_|2(w) - 2 (w)| > —
to<s<T n

can occur for at most a finite number of n. Thus for w ¢ N

lim sup IZ, (w) - Z,(")(w)l =0.

n—00 t,<s<T

Now the sample paths of Zg")(w) are obviously continuous on tg <t < T.
Since Z;(w) is the uniform limit of continuous functions, it is itself continuous.
Thus we have proven

Theorem 3.2.6 A separable, jointly measurable version of Z; defined by

Z,(w):[ f(s,w)dW,(w)

fort € [to,T] has, almost surely, continuous sample paths.

We recall that A(Z;) denotes the o-algebra generated by the random vari-
able Z;. When Z, is defined by (2.14) it is A(Z;)-measurable and A(Z;) C
A:. Thus from the properties of conditional expectations we have for any
o<t <ta<T
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E(Zi, — 24, |A(Zy,))
= E(E(Z, - 24,|A,,) 1A(Z))
= E(0l4(z,)) =0,
w.p.1, since Z; is an A;-martingale. Consequently
(2.19) E(2,|A(Zy,)) = E (21,1A(24)) = Z4,,
w.p.1, so Z, is also an A(Z;)-martingale.

Exercise 3.2.7 Show that
T T
0 0

for any continuously differentiable function f : [0,T] — R. Find the random
functions, if there are any, for which this formula is valid.

In many ways a sample-path continuous version Z; of an Ito integral (2.14)
resembles a Wiener process. It is A;- measurable with Z,; = 0 and E(Z; —
Zs|As) =0, w.p.1, for tg < s <t < T. The main difference is that we have

E (IZt — Zs |2 'Ac) = '/: E (f(u’ ')2|As) du,

w.p.1, instead of equalling ¢ — s as it would for a Wiener process. When the
integrand f is nonrandom, that is f(t,w) = f(t), we can transform the time
variable to convert Z into a Wiener process. To show this we shall suppose
that to = 0 and define

t
i(t) =/ f(u)? du
0
This is nondecreasing, but for simplicity we shall assume that it is strictly

increasing and hence invertible. We define Z; = Zysy and Ay = Ay, where
t(?) is the inverse of #(t). Then Z; is A;-measurable with

Z~o =0, E (Zt' — Z~§|.Z,') =0
and

E(,Z;—Z; 2|,2t",-) =/:f(u)2du=t~—§,

w.p.l. Hence by a theorem of Doob (see 2.4.10) the process {Z;,{ > 0} is a
Wiener process with respect to the family of o-algebras {A;,t > 0}, at least
for 0 <t < ¢(T).

Exercise 3.2.8 s Z; = [ 2sdW, with { = 413 a standard Wiener process
with respect to the A;?
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To conclude this section we shall extend the Ito integral to a wider class of
integrands than those in the space £3. We shall say that f belongs to L% if f
is jointly £ x A-measurable, f(t,-) is A¢-measurable for each ¢ € [0,7] and

T
(2.20) / f(s,w)?ds < oo,
0
w.p.1; hence £ C £%. We then define f, € L% by
ftw) : f f(s,w)?ds<n

t,w)=
fn(t:0) { 0 :  otherwise

The Ito stochastic integrals I(f,) of the f, over 0 < t < T are thus well-
defined. It can then be shown that they converge in probability to a unique,
w.p.1, random variable, which we shall denote by I(f) and call the Ito stochastic
integral of f € L} over the interval 0 < ¢ < T. Apart from those properties
explicitly involving expectations, which may now not exist, the Ito integrals of
integrands f € L% satisfy analogous properties to those of integrands f € £2.
It is no longer a mean-square integrable martingale, but it is the convergence
in probability limit of such martingales. Useful information can be deduced
from this, such as the following counterpart to the estimate (2.17)

t
M
(2.21) P( sup |Z,|>N) SP(/ f(s,w)2d3>M) —

to<s<t to N
for any f € L% where Z; is defined as in (2.14). This inequality can be used
to show that Z; has, almost surely, continuous sample paths.

Exercise 3.2.9  Prove inequality (2.21).

3.3 The Ito Formula

The martingale property E (Z:|A,) = Z,, which follows from Theorem 3.2.5,
and its useful technical consequences, is one of the most advantageous features
of the Ito stochastic integral. There is however a price to be paid for this,
namely that stochastic differentials, which are interpreted in terms of stochastic
integrals, do not transform according to the chain rule of classical calculus.
Instead an additional term appears and the resulting expression is called the Ito
formula. Roughly speaking, the difference is due to the fact that the stochastic
differential (dW;)? is equal to dt in the mean-square sense, which we used in
our formal derivation of the Ito formula in Section 1. We shall now present a
rigorous justification for the Ito formula.

Let e and f be two functions with \/I-E_I and f € L}, so that e and f satisfy
the properties required of a function in L% except that the integral of e(t,w)?
is replaced by

T
/ le(s,w)|ds < 00, w.p.1.
()
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Then, by a stochastic differential we mean an expression
dX(w) = e(t,w)dt + f(t,w) dW;(w),

which is just a symbolical way of writing

t t

(3.1) Xy(w) - Xo(w) = / e(u,w) du +/ Fu,w) dWa(w),
8 s

w.p.1, for any 0 < s <t < T. The first integral in (3.1) is an ordinary Riemann

or Lebesgue integral for each w € Q and the second is an Ito integral.

Since the Ito integral for an integrand f € L% is defined as the limit of Ito
integrals for integrands in £2, we shall also consider the special case that \/]e]
and f € £2. In addition we shall always suppose that X is a separable, jointly
measurable version of (3.1) with, almost surely, continuous sample paths. When
e and f do not depend on t they are .Ap-measurable random variables. The
increments X; — X, are then Gaussian and independent on nonoverlapping
intervals with

(32) E(X:—X,)=E(e)(t—s), Var(X;—X,)=E(f?)(t-s).

Other properties, or their analogues, considered in the previous section for
the special case e = 0 also hold. For example, X; is A;-measurable provided
Xo is assumed to be Ag-measurable. In addition, from the linearity of the
Lebesgue and Ito integrals, we have

(33) d(aX® +8XP) = (ac® +8e®) dt + (af® + o) aw,
for any o, € R, where
(3.49) dx® = e® dt + 5O aw,

for i =1 and 2.

For nonlinear combinations or transformations of stochastic differentials we
must use the Ito formula. We shall prove it now for a scalar transformation of
a single stochastic differential, and then consider its multi-component (vector)
form in the next section. For our proof we shall use the following lemma, which
is a simple consequence of the Taylor and Mean Value Theorems of classical
calculus.

Lemma 3.3.1 Let U : [0,T]xR — R have continuous partial derivatives

8y U and &4 a . Then for any t,t+ At € [0,T] and z,z+ Az € R there exist

constants 0 _<_ a 5 1, 0 < B <1 such that

(3.5) U(t+At,z + Az) - U (t,z)
= a—U(t+aAt :1:)At+a (t,z) Az
19°U

297 (t,z + BAz) (Az)2.
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We shall write e; and f; for e(t,w) and f(t,w), respectively in the following
theorem and proof. In it we would gain little from the stronger assumptlon that
Vlel, f € £Z because that does not guarantee that the integrand f; 4% (¢, X. t)
of the Ito mtegra.l there belongs to £2 too; we can only conclude that it is in

, but that also holds when /[e, f € £%. A multi-dimensional version of
the Ito formula will be given in the next section; see (3.4.6) and (3.4.7).

Theorem 3.3.2 (The Ito Formula) Let Yy = U(t,X;) for0 <t < T
where U is as in Lemma 3.3.1 and X, satisfies (3.1) with \/|e|, f € L%. Then

(3.6) Y, -Y, = /{6U(uX)+e.,-a—(uX)
1,,0°U
+-2-f3W(u,Xu)}du

/f“a (u, Xy) dW,,
w.p.l, forany0<s<t<T.

Proof To begin we suppose that e and f do not depend on ¢, so they are
Ap-measurable random variables. We choose a sample-path continuous version
of X, and fix a subinterval [s,t] C [0, T, of which we consider partitions of the

form s = 1<t < ... <t = t with At = ¢{}, — ). Then
n
Y.-Y, =U@t,X)-U(s,X,)= 3 AU™
i=1

where AUJ-(n) =U (t(+)1’ th.‘;‘)l) -U (tg'")’th”))

for j = 1,2,...,n. Applying Lemma 3.3.1 on each subinterval [t(") t(_H] for
each w € Q, we have ag-")(w), ﬂ}")(w) € [0,1] such that
n 6U n n n
@7 Aau = o (6 + oAl X, ) Al
U (,m (n)
+'F'z' (tjn ’Xt;.n)) AXj
10U (,(m) (™) A x (™) m)?
+56_ (tj ,thu) +ﬂj AXJ- ) (AXJ ) ,
w.p.1, where AX}") = X,m — X, for j =1,2,...,n. By the continuity of%{-
3+ 3

daU

83

and the sample-path continuity of X;, we have foreach j =1,2,...,n
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ss L (4

and
0%V ((n n U
(3.9) 222 (t§ ),th..) + ﬂ,( )AX,(")) vy (i§~"),Xt§n)) — 0, w.p.l,

where §(*) = maxi<j<n Atf-") — 0 as n — oo.
For e and f independent of ¢, the increments are of the form AXJ(") =
eAt(") + fAW(") where AW(") wm W( ™ for j=12,...,n. Hence

t.‘.l

(3.10) zn: { (AxJ{n))2 _ (fAWj(n))z}

= e 2": (Atg."))2 +2f Z":AW,.‘")Atg"),
i=1 ji=1

which tends to 0 in probability for §(*) — 0 as n — co. Combining (3.7)—(3.10)
we find for convergence in probability that

- 1 (»)
(3.11) Y,-Y, = 6(13201_2AU

= lim Z {aa[i] (t(") X (n)) +CZ—U (tg‘n)’xt;."))
1

s(n) o 4
J:
12‘920 (n) (n)
"é'f 3 (t] ,thn)) Atj

N =00
Oz

N~ U () (n)
+ im I (’f Xgn) AW

o AT ) (o) o).
j=1

n—+ 00

The first two limits on the right side of (3.11) are the terms on the right
side of (3.6), so we need to show that the last limit vanishes. For this we shall

write I‘}") = (AW}"))2 - Atﬁ") and denote by I,(,I;) the indicator function of
the set

AW ={we:|Xm|<N for i=12,..,j}

for j =1,2,...,n. For fixed n the random variables I‘g- ) are independent with

E(r{”) =0and E ((rg.">)’) =2(At{™)". From this it follows that
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2
= 0°U ((n) (N) ()
E ZW (tJ ,thn)) In,j I‘]”
j=1
- *U (.(n) ™) |
B ; E(l 022 CRETE v
<

i 2
cy2(agm)
i=1

< 2Cjt-s|6™ =0

since §(®) — 0 as n — oo; here
2

2
C = max a—l.‘_{(u,:r:) < oo.
i 102

This implies that the last limit in (3.11) vanishes provided that P (Aff?) —1
as N — 0o, but this follows from the fact that

n c
U (Afx)) c BM) = {w €N: sup |Xu(w)| > N} ,
j=1 s<u<t
where P (B(N)) — 0 as N — oo by inequality similar to (2.21). The proof is
thus complete for functions e and f which do not depend on ¢. It is similar for
step functions since these do not vary within common partition subintervals.

For general intergrands e and f with \/|e|, f € L} we can find sequences
of step functions {e(™}, {f(™)} in L2 such that the integrals

/‘t e™(u,w) — e(u,w)l du, /‘t

converge in probability to zero. Then the sequence defined by

2
f(")(u,w) - f(u,w)| du

r r
XM =X, + / e{™ du + / ™ aw,
s 8

converges in probability to X, as n — oo for each s < r < t. By taking sub-
sequences if necessary, but retaining the original index for simplicity, we can
replace each of these convergences in probability by convergence with proba-
bility one; moreover we can do this uniformly on the interval [s,t]. As Ito’s
formula holds for step functions we have

(312) Y-y = v (t,x) - U (s, XM

+ [ {5 (wx) + 05 (ux07)
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+5 (1) 57 (wx0)
+ [ 50w x g am,

w.p.1, for each n. Now X" () X, in probability as n — co. By the triangle
inequality it thus follows for convergence in probability that

[ ( («gt, (x7) +e(")ZU (1w, X) + %(fén))z(;zv (w.x$" ))) du

_./t( (uX)+e.,6 (4, Xu) + fzaz(uX))du

and

" m9U tooU
) ™Y aw, — [ £.9Y w
[f,, = (. x(M) aw, /‘f,,ax (u, Xa) dW,.

In fact, taking subsequences if necessary, these can be considered to hold with
probability one. Now each path of the process X; is continuous, w.p.1, and
thus bounded, w.p.1. This means that for each path all of the terms appearing
in (3.11) are bounded, so we can apply the Lebesgue Dominated Convergence
Theorem 2.2.3 to each continuous sample path to conclude that the first integral
in (3.12) converges, w.p.1, to the first integral in (3.6). Similarly we have

[ 1503 (wx) dw— [
,

w.p.1. Thus the second integral in (3.12) converges in probability and hence,
using a subsequence if necessary, also with probability one to the second integral
in (3.6). Combining these results we have thus shown that the right side of
(3.12) converges with probability one to the right side of (3.6). This completes
the proof of Theorem 3.3.2. D

Example 3.3.3 LetdX; = fidW; and Y; = U(t, X;). With U(t,z) = €°
the Ito formula gives

U 2
fu'a_z (uy Xu) du’

(3.13) dY; = %f,’"Y, dt + f; Y dW:,

whereas with U(t,z) = exp (:c -1 fo f2 du) it gives
(3.14) dY, = £, Y, dW,.

Equations (3.13) and (3.14) are examples of stochastic differential equations.
The latter shows that the counterpart of the exponential in the Ito calculus is

1 t t 1 t
exp(X,—E/ffdu)zexp(/o f,,dW.,—-i/;deu)
0
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rather than the exp (X;) of conventional calculus. This indicates that solv-
ing Ito stochastic differential equations directly by quadrature will be more
complicated than for ordinary differential equations.

Exercise 3.3.4  Use the Ito formula to show that
d(X™) =n2n-1) f2X"2dt + 2n f, X2 dW,

for n > 1, where dX; = fy dW;. Hence determine d (W2") forn > 1.

3.4 Vector Valued Ito Integrals

Let W = {W;,t > 0} be an m-dimensional Wiener process with independent
components associated with an increasing family of o-algebras {A,,t > 0}.
That is, W, = (W}, WZ,...,W™) where the W/ for j = 1,2,...,m are scalar
Wiener processes with respect to {4;,t > 0}, which are pairwise independent.
Thus each W} is A¢-measurable with

E(WilA) =0, E(W/ -wil4,)=0,
wp.l,for0<s<tand j=1,2,...,m. In addition,
(4.1) E (Wi - Wi (Wi - W])IA,) = (¢ - 5) &5,

w.p.l, for 0 < s <tandij=1,2,...,m, where §;; is the Kronecker delta
symbol (see (2.4.10)).

We shall consider d-dimensional vector functions e : [0,7] x @ — R with
components e* satisfying \/|e¥| € £% (or £%) for k = 1,2,...,d and dx m-
matrix functions F : [0,T]x Q2 — R4X™ with components F'J € L% (or £3)
for k = 1,2,...,d and j = 1,2,...,m. In analogy with the scalar case we
denote by e; and F; the vector and matrix valued random variables taken by
e and F at an instant ¢t. Then we write symbolically as a d-dimensional vector
stochastic differential

(42) ng = €; dt + Fg de

the vector stochastic integral expression

t t
(4.3) Xi-X, = / ey du+/ Fy dW,
s 8

for any 0 < s <t < T, which we interpret componentwise as
t m t - 3
(4.4) XF - xt = / ek du + E/ Fki awi,
s j—l 3

w.p.1l, for k = 1,2,...,d. When d = 1 this covers the scalar case with several
independent noise processes. For a preassigned Ap-measurable X the resulting
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d-dimensional stochastic process X = {X; = (X}, X2,...,X8),t > 0} enjoys
similar properties componentwise to those listed in the previous sections for
scalar differentials involving a single Wiener process, with additional properties
relating the different components. The actual properties depend on whether
the y/le¥| and F*J belong to £2 for all components or just to £%. In the
former case with e = 0, for example, we have

E(XF-xkAa)=0

and

a8 B(xE-XH(i-x)14) =Y. [ B(RF) au
j=1 s

w.p.l,for 0 < s <t < T and k,i = 1,2,...,d. Here (4.5) follows from the
independence of the components of W and the identity (4.1), which we could
write symbolically as E(dW}dW]) = §; ; dt. As in the scalar case this leads to
additional terms in the chain rule formula for the transformation of the vector
stochastic differential (4.2).

Let U : [0,T] x ®¢ — R have continuous partial derivatives %, %, 6f:gz;
for k,i=1,2,...,d, and define a scalar process {Y;,0 <t < T} by

Y. =U(t,Xe) =U (t, X}, X2,..., X5,

w.p.1, where X, satisfies the differential (4.2). Then the stochastic differential
for Y; is given by

_ Jeu L OU 1SN SN ok 0%
(4.6) dYy; = {E +z_:e, 6_-‘Bk+2,2_2 F’ F, 5z:02; dt

j=lik=1

where the partial derivatives are evaluated at (¢,X;). This is the multi-
component analogue of the Ito formula (3.6), by which name it is also known.
In vector-matrix notation it has the condensed form

(47) dY,= {%—[tj +e] VU + %tr (F,F,TV[VU])} dt + VUTF, dw,,

where V is the gradient operator, T the vector or matrix transpose operation
and “tr” the trace of the inscribed matrix, that is the sum of its diagonal com-
ponents. Thus VU is the vector of the first order spatial partial derivatives of U
and V[VU] the matrix of the second order spatial partial derivatives of U. The
proof of this vector version of the Ito formula is a straightforward modification
of the proof in the scalar case (Theorem 3.3.2). A formal derivation similar to
that in Section 1 is quicker and insightful; it uses the equality in mean of the
differentials dW;dW; and §;; dt in the Taylor expansion for U.
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Example 3.4.1 Let X} and X} satisfy the scalar stochastic differentials
(4.8) dXi =eldt + fi dW;

fori=1,2 and let U(t,z1,22) = z122. Then the stochastic differential for the

product process
Yi=X{ X 12

depends on whether the Wiener processes W} and W2 are independent or de-
pendent. In the former case the differentials (4.8) can be wrilten as the vector

differential
d > & - e dt + fl 0 d w
th €t 0 fz2 Wt2

and the transformed differential is

(4.9) dY, = (ef X2 +e2X}) dt + f} X2 dW} + fEX} dW.

()

In contrast, when W} = W? = W, the vector differential for (4.8) is

(2)-()(5)
and there is an extra term f! fZ dt in the differential of Y;, which is now
(4-10) dY, = (1 X7 + el X, + £ f) dt + (£ X7 + £ X[) aW,.
Exercise 3.4.2 Show that

d (WrW?) = W2 dw} + W} dW}
for independent Wiener processes W} and W72, whereas
d ((Wt)z) = 1dt + 2W, dW;
when W} = W2 = W,.

The Ito formula also holds for a vector valued transformation U : [0, T]xR¢
— R* resulting in a vector valued process Y; = U (t, Xt). For such processes
the Ito formula (4.6) is applied separately to each component Yy = U'(t, X;)
fori=1,2,...k.

Exercise 3.4.3 Show that
1
d(cos Wy) = —3 cos W, dt — sin W, dW,

and
. 1 .
d(sinW,) = -3 sin W; dt + cos W, dW;.
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The process Y; = (cos Wy, sin W;) is a Wiener process on the unit circle. Rewrit-
ing the differentials in Exercise 3.4.3 in terms of the components (Y;!,Y;?) of
Y:, we see that Y; is a solution of the system of stochastic differential equations
1
dy}! = -3 Y dt — Y2 dW,

dY? = —%Y,"’dt + Y, dw,

or, equivalently, of the vector stochastic differential equation

1 0 -1
(4.11) dY,_-§Y,dt+[l 0

] Y; dW;
with the constraint that
2
vil? = (v)* + (¥ =1.
Exercise 3.4.4  Derive the vector stochastic differential equation satisfied by

the process
Yy = (Y, Y) = (exp (W), Wy exp (Wr)) -

3.5 Other Stochastic Integrals

The Ito integral foT f(t,w) dW,(w) for an integrand f € L2 is equal to the
mean-square limit of the sums

6.) 5u) = 31 (67 ,00) { W0, @) - W)}
j=1

with evaluation points f}") = tg") for partitions 0 = tg") < tg") <--< ts:_?l
= T for which
(n) — (n) _ 4(n)

6 lg'asxn(t’“ t; )—»0 as n— oo.
Other choices of evalution points t§") < E}") < tg-?l are possible, but generally
lead to different random variables in the limit. While arbitrarily chosen evalu-
ation points have little practical or theoretical use, those chosen systematically
by
(5.2) €7 = (1- 0 + 267,

for the same fixed 0 < A < 1 lead to limits, which we shall denote here by

T
) / £(t,w) dWi(w).
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These are related in a simple, but interesting manner. We note that the case A
= 0 is just the Ito integral. The other cases 0 < A < 1 differ in that the process
they define with repect to a variable upper integration endpoint is in general

no longer a martingale.
When the integrand f has continuously differentiable sample paths we ob-

tain from Taylor’s Theorem
FA-0E 4 0) = @ =0F (67,0) + 27 (8,0)

)

Since the higher order terms do not contribute to the limit as §(") — 0, we see
that the (A)-integrals could then be evaluated alternatively as the mean-square
limit of the sums

(M) _ 4
J

+o ([&7,

(5.3) Sa(w) = z,.: {(1 -Nf (tgn),w) +Af ( £, )}
j=1

X {W‘E';)l (w) - th_..)(w)} .

In the general case the ())-integrals are usually defined in terms of the sums
(5.3) rather than (5.1) with evaluation points (5.2), and we shall follow this
practice here. As an indication of how the value of these integrals vary with A
we observe that for f(t,w) = W;(w) we have

T 1 1
(5.4) 0 [ Wi awio) = gwrey + (A-3) 7
0
This follows using (2.4.14) in the following mean-square limits
= 1., 1
§W‘§., {W,m - Wtﬁ.,} — S Wi-3T

and

JZ:; Wi, {th.:e, - V‘Cg.-)}

n

3 (Wi = W)+ LW (Wi ~ Wi}

j=1

1, 1.\ _1_, 1
- T+(2WT—§T)—2WT+2T,

which are multiplied by (1— A) and A, respectively, to give (5.4). Unlike any of
the others, the symmetric case A = 3 of the integral (5.4), which was introduced
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by Stratonovich, does not contain a term in addition to that given by classical
calculus. It is now known as the Stratonovich integral and denoted by

T
/ ft Oth
0

for an integrand f € £%; it can be extended to integrands in £% in the same
way as for Ito integrals.

Usually only the Ito and Stratonovich integrals are widely used. As sug-
gested by (5.4) the Stratonovich integral obeys the transformation rules of cla-
sical calculus, and this is a major reason for its use. To see this, let h : & — R
be continuously differentiable and consider the Stratonovich integral of h(W}).
By the Taylor formula we have

) =h (Wt§“’) + A (th-)) Wy

i+l

h (W,m

i+l

- I’I"(,)} + higher order terms,
J
so the sum (5.3) with A = 1 is
- n 1 , 2
S, = ;h (W'y.)) {th':): - VVt;_,.)} + 5]2’1 (VVtgu)) {Wé:‘)‘ - thn)}
+ higher order terms
T 1 (T
- / h (W) dW; + 5/ W (W) dt
0 0
in the mean-square sense. Hence
T T 1 /T
0 0 0

Now let U be an anti-derivative of h, so U’(z) = h(z) and hence U”(z) = h'(z).
Applying Ito’s formula to the transformation Y; = U(W;), we obtain

1 (T T
U (Wr) = U (Wo) = 5/ B (W) dt +/ h (W) dW;.
0 0
Thus from (5.5) the Stratonovich integral
T
/ h(We) o dW, = U (Wr) — U (Wo),
0

as in classical calculus.

Example 3.5.1  For h(z) = e® an anti-derivative is U(z) = €%, so

T
/ exp (W;) o dW; = exp (Wr) — 1,
0
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since Wo = 0. Thus Y; = exp (W) is a solution of the Stratonovich stochastic
differential equation

(5.6) dY; = Y; 0 dW,.

In contrast the Ito stochastic differential equation
dY; = Y, dW,
has the solution Y; = exp (W, — 3t) for the same initial value Yp = 1.

The major advantage of the Stratonovich stochastic integral is that it obeys
the usual transformation rules of calculus. For this reason it is often used to for-
mulate stochastic differential equations on manifolds such as a circle or sphere,
as is required, for example, for a stability analysis of stochastic dynamical sys-
tems. It is also useful via the identity (5.5) for explicitly evaluating certain Ito
integrals. Stochastic processes defined by Stratonovich integrals over a varying
time interval do not, however, satisfy the powerful martingale properties of
their Ito integral counterparts as we have already mentioned.

Exercise 3.5.2 Use deterministic calculus to solve the Stratonovich stoch-
astic differential equation

dY; = exp (-Y;) o dW;

for Yo = 0. Hence determine the Ito stochastic differential equation that is
satisfied by this solution.



Chapter 4
Stochastic Differential Equations

The theory of stochastic differential equations is introduced in this chapter.
The emphasis is on Ito stochastic differential equations, for which an existence
and uniqueness theorem is proved and the properties of their solutions investi-
gated. Techniques for solving linear and certain classes of nonlinear stochastic
differential equations are presented, along with an extensive list of explicitly
solvable equations. Finally, Stratonovich stochastic differential equations and
their relationship to Ito equations are examined.

4.1 Introduction

The inclusion of random effects in differential equations leads to two distinct
classes of equations, for which the solution processes have differentiable and
nondifferentiable sample paths, respectively. They require fundamentally dif-
ferent methods of analysis. The first, and simpler, class arises when an ordinary
differential equation has random coefficients, a random initial value or is forced
by a fairly regular stochastic process, or when some combination of these holds.
The equations are called random differential equations and are solved sample
path by sample path as ordinary differential equations. The sample paths of
the solution processes are then at least differentiable functions. As an example
consider the linear random differential equation

. d
(1.1) &= % = a(w)z + b(t,w)
where the forcing process b is continuous in ¢ for each w. For an initial value
zo(w) at t = 0, the solution is given by

(1.2) z(t,w) = e* @) (zo(w) + /ot e~ p(s,w) ds) )

Its sample paths are obviously differentiable functions of .

The second class occurs when the forcing is an irregular stochastic pro-
cess such as Gaussian white noise. The equations are then written symboli-
cally as stochastic differentials, but are interpreted as integral equations with
Ito or Stratonovich stochastic integrals. They are called stochastic differential
equations, which we shall abbreviate by SDEs,; and in general their solutions
inherit the nondifferentiability of sample paths from the Wiener processes in
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the stochastic integrals. In many applications such equations result from the
incorporation of either internally or externally originating random fluctuations
in the dynamical description of a system. An example of the former is the
molecular bombardment of a speck of dust on a water surface, which results in
Brownian motion. The intensity of this bombardment does not depend on the
state variables, for instance the position and velocity of the speck. Taking X,
as one of the components of the velocity of the particle, Langevin wrote the
equation

(1.3) ax,

dt

for the acceleration of the particle. This is the sum of a retarding frictional
force depending on the velocity and the molecular forces represented by a white
noise process &, with intensity b which is independent of the velocity. Here a
and b are positive constants. We now interpret the Langevin equation (1.3)
symbolically as a stochastic differential

(14) dX; = —aX, dt+deg,

=—aX;+b&

that is as a stochastic integral equation

t 1
(15) Xg = Xgo - / ﬂX, ds + / de,
to

to

where the second integral is an Ito stochastic integral. Similar equations arise
from electrical systems where X; is the current and £; represents thermal noise.
Additional examples will be given in Chapter 7.

With external fluctuations the intensity of the noise usually depends on
the state of the system. For example, the growth coefficient in an exponential
growth equation £ = az may fluctuate on account of environmental effects,
taking the form a = a + b§; where a and b are positive constants and &; is a
white noise process. This results in the heuristically written equation

dX
(16) E't' :aXt+bX¢§t.
To be precise, it is a stochastic differential
(1.7) dX; = aX:dt + bX; dW,;

or, equivalently, a stochastic integral equation

t t
(1.8) X,:X,o+/ aX, ds+/ bX, dW,.

to to
The second integral is again an Ito integral, but now involves the unknown
solution.

In the physical sciences the random forcing in (1.3)—(1.5) is called additive

noise, whereas in (1.6)—(1.8) it is called multiplicative noise. Both cases are
included in the general differential formulation

(1.9) dX, = a(X.)dt + b(X,) dW,
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or equivalent integral formulation

t t
(1.10) X=X, + a(X,)ds+/ B(X,)dW,,
to

to

for appropriate coefficients a(z) and b(z), which may be constants. Using Ito
calculus we can verify that

¢
(1.11) X: = e %X, + e"""/ e® bdw,
0
is a solution of (1.3)—(1.5) and that

(1.12) X: = Xoexp ((a - %bi’) t+ bW,)

is a solution of (1.6)—(1.8). The former is similar to (1.2), but involves an Ito
integral rather than a Riemann integral. We must however impose some restric-
tion on the initial value Xy here so the solution process X; is nonanticipative
with respect to the Wiener process W;, and hence so the Ito integrals in (1.5)
and (1.8), the latter in particular, are meaningful. For this we need X to be
independent of W; for all ¢ > 0, which follows if X is .Ag-measurable, where
{A:,t > 0} is the family of increasing o-algebras associated with the Wiener
process {W;,t > 0}, because X; is then .A;-measurable for each t > 0.

The explicit solutions (1.11) and (1.12) are the only solutions for their
respective equations and given initial values in the sense that any other solution
is an equivalent stochastic process, that is with the same finite dimensional
probability distributions. In fact, a stronger form of unigueness holds here:
any equivalent version X; with continuous sample paths has, almost surely, the
same sample paths as X, that is

P( sup |, - Xi| >0) =0
0<t<T
for any T > 0. We then say that the solutions are pathwise unique.

In writing (1.11) and (1.12) we have assumed implicitly that we have a
prescribed Wiener process {W;,t > 0}. Were we to change the Wiener process
we would again obtain a unique solution, given by the same formula with the
new Wiener process in it. We call such a solution a strong solution of the
stochastic differential equation and use the term weak solution for when we
are free to select a Wiener process and then find a solution corresponding to
this particular Wiener process. Some stochastic differential equations may only
have weak solutions and no strong solutions.

As with most ordinary differential equations we cannot generally find ex-
plicit formulae like (1.11) and (1.12) for the solutions of stochastic differential
equations and thus need to use a numerical method to determine the solutions
approximately. For this we need to know that the equation actually does have a
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solution, a unique solution preferably, for a given initial value. For an ordinary
differential equation

. dz
(1.13) ¢ =— =a(z)

this kind of information is provided by an ezistence and uniqueness theorem. A
sufficient condition for the existence and uniqueness of a solution z(t;zo) with
initial value z(0;z¢) = z¢ is that a = a(z) satisfies the Lipschitz condition

(1.14) la(z) —a(y)| < K |z — 9

for all 2,y € R, where K is a positive constant. The usual proof involves the
Picard-Lindelof method of successive approzimations {z(")} with

2D (t) = 20 + /ot a (z(")(s)) ds

for n = 0,1,2,..., where z(°)(t) = zo. The Lipschitz condition (1.14) provides
a crucial inequality

t
2000) - 2@ < K [ [¢(0) - 20D(s)| ds.
0

This is used to establish the uniform convergence of the successive approxima-
tions to a continuous solution of the integral equation

2(2) = 70 + /0 a(2(s)) ds,

which is thus a solution of the original differential equation (1.13). The unique-
ness of the solution then follows by a similar application of the Lipschitz con-
dition. A serious deficiency is that this solution may become unbounded after
a small elapse of time. For example, the solution z(t) = zo/(1 — zot) of the
differential equation # = z2 blows up at time ¢t = T(zo) = 1/zo. To ensure
the global existence of a solution, that is existence for all time ¢ > 0, we need
a growth bound on a = a(z) such as

(1.15) za(z) or |a(z)? <L (1+]z?)

for all z € R, where L is a positive constant.

An analogous existence and uniqueness result holds for strong solutions of
an SDE (1.8)—(1.9) provided both coefficients @ = a(z) and b = b(z) satisfy a
Lipschitz condition (1.14) and a growth bound (1.15). Here the Wiener process
{Wt,t > 0} with associated family of o-algebras {A;,t > 0} is preassigned and
the initial value Xy must be Ag- measurable. The proof also uses successive
approximations

x50 - x, 4 /0 ‘a (x(™) ds + /0 ' (xgﬂ)) dw,
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forn =0,1,2,... where X,(O) = Xy. A simple case assumes that E (Xg) < oo
and then the growth bound is used to show that

E ( sup Xf) < 00

0<t<T
for any fixed 0 < T < oo. The Lipschitz condition is used in a similar way to
the deterministic case to show the mean-square convergence of the successive
approximations and the mean-square uniqueness of the limiting solution. The
Borel-Cantelli Lemma 2.1.4 is then applied to establish the stronger pathwise
uniqueness of the solutions. We shall present the details of this proof in Section
5. Variations are possible, though technically more complicated. For example,
the requirement that E (XZ) < oo can be dropped and the Lipschitz condition
(1.14) weakened to a local Lipschitz condition

la(z) — a(y)| < Kn |z -y

for all |z|,|y| < N, where Ky is a positive constant for each N > 0. (From
the Mean-Value Theorem of Calculus the latter holds for any continuously dif-
ferentiable function a = a(z)). Growth bounds such as (1.15) are not required
for existence or uniqueness, but their absence may result in the sample paths
blowing up in a finite time, that is

[Xi(w)] = 00 as t— T(Xo(w)).

Here T'(Xo(w)) is called the ezplosion time. The coefficients of the SDE
(1.16) dX, = —% exp (—2X;) dt + exp (—X:) dW;
do not satisfy a growth bound for z < 0. The unique solution
X; = In (W; + exp(Xo))
of (1.16) exists only for 0 < ¢ < T(Xo(w)) where
T(Xo(w)) = min {t > 0: Wi(w) = —exp(Xo(w))}-

From their construction, the successive approximations X ,(") above are obvi-
ously A;-measurable and have, almost surely, continuous sample paths. These
properties are inherited by a limiting strong solution X; of the SDE (1.9)-
(1.10). Such a solution, or more precisely the family of solutions X,0  with
initial values X 3”" = z, w.p.1, for all z € R, is a homogeneous Markov process
and is often called an Ifo diffusion.

When the coefficients a = a(z) and b = b(z) of the SDE are sufficiently
smooth the transition probabilities of this Markov process have a density p =
p(s, z;t,y) satisfying the Fokker-Planck equation
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op 0 _
§+5-(P) 32(617) 0

with o = b? (see (2.4.5)).

The question of whether or not a process with a density satisfying the
Fokker-Planck equation is necessarily an Ito diffusion underlies the interest
in weak solutions of stochastic differential equations. While it is not true in
general, an affirmative answer can be obtained when the coefficients satisfy
certain basic smoothness and boundedness properties which we shall mention in
Section 7. There is, however, some ambiguity here for usually the diffusion term
o(z) = b(z)?, but not b(z) itself, is specified. Instead of the scalar coefficient

o(z), we could also have a vector function b(z) = (b'(z), b*(z),...,b*(z))

with Ele(b"(z))z = o(z) and X; may also be the solution of the SDE

k
(1.17) dX; = a(Xe) dt + ) 6 (X)) dW]
i=1
for some k-dimensional Wiener process W, = (W}, W2,...,Wk) where k >

1. In this way the density may be solve the Fokker-Planck equation of several
different stochastic differential equations. Equations such as (1.17) and more
general vector stochastic differential equations will be considered in Section 8.

Stochastic differential equations can also be formed with more general co-
efficients than those in (1.9). The most apparent generalization is to allow the
coefficients to be nonautonomous, that is, to depend explicitly on ¢ so now a =
a(t,z) and b = b(t,z). In this case the resulting solutions are now inhomoge-
neous Markov processes. The coefficients must be at least measurable in ¢, and
the Lipschitz condition (1.14) and the growth condition (1.15) must hold uni-
formly on 0 < t < T to ensure the existence and uniqueness of strong solutions
on0<t <t<T.

Another common extension is for the coefficients to be random, that is a
= a(t,z,w) and b = b(¢,z,w). Appropriate measurability restrictions, such as
A¢-measurability, must be imposed to ensure that the integrands are nonantic-
ipative. This situation occurs in stability analysis when we linearize about a
solution X; of (1.9). With Z; = X; — X; we then obtain the linear SDE

(1.18) ng = a' (X_g) Zt dt + b’ (X-g) Zg dVVg

with coefficients a(t, z,w) = a'(X¢(w)) z and b(t, z,w) = ¥'(X;(w)) 2.
We shall restrict our attention now to stochastic differential equations

(1.19) dX, = a(t, Xy) dt + b(t, X;) dW,

with nonrandom coefficients. A simple modification of the Ito formula (3.3.6)
shows that a function Y; = U(t, X;) of a strong solution of (1.19) satisfies

_fou  au ,0°U U
dY,_{at+ W +2b62}dt +b——dWi,
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for U = U(t,z) sufficiently smooth, where the coefficients are evaluated at
(t, Xt). We can use this to solve some elementary stochastic differential equa-
tions explicitly. For example, we know from Chapter 3 that

X = Xoexp (Wg - %t)

is a solution of the SDE dX; = X;dW,;. Then Y; = U(X;) = (X:)? satisfies
the SDE
dY, =Y, dt + 2Y, dW,,

Y, = Yoexp (2W; — t)

is a solution of this SDE. In fact, this is a special case of (1.12).

In some applications it is more appropriate to formulate stochastic differen-
tial equations in terms of Stratonovich rather than Ito stochastic integrals. We
call such an equation a Stratonovich stochastic differential equation, writing it
in differential form as

(1.20) ng :g(t,Xg)dt+b(t,Xt)°dW‘

or in the equivalent integral equation form
t t
(121) Xo=Xu+ [t X)de+ [ b(t,X) oW,
to to

The “o” notation here denotes the use of Stratonovich calculus. It turns out
that the solutions of the Stratonovich SDE (1.20)-(1.21) also satisfy an Ito SDE
with the same diffusion coefficient b(¢, z), but with the modified drift coefficient

1 b
a(t,z) = a(t,z) + 3 b(t,z)a—z(t, z).
For example, the Stratonovich SDE
ng = 2Xg o dW¢

and the Ito SDE
dX; = 2X:dt + 2X;dW;

have the same solutions
Xt = Xgo €exp (2(W¢ - Wgo)) .

In the case of additive noise the corresponding Ito and Stratonovich SDEs have
the same drift coefficients a = g.

Various considerations, to be discussed in Chapters 6 and 7, determine
whether the Ito or the Stratonovich interpretation of an SDE is appropriate
in a particular context. However, we can always switch to the corresponding
SDE in the other interpretation to take advantage of the special properties of
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that stochastic calculus. For instance, simple Stratonovich SDEs can be solved
directly by methods of classical calculus, whereas the appropriate drift and
diffusion coefficients for the Fokker-Planck equation are those of the Ito SDE.

4.2 Linear Stochastic Differential Equations

As with linear ordinary differential equations, the general solution of a linear
stochastic differential equation can be found explicitly. The method of solution
also involves an integrating factor or, equivalently, a fundamental solution of
an associated homogeneous differential equation. We shall describe it here for
scalar equations and consider their vector counterparts in Section 8.

The general form of a scalar linear stochastic differential equation is

(2.1) dX, = (a1(8) X + as(t)) dt + (b1 () Xe + ba(t)) dWe

where the coefficients a;, a2, by, b2 are specified functions of time ¢ or constants.
Provided they are Lebesgue measurable and bounded on an interval 0 < ¢
< T, the existence and uniqueness theorem applies, ensuring the existence
of a strong solution X; on 2 < t < T for each 0 < #p < T and each A,-
measurable initial value X, corresponding to a given Wiener process {W;,t >
0} and associated family of o-algebras {A¢,t > 0}. When the coefficients are
all constants the SDE is autonomous and its solutions, which exist for all ¢ —
to > 0, are homogeneous Markov processes. In this case it suffices to consider
to = 0. When a3(t) = 0 and b2(t) = 0, (2.1) reduces to the homogeneous linear
SDE

(22) dX; = al(t)Xg dt + bl(t)Xg dWw,

Obviously X; = 0 is a solution of (2.2). Of far greater significance is the
fundamental solution ®,,, which satisfies the initial condition ®;,, = 1 since
all other solutions can be expressed in terms of it. The problem is to find such

a fundamental solution.
When b;(¢) = 0 in (2.1) the SDE has the form

(2.3) dX; = (a1(t)Xe + az(t)) dt + by(t) dW,,

that is the noise appears additively. In this case we say that the SDE is linear
in the narrow-sense. The homogeneous equation obtained from (2.3) is then
an ordinary differential equation

dX,
(2.4) -a-tl = a,(t)X;

and its fundamental solution is

t
®;1, = exp (/ a1(s) ds) .
to

Applying the Ito formula (3.3.6) to the transformation U(t,z) = ®;}, = and
the solution X of (2.3), we obtain
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o}
d(®7LX) = ( —He X, + (a1 (®)X: + az(1)) ¥, ,o) dt + by(D)®] L dW,

= ap(t)®;,, dt + ba(t) B, dWi,

since

de;} _
_d‘tﬁl = -9, tloal(t)~

The right hand side of
d (D71 X:) = az(t) @iy, dt + ba(t)B; ) dW;

only involves known functions of ¢ and w, so can be integrated to give

t t
<I>t—,t1°x,=<1>;0},ox,o / ay(s)®;} 1o ds + by(s)®; }, dW,.

to to

Since ®;,,;, = 1 this leads to the solution

(2.5) X =@, (X¢0 +/ az(s)<I>, 1o ds + bz(s)Q, ,10 dw, )

to to

of the narrow-sense linear SDE (2.3) where

(2.6) &y 4, = exp ( [ a1(s) ds) .

Example 4.2.1  The Langevin equation (1.4) is linear in the narrow-sense
with coefficients a;(t) = —a, ax(t) = 0, by(t) = 0 and by(t) = b. Thus the
fundamental solution ®;,, = exp(—a(t —to)) and the solution (2.5) reduces to
(1.11) for to = 0. This solution is an Ornstein-Uhlenbeck process.

The solution (2.5) is a Gaussian process whenever the initial value X, is
either a constant or a Gaussian random variable. Its mean and second order
moment then both satisfy ordinary differential equations. These are stated
below in (2.10) and(2.11) for the general linear SDE (2.1), but the solution is
now generally not Gaussian.

Exercise 4.2.2  Verify that the solution (2.5) is a Gaussian process when
Xi, is a constant or a Gaussian random variable.

The general linear case is more complicated because the associated homo-
geneous equation (2.2) is a genuine stochastic differential equation. The fun-
damental solution (2.6) of the narrow-sense linear case satisfies the (ordinary)
differential equation d(In ®;;,) = a;(t) dt. Using this as a clue, it follows by the
Ito formula (3.3.6) that the transformed process In®; ., for the fundamental
solution ®;;, of (2.2) satisfies
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d(ln®;,,) = (al(t)(bg,,(,(b,",lo = b3(t)®2 ,°<I>:,2°) dt + by (t)®: 1, ®; ; 1o AW:

I

1
(a0 -580) dt+n@yaw,
which consists only of known functions of ¢ and w. Hence
24 1 t
In®,;;, = / (al(s) -3 bf(s)) ds +/ b1(s) dW,,
to to

since ®;, ¢, = 1, or

(27) By, = exp ( [ (al(s) - % b}(s)) ds + ‘: bi(s) dW,) ,

which in fact reduces to (2.6) when b;(t) = 0. Similarly, applying the Ito
formula to ®; + we obtain

(2.8) d(®;)) = (—a1(2) + b2(t)) ®;;, dt — by (¢)®; 7, dW;.

Then, as with the narrow-sense case considered above, the process ®; ,10 X, for
a solution X, of the general linear equation (2.1) has an explicitly integrable
stochastic differential. However, here both of the terms ®,:, and X, have
stochastic differentials involving the same Wiener process W;, so the Ito for-

mula must be used with the two component transformation U (X,(I),Xt(z)) =

X(I)Xm, as in Example 3.4.1, with X(l) <I>,', and X(z) X:. The result
is equation (3.4.10) with the coefficients of (2. 1) and (2. 8) that is

d(@50,X1) = [(—ar(t) +5}(2)) Xe + (ar(8) X¢ + a2(2)) | @7, dt
—by (t) [b1(£) X + b2(2)] B; 7, dt
+[ = b1()B7E Xe + (b1 (t) Xy + ba(2)) B7 4, ] AW,
= (a2(t) — b1(2)b2(2)) <I>,",u dt + by (t)®;} 1o AW,

Integrating and using ®,,:, = 1 we obtain

7L Xe = X, + / (az(s) — by(s)ba(s)) @5, ds + / by(s) 5, dW,
and hence
(2.9)X; = @44, (Xto / (a2(s) — b1 (s)bz2(s)) (I’a o ds + A b2(s)¢:tlo dw, )

where ®, ,, is given by (2.8). Applying this to the linear SDE (1.7), where a,(t)
= a, b1(t) = b and ax(t) = by(t) = 0, yields the solution (1.11). We observe
that (2.9) reduces to the narrow-sense solution (2.5) when b, (¢) = 0.
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If we take the expectation of the integral form of equation (2.1) and use
the zero expectation property (3.2.9) of an Ito integral, we obtain an ordinary
differential equation for the mean m(t) = E (X;) of its solution, namely

dm(t)

5 = a; (t)m(t) + az(2).

(2.10)

We also find that the second order moment P(t) = E (X?) satisfies the ordinary
differential equation

(2.11)

d%m = (2a1(2) + B2()) P(t) + 2m(t) (a2(t) + b1 ()ba(2))

+b3(t).

To derive (2.11) we use the Ito formula to obtain an SDE for X? and then take
the expectation of the integral form of this equation. Both (2.10) and (2.11)
are linear and can be solved using integrating factors. In the special case of
a narrow-sense linear SDE (2.3) equation (2.10) remains the same, whereas
equation (2.11) simplifies to

dP(t)
dt

Exercise 4.2.3  Derive the ordinary differential equation (2.11) for the sec-
ond order moment P(t).

(2.12) = 2a,(t) P(t) + 2m(t)az(t) + b3(t).

Exercise 4.2.4  Solve (2.10) and (2.11) for the Langevin equation (1.4) and
for the SDE (1.7).

In Section 8 the corresponding results are stated for vector linear SDEs.
These also apply to scalar SDEs driven by a vector Wiener process such as
(1.17).

4.3 Reducible Stochastic
Differential Equations

With an appropriate substitution X; = U(t,Y;) certain nonlinear stochastic
differential equations

(3.1) dY; = a(t,Y;) dt + b(t,Y:) dW,
can be reduced to a linear SDE in X,

(3.2) dX, = (a1(t)Xe + az(t)) dt + (b1(£)X; + ba(2)) dW.
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If %(t, y) # 0, the Inverse Function Theorem ensures the existence of a
local inverse y = V(t,2z) of z = U(t,y), that is with z = U(¢,V(¢,2)) and y
= V(t,U(t,y)). A solution Y; of (3.1) then has the form Y; = V'(t, X;) where
X, is given by (3.2) for appropriate coefficients a;, a2, b; and b;. From the Ito
formula (3.3.6)

2
ou U + 1 B o°U ) ou

dU(t,x)=(5t—+a6—y 3 V57 )+, W

where the coefficients and the partial derivatives are evaluated at (¢,Y:). This
coincides with a linear SDE of the form (3.2) if

2
(33) )+ ) T + 3P L )
= a(OU(Y) + )
and
U
(34) b(t)y)-é;(tvy) = bl(t)U(t) y) + b2(t)'

At this level of generality there is little more that can be said that is straight-
forward or specific. Specializing to the case where a;(t) = b1(t) = 0 and writing
az(t) = a(t) and by(t) = B(t), we obtain from (3.3) the identity

U _ 0 U 1, 0%
51000 = 52 (G + 3R T I e)

and, from (3.4), the identities

Biy (b(t,y)-g—(;(t,y)) =0

and

2
bt 1) g 4 0) + G DG (63) = F1O)

Assume for now that b(¢,y) # 0. Then, eliminating U and its derivatives we
obtain

e 1 b d (a(t,y) 1 0%
B'(t) = B(t)b(t, y) (mg(t,y) ~ By (W) +3 W(t’y)) :

Since the left hand side is independent of y this means

oy _
ay(tiy) - 0

where
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35) 1ty = Lt,y) - b(t) aty) 106 )
b(t,y) ot b(t,y) 20y

This is a sufficient condition for the reducibility of the nonlinear SDE (3.1) to
the explicitly integrable SDE

(3.6) dX, = o(t) dt + B(t) dW;

by means of a transformation z = U(t, y). It can be determined from (3.3) and
(3.4) which, in this special case, reduce to

—(t y) +a(t, y) (t v)+3 bz(t y) 7 (t y) = a(t)

and U
b(t, y) a—y(t,y) = f(t),

U(t,y) = C exp (/().‘7(s,y)ds) /oyz(tesdz

where C is an arbitrary constant. We remark that this method can also be
used to reduce certain linear SDEs to stochastic differentials of the form (3.6).

A variation of the procedure is applicable to reduce a nonlinear autonomous
SDE

3.7) dY, = a(Yy) dt + b(Y) dW,

resulting in

to the autonomous linear SDE
(38) dX; = (GIXg + 02) dt + (b1Xg + bz) dw;.

by means of a time-independent transformation X; = U(Y;). In this case the
identities (3.3) and (3.4) take the form

(39) a(y)—(y) +3 2(y) (y) =aU(y) +a,
and

(3.10) b(3) G 0) = U () + b

Assuming that b(y) # 0 and b; # 0, it follows from (3.10) that
(3.11) U(y) = Cexp (b1B) -

where

B(y)z‘/yyzf(i—:—)
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and C is an arbitrary constant. Substituting this expression for U(y) into (3.9)
gives

1 b
612)  (bAG)+ 58 - ) Coxp (1B = a2 —ar

where

Differentiating (3.12), multiplying the result by b(y) exp (—b1 B(y)) /b1 and then
differentiating again, we obtain the relation

dA d dA
(3.13) 51337 + d_y- (b '@) =0.

This is certainly satisfied if ‘-jf& =0 or if

4 (,d94
d | dy dy

dy
provided b; is chosen so that
4 (44)
by = — dy\ dy)
1= _dﬁ .
dy

If by # O the appropriate transformation is

(3.15) U(y) = Cexp (b1 B(y)),
whereas if b; = 0 it takes the form
(3.16) U(y)=b2B(y)+C

where bz is chosen so that (3.10) is satisfied.

Example 4.3.1  For the nonlinear SDE
(3.17) 4y, = --21- exp (—2Y;) dt + exp (~Y;) dW;

a(y) = —1 exp(—2y) and b(y) = exp(—y), so A(y) = 0. Thus (3.13) is satisfied
with any by. Forb; =0 and by =1 a solution of (3.10) is U = exp(y) by (3.16).
Substituting this into (3.9) resulls in a1 = az = 0. Hence X; = exp(Y:) and
(3.8) reduces to the stochastic differential dX, = dW,, which has solution

Xe =W+ Xo=W; + exp(Yo).
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The original nonlinear SDE (3.7) thus has solution
Y: = In(W: + exp(Y0)) ,
which is valid until the sample-path dependent ezplosion time
T(Yo(w)) = min {t > 0 : Wy(w) + exp(Yo(w)) = 0}.
Exercise 4.3.2  Show that the SDE
dX: = %g(X;)g’(X,) dt + g(X,) dWy,

where g is a given differentiable function, is reducible and has the general so-
lution

X, = k=Y (W, + h(Xo))
with

T ds
3.18 =h(z) = / —.
(3.18) v=he)= [
Exercise 4.3.3  Repeat Ezercise 4.3.2 for the SDE

ax, = (ag(xt) + %Q(X:)g'(X:)) dt + g(X) AW,

to show that its general solution is
X: = h"l(at + W: + h(Xo))

Exercise 4.3.4  Determine the general solution of the SDE
1
dX: = (ﬁg(xt)h(xt) +3 g(Xt)y'(Xg)) dt + g(X¢) dWe,

where h(z) is given by (3.18), by first reducing it to a Langevin equation.

Exercise 4.3.5  Write the SDE in Ezercise 4.3.2 as a Stratonovich SDE and
solve it directly using the rules of classical calculus.

4.4 Some Explicitly Solvable SDEs

In this section we shall list some explicitly solvable stochastic differential equa-
tions and their general solutions, which we have found in various books and
papers. These are presented here primarily for use in case studies to check the
accuracy of numerical methods, but can also be used for practicing solution
techniques, and for verifying the theoretical estimates that arise, for instance,
in existence and uniqueness considerations. For convenience we include the
linear SDEs already treated in Section 2. All of the nonlinear SDEs in our list
are reducible to these linear SDEs. We classify them according to the relation-
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ship between their drift and diffusion coefficients, and remark that in many
cases where the solution is a standard function of the Wiener process the drift
coefficient is simply the Stratonovich correction term and the corresponding
Stratonovich SDE is drift free. Most of the other examples are variations of
this relationship (see Exercises 4.3.2-4.3.5). We also include some complex
valued SDEs. For brevity we shall not indicate the interval of existence of the
general solutions or the restrictions on the solutions required for them to be
meaningful.

Linear SDEs: Additive Noise

Constant coefficients: homogeneous

(41) dXt = ——an dt + 0’de

t
X;=e (Xo + o/ e*? dW,) ;
0

Constant coefficients: inhomogeneous

(4.2) ng = (aXt + b) dt + Cde
b t
X = e%t (Xo + ;(1 — C-M) + C/ e” % dW,) ;
0

Variable coefficients:

(4.3) dX: = (a(t) X + b(2)) dt + c(t) dW;

t 1
Xe = B s, (X,,, + / ®; 7 b(s)ds + / @, c(s) dW,)
t

to o

with fundamental solution

By 4, = exp ( [ a(s) ds).

For example,

(4.4) dX, = (Tfi"t X: + (1 +t)2) dt + b(1 + t)? dW,

2
has fundamental solution ®;, = (ﬁ%) and general solution

1+t)\?
X, = (——) Xo+b(1 + )2 (W, — Wiy +t — o).
141
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Usually the Wiener process will appear in an integral, as for

_(b=X,
(4.5) dX, = (T_t ) dt + dW,

which is satisfied by the process
t ¢ t1
X: = Xo (1—7,) +b7, +(T—t)/0 F_—;dW,
on the interval 0 <t < T.

Linear SDEs: Multiplicative Noise

Constant coefficients: homogeneous

(4.6) dX, = aX,dt + bX, dW,

X = Xoexp ((a—%bz) t+bW,)‘

The two most important examples are the Ito exponential SDE
1

X: = Xoexp(Wr)
and the corresponding drift-free SDE

(4.8) dX, = X, dW,

1
X: = Xpexp (W, — §t> .
Constant coefficients: inhomogeneous

1 t
Xy =®; (Xo+(c—bd)/ <I>;1ds+d/ <I>:1dW,)
0 0

with fundamental solution
P, = exp ((a— % b2) t+bW,) .

Variable coefficients: homogeneous

119
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X, = Xoexp (/0' (a(s) - -;—b’(s)) ds + /0‘ b(s) dw,) .

Variable coefficients: inhomogeneous

(4.11) dX, = (a(t)X; + c(t)) dt + (b(t)X: + d(2)) dW;

Xi = ®e 4, (x,o + [ ®; 1 (c(s) — b(s)d(s)) ds + [ ' ®; ;. d(s) dW,)

with fundamental solution

®; ¢, = exp (/': (a(s) - %b’(s)) ds+ [: b(s) dW,) .

Reducible SDEs: Case 1
The Ito SDE

(4.12) dX, = -;-b(X,)b’(X,)dt +b(X,) dW,
for a given differentiable function b is equivalent to the Stratonovich SDE
(4.13) dX; = b(X;) o dW;.

We can either reduce the Ito SDE (4.12) to a linear SDE (see Exercise 4.3.2)
or integrate the Stratonovich SDE (4.13) directly (see Exercise 4.3.5) to obtain
the general solution

Xt = k=Y (W + h(Xo))

where
(4.14) y=h(z) = 3‘:—;‘5.

Most standard functions of a Wiener process satisfy SDEs of the form (4.12).
Examples include the linear SDE (4.7) and the following SDEs.

(4.15) dX, = -;— a(a — )X}~ dt + a X} W,

X, = (m +X§"')a;

(416) ng = ';'\GZXt dt + GX‘ de
X: = Xoexp (aWy);

(4.17) dX; = % (Ina)? X, dt + (In a) X, dW,

X¢ = Xoa"' = Xoexp (Wilna);
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(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

dX; = (2Inb)~16~2Xt dt 4+ (Inb)~'o~** aW,
X¢ = log, (aW; + b%°) ;

ng = —%02Xg dt + a\/ 1- th th

X = sin (aW; + arcsin Xj) ;

1
dX; = -3 a’X,dt — a\/1- X2 dw,

X = cos (aW; + arccos Xp) ;

dX, = a®’X, (1+ X}) dt + a (14 X2) dW,
X: = tan (aW; + arctan Xj) ;

dX; = a’X, (1+ X}) dt —a (14 X?) dW,
Xt = cot (aW; + arccot Xp);

1
dX; =3 a®Xy (2X? - 1) dt + aX,\/ X2 ~ 1dW,

X = sec(aW; + arcsec Xj);

1
dX, = 3 a’X, (2X} -1) dt - ax,\/x,2 — 14w,

X = csc(aW; + arcesc Xp);

dX, = %az tan Xy sec? X, dt + asec X; dW,
X, = arcsin (aW; + sin Xj);

dX; = —% a? cot X, csc? X, dt — a csc Xy dW,

X = arccos (aW; + cos Xj) ;

dX, = —a®sin X; cos® X, dt + a cos® X; dW;
X: = arctan (aW; + tan Xy);
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(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)
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dX; = a® cos Xy sin® X, dt — asin® X, dW,
X; = arccot (aW; + cot Xy);

1
dX, = 3 a’X,dt + a\/X,Z + 1dW;

X = sinh (aW; + arcsinh X)) ;

dX; = -;-a2X¢ dt + a\/Xf — 1dW,

X = cosh (aW, + arccosh Xj) ;

dX;=—a’X, (1 - X?) dt +a(1 - X}) aW,
X = tanh (aW; + arctanh X,), (see (4.40));

dX; = a’X, (1 - X?) dt —a (1 — X}) dW,
X; = coth (a W; + arccoth Xj) ;

dX; = -% a? tanh X sech 2X, dt + asech X; dW,
X: = arcsinh (a W; + sinh X)) ;

dX; = —% a? coth X; csch2X; dt + a csch X, dW,;
X = arccosh (a W; + cosh Xg) ;

dX; = a® sinh X; cosh® X; dt + a cosh? X, dW,

X = arctanh (a Wy + tanh X)) ;

dX; = a® cosh X; sinh® X; dt — a sinh? X, dW,

X = arccoth (a Wy + coth X) ;

dX,; = 1dt + 2/ X, dW,

X = (Wt + X0)2§
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(4.38) dX; = -X;(2In X; + 1) dt — 2X;\/—In X, dW,

X = exp (- (W,+ —1nxo)2) :

(4.39) dX; = %aszf""l dt+aX™dW, m#1

X, = (X3 ™ — a(m - 1) W) /O™,

(4.40) dX; = —p2X, (1- X}) dt+ B(1 - X}) dW;

_ (14 Xo)exp(28W:) + Xo — 1

X = ,
'T (1 Xo) exp(BW:) + 1 - Xo

(see (4.31));

(4.41) dX, = %X}Bdt + X213 aw,
1 3
X; = (X3/3+'3'W¢) .

This last SDE has nonunique solutions for Xy = 0; for example, X; = 0 is also
a solution.

Reducible SDEs: Case 2
The Ito SDE

(4.42) dX; = (a (X)) + %b(X,)b’(Xt)) dt + b(X,) dW,

is equivalent to the Stratonovich SDE
(4.43) dX; = ab(X;)dt + b(X;) o dW;
and is reducible to the stochastic differential
dY; = adt +dW,
for Y; = h(X:), where h is given by (4.14). Its general solution is thus
Xt = k™ (at + W; + h(X,)).

All of the examples in Case 1 can be modified to provide examples for this case.
In particular we consider
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(4.44) dX; = (14+X,) (1 + X?2) dt + (1+ X?) dW,
X = tan(t + W, + arctan Xy);

1
(4.45) dX; = (-2- X+ \/X,2+ 1) dt + \/)qn',2 + 1dW,;

X; = sinh (¢t + W; + arcsinh X)) ;

(4.46) dX; = —(a+ B2 X:)(1 — X7)dt + B(1 — X}) dW,

_ (14 Xo)exp(=2at + 26W) + Xo — 1

Xe = (1+ Xo)exp(—2at +28W,)+1—Xo

Reducible SDEs: Case 3
The Ito SDE

(447)  dX, = (a B(X)h(X:) + %b(x,)b’(X,)) dt + b(X,) dW,

where h is given by (4.14) is reducible to the Langevin SDE (1.4) with b =1
in the variable for ¥; = h(X,). Its general solution is thus

t
Xg = h_l (Ca‘h(Xo) + Ca‘/ e~ dW,) .
0

All of the examples in Case 1 can be modified to provide examples for this case.
In particular we consider

(448) ng = - (Sil’l 2X¢ + ‘i’ sin 4X¢> dt + \/5 (:OS2 Xg th
t
X, = arctan (e" tan Xo + \/-2-6"'/ e’ dW,) ;
0

(4.49) dX; = —tanh X, (a + % b% sech 2X,) dt + bsech X, dW,

t
X; = arcsinh (e"" sinh Xo + e“"/ e dW,) .
0

Reducible SDEs: Miscellaneous

We shall give some examples of nonlinear reducible SDEs not included in the
preceding three cases. The first is the most general form of a reducible SDE
with polynomial drift of degree n.
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(4.50) dX, = (aX? +bX,) dt + cX, dW,

¢ 1/(1-n)
X =6, (xg-" +a(1- n)/ or-! ds)
0

O; = exp ((b— %c2>t+ch).

The substitution y = h(z) = z!~" reduces the SDE (4.50) to a linear SDE
with multiplicative noise. A special case for n = 2 is the stochastic Verhulst
equation

(4.51) dXe = (A X¢ — X?) dt + o X, dW,

Xoexp ((A 1 02) t+ aW,)
2
X

= - ;
1+Xo/ exp ((A—%az>s+aW,) ds
()}

For n = 3 we have the stochastic Ginzburg-Landau equation

with

(452) ng = (—X? + (a+ %02) X;) dt +UX¢ de
X, = Xoexp (ot + cW;) :

t
\/1 +2Xx3 / exp (2as + 20W,) ds
0

Another example, which uses the exponential substitution y = h(z) =
exp(—cz), is
(4.53) dX; = (aexp(cX:)+b) dt + o dW,

t
Xie=Xo+bt+0oW; — % In (1 - ac/ exp(cXo + bes + ocW,) ds) .
0

Complex-Valued SDEs

Here 1 = /-1, Z; is a complex-valued Ito process and W; is a real-valued
Wiener process.

(454) ng = —';' Zg dt +12 Zg de

Zy = Zgexp 1 Wy);
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(455) dZt =1 Zg th

7y = Zyexp (z W: + %t);

(4.56) dZ; = -;—:Z, dt + /1 Z, dW,

Zy = Zpexp (Vi W) ;

1 2
Zy = Zoexp | YW + ,\—57 t):
(4.58) dZ, = Z} dt — Z2 dw,
Zo
Z = 14 ZoW;'

These complex-valued SDEs can be written alternatively as 2-dimensional vec-
tor SDEs in the real and imaginary parts.

Linear SDEs with 2-dimensional Noise

As a generalization of (4.6) we have

(4.59) dX: = aX;dt +b' X, dW} + b2 X, dW?
1
X: = Xoexp ((a -5 (61" + (bz)z)) t+ bW+ bZWf) .

To compare the output of numerical schemes applied to the above SDEs
with their explicit solutions we must evaluate these solutions numerically. This
is easy to do when the explicit solutions do not contain stochastic integrals, as
in the following PC-Exercise.

PC-Exercise 4.4.1 Use a Gaussian random number generator to simulate
the increments AW; = Wipyp — Wip fori =0, 1, ..., n—1 withn = 29
of a standard Wiener process {Wy,t > 0} on the unit interval [0,1] for time
steps h appropriate for the resolution of your PC screen. Hence evaluate the
explicit solution X, of the SDE ({.37) with the initial value Xo = 100 and plot
it against t € [0, 1].
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Rty Figure 4.4.1 Results of PC-Exercise 4.4.1.
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4.5 The Existence and Uniqueness
of Strong Solutions

A statement and proof of an existence and uniqueness theorem for strong solu-
tions of Ito stochastic differential equations, foreshadowed in Section 1, will be
presented in this section. We shall do this in the slightly more general context
of a nonautonomous scalar stochastic differential equation

(5.1) dX, = a(t, X;) dt + b(t, X) dW,.

As mentioned earlier, (5.1) is interpreted as a stochastic integral equation

t t
(5.2) Xt=X¢o+/ a(s,X,)ds-{-—/ b(s, X,) dW;,

to to

where the first integral is a Lebesgue (or Riemann) integral for each sample path
and the second integral is an Ito integral. A solution {X;, ¢t € [to, T} of (5.2)
must thus have properties which ensure that these integrals are meaningful.
This holds if, for e and f defined by

e(t,w)= f(t,w) =0 for 0<t<tg
and

e(t,w) = a(t, Xi(w)), f(t,w)=0b(tX:(w)) for t, <t<T,
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the functions \/H and f belong to the spaces £% or L%, which were defined in
Section 2 of Chapter 3. In turn, this follows if the coefficient functions a and
b are sufficiently regular and if the process X; is regular and nonanticipative
with respect to the given Wiener process W = {W;,t > 0}, that is A*-adapted
where A* = {A;,t > 0} is the family of o-algebras associated with the Wiener
process. In addition, the integrals in (5.2) should exist, at least w.p.1, for each
t € [to,T]). We then call the process X = {X;, to < t < T} a solution of
(5.2) on [to, T). For fixed coefficients a and b, any solution X will depend on
the particular initial value X, and Wiener process W under consideration. If
there is a solution for each given Wiener process we say that the stochastic
differential equation has a strong solution. Such a solution can be roughly
thought of as a functional of the initial value X, and of the values W, of the
Wiener process over the subinterval to < s < t. For a specified initial value X,
the uniqueness of solutions of (5.1) refers to the equivalence (P almost surely)
of the solution processes that satisfy the stochastic integral equation (5.2). If
there is a solution, then there will be a separable version which has, almost
surely, continuous sample paths. We shall subsequently consider only this kind
of solution. If any two such solutions X; and X; have, almost surely, the same
sample paths on [to, T], that is if

(5.3) P ( sup ]X, - )“(,| > o) =0,
to<t<T

we say that the solutions of (5.1) are pathwise unique.

The hypotheses of an existence and uniqueness theorem are usually suffi-
cient, but not necessary, conditions to ensure the conclusion of the theorem.
Some of those that we shall use here are quite strong, but can be weakened in
several ways. In what follows the initial instant 0 < ¢o < T is arbitrary, but
fixed, and the coefficients functions a, b : [tg, T]xR — R are given. Most of the
assumptions concern these coefficients.

A1l (Measurability): a = a(t,z) and b = b(¢, z) are jointly (£2-) measurable
in (¢,z) € [to, T]xR;

A2 (Lipschitz condition): There exists a constant K > 0 such that
la(t,2) —a(t,y)| < K |z —y|

and
b(t,z) - b(t,y)| < K |z — y|

for allt € [to,7) and z, y € R;
A3 (Linear growth bound): There exists a constant K > 0 such that
la(t, z)|* < K*(1 + |z*)

and ;
Ib(t, z)> < K*(1+ |=|*)

for all t € [to, 7] and z, y € R.
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We shall henceforth hold fixed a Wiener process W = {W;,t > 0} and
an associated family of o-algebras {.4;,¢ > 0} for which the properties listed
in the first paragraph of Section 4 of Chapter 3 are satisfied. The remaining
assumption concerns the initial value.

A4 (Initial value): X, is A;,-measurable with E(|X:,)) < o0o.

The Lipschitz condition A2 provides the key estimates in both the proofs
of uniqueness and of existence by the method of successive approximations. To
these estimates we shall then apply the following inequality of Gronwall, which
is easily proved.

Lemma 4.5.1 (The Gronwall Inequality) Let a, B : [to,T] — R be
integrable with

0<a(t) <B(t)+ L/: a(s)ds

fort € [to, T) where L > 0. Then

2O <P +L [ HIp(5)ds

to
for t € [to, T.

Assuming that strong solutions of (5.1) exist, we can show their pathwise
uniqueness using just the measurability assumption Al and the Lipschitz con-
dition A2. The proof would be simpler if we could also assume that the initial
value had finite second moment, as in assumption A4, because, by Theorem
4.5.3 below, the solutions would then have finite second moments. Without
this property we are forced to use a truncation procedure.

Lemma 4.5.2 If Al and A2 hold, then the solutions of (5.2) corresponding
to the same initial value and the same Wiener process are pathwise unique.

Proof Let X; and X; be two such solutions of (5.2) on [to, 7] with, almost
surely, continuous sample paths. Since they may not have finite second mo-
ments, we shall use the following truncation procedure: for N > 0 and ¢t €
[to, T) we define

My =Lt @l IXu(@I SN for to<u<t
0 : otherwise.

Obviously I,(N) is A;-measurable and It(N) = I,(N)ISN) for tg < s < t. Conse-
quently the integrals in the following expression are meaningful:

t
(5.4) ™ = W / 1™ (a(s, X,) ~ (s, X.)) ds
to

t
+I [ (b(s,X,) - b(s,X,)) dw,

to
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where Z(M) = I™)(X, — X,). From the Lipschitz condition A2 we then have
(5.5) max { |1§”) (a(s, X,) — a(s, 5(,)) | , |1,(N> (b(s, X,) - b(s, 5(,)) | }

X, - X,

< KIWN) <2KN

for to < s < t. Thus the second order moments exist for Z,(N) and the two
integrals in (5.4). Using the inequality (a+b)? < 2(a?+b?), the Cauchy-Schwarz
inequality (1.4.38) and the property (3.2.10) of an Ito integral we obtain from

(5.4) E (|Z,(N)|2)
2F ( / ‘ ™ (a(s,x,) - a(s,)'(,)) ds 2)
+2E ( /t IMN)(b(s, X,) — b(s, X,) dW, 2)

2T — to) ‘£ (l ™ (a(s,X,) — a(s, 5(,))’2) ds

to

+2 [:E (|I$N) (b(s,X,) - b(s,)?,)) Iz) ds,

IN

IA

which we combine with (5.5) to get

(5.6) E (lz,(”)lz) < L/t E (|Z§N)|2> ds
to

for ¢ € [to,T] where L = 2(T'—to+1)K?2. We then apply the Gronwall inequality
(Lemma 4.5.1) with a(t) = E(|Z™|?) and B(t) = 0 to conclude that

B (|2 ) = B (ji (x.-%)[") =0,

and hence that I,(N)X, = I,(N)f(,, w.p.1, for each t € [to,T]. Since the sample
paths are continuous almost surely they are bounded almost surely. Thus we
can make the probability

P(I,(N);‘QIVtG[to,T]) SP( sup IXt|>N)+P( sup |)?tl>N>

to<t<T to<t<T

arbitrarily small by taking N sufficiently large. This means that P (X : F )?g)
= 0 for each ¢ € [ty, 7], and hence that P (X, £X,:te D) = 0 for any count-
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ably dense subset D of [to,T]. As the solutions are continuous and coincide
on a countably dense subset of [to,T], they must coincide, almost surely, on
the entire interval [to,T]. Thus (5.3) holds, that is the solutions of (5.2) are
pathwise unique. O

Theorem 4.5.3  Under assumplions A1-A4 the stochastic differential equa-
tion (5.1) has a pathwise unique strong solution X; on [to, T] with

sup F (|X¢|2) < 00.
to<t<T

Proof In view of Lemma 4.5.2 we have only to establish the existence of a
continuous solution X; on [tg,T'] for the given Wiener process W = {W;,t > 0}.
We shall do this by the method of successive approximations, first defining Xt(o)
= Xi, and then

t

67 XY =x, + / a (s, X{) ds + / b (s, x(™) aw,

to to

forn =0,1,2,.... Iffor a fixed n > 0 the approximation X,(") is A;-measurable
and continuous on [tg, T], then it follows from assumptions A1, A2 and A3 that

the integrals in (5.7) are meaningful and that the resulting process X,("‘H) is
A;-measurable and continuous on [tg,T]. As Xt(o) is obviously .A;-measurable
and continuous on [tg, 7], it follows by induction that so too is each X ,(") for n
=1,23,....

From assumption A4 and the definition of X,(O) it is clear that

2
sup E (IX‘(O)l ) < oo.
10<t<T

Applying the inequality (a + b + ¢)? < 3(a? + b2 + ¢?), the Cauchy-Schwarz
inequality (1.4.38), the identity (3.2.10) and the linear growth bound A3 to
(5.7) we obtain

E (lX,("“)r)
< 3E (|X,,, |2) +3E ( [ a (s,xg")) ds 2)
+3E ( [b (s,xgﬂ)) aw, 2)
3E ([X,o |2) +3(T - to)E ([ |a (s,xgﬂ)) |2 ds)
+3E ( /:.: b (s, X,(")) ’ ds)

IA
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) «)

t
< 3E (|X,o |2) +3(T —to + 1)K2E (/ (1 + |X§")
to

for n = 0,1,2,.... By induction we thus have
)|
(5.8) sup E (lX, I ) <Cp< o
to<t<T
forn=1,23,....

Similarly to the derivation of the inequality (5.4), except now factors like
I,(N) are not required because of (5.8), we can show that
) ds

for t € [to,T] and n = 1,2,3,... where L = 2(T — tp + 1) K2. Then using the
Cauchy formula

/‘: '[:“_l f(s) dsdty...dt,_y = _1 ] [:(t — 8)""1f(s)ds

in repeated iterations of (5.9), we obtain

2
(5.10) E (|x§"+‘) - X,(")| )

< (n_l)’/(t s)"1E (Ix(l) X(°>| ) ds

fort € [to,T] and n =1, 2, 3, .... Also, using the growth bound A3 instead of
the Lipschitz condition A2 in the derivation of (5.9) for n = 0, we find that

E (|X$n+l) _ X‘(n) 2)

o[, (e (per) o

L(T 1)) (14 E (|X,[*)) = u.

X — x| ) <L (l X+ _ x ()

(59) E (

INA

IA

On inserting this into (5.10) we get

E (lxt(”+l) _ X'(")

2) < CiL™(t —to)"

n!

fort € [to,T)andn =0, 1, 2, ..., and hence

(5.11) sup E(Ix(n+1) X(n)l) < CIM(T —to)"
to<t<T n!
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for n =0, 1, 2, .... This implies the mean-square convergence of the successive
approximations uniformly on [tg, 7], but we need the almost sure convergence
of their sample paths uniformly on [tg,7]. To show this we define

Zy, = sup IX,("'H) -~ X,(")
to<t<T

forn=0,1,2, ... and so from (5.5) obtain

t
as |
to

+ sup
to<t<T

a(s, X™) - a(s,X,("'l))l ds

/ t (505, X$) = b(s, X)) aw's

to

Using the Doob inequality (2.3.7), the Cauchy-Schwarz inequality (1.4.38) and
the Lipschitz condition A2 we determine

2 T 2
E (|Z,,| ) < 2(T—t0)K2/ E (IXSH) —X'(n_l)l ) ds
to
T 2
+8K? / E (IXS"))—Xﬁ"")] ) ds
to

T 2
< 2(T—to+4)K2/ E(IX,(”)—X,("“)I ) ds,
to

which we combine with (5.11) to conclude that
C. Ln—l(T_t )n—l
2 2 0
A CAPE (n 1)

forn=1,2,3,...where C; = 2C1 K?(T—to+4)(T —1o). Then, after applying
the Markov inequality (2.2.14) to each term and summing, we have

- 1 o n4 n-1 n-1
’gP(Zn>;§')_<_sz(n_l)!L (T —-t)" 7,

n=1

where the series on the right side converges by the ratio test. Hence the series on
the left side also converges, so by the Borel-Cantelli Lemma 2.1.4 we conclude
that the Z,, converge to 0, almost surely, that is the successive approximations

X,(") converge,almost surely, uniformly on [to, 7] to a limit X ¢ defined by
[e o]
X‘ = Xto + z: {X{(n+1) —_ Xt(n)} .
n=0

It follows from (5.8) that X is mean square bounded on [0, T]. As the limit of
A*-adapted processes, X is A*-adapted and as the uniform limit of continuous
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processes it is continuous. In view of this and the growth bound A3, the right
side of the integral equation (5.2) is well defined for this process X,. It remains
to show that it then equals the left side. Taking the limit as n — oo in (5.7) we
see that X is a solution of (5.2). The left side of (5.7) converges to X; uniformly
on [to,T]. Comparing the right sides, we have by the Lipschitz condition A2

t t
/a(s,XS"))ds—/ a(s, X,) ds

to to
2 1
ds < K2/
to

t
J
t t .
/a(s,X,("))ds——->/ a(s, X,)ds,
to

w.p.1, which imply that
to

t
<K

to

XM™ - X,|ds—0

and

~ ~ 12
b(s, X{™) - b(s, X,) XM - &,[ ds —o,

w.p.1, and
t t
bo, X aw, — [ b(s, %) aw,,
to

to

in probability, as n — oo for each t € [to,T]. Hence the right side of (5.7)
converges to the right side of (5.2), and so the limit process X satisfies the
stochastic integral equation (5.2).

This completes the proof of the existence and uniqueness of a strong solu-
tion of the stochastic differential equation (5.1) for an initial value X;, with
E(|Xs,]?) < 0. O

Variations of Theorem 4.5.3 are possible with weakened assumptions. The
most obvious is to drop the requirement that the initial value X, satisfies
E(IXgolz) < 00. The proof must then be modified with a truncation proce-
dure similar to that used in the proof of Lemma 4.5.2, because the successive
approximations and their limit may now not be mean-square bounded. An-
other obvious generalization is to replace the global Lipschitz condition A2 by
a local one, that is with the condition holding with possibly different constants
Ky for |z],|lyl € N and each N > 0. This significantly enlarges the class of
admissible coefficients since by the Mean Value Theorem every continuously
differentiable function satisfies a local Lipschitz condition. In this case a trun-
cation argument must also be used in the proof. A key step is the observation
that if the coefficients of two stochastic differential equations coincide on some
interval —N < z < N, then the first exit times 75 and #n > to of their solu-
tions (with the same initial value) from this interval are equal, w.p.1, and the
solutions coincide until this common exit time. In the proof of existence here,
for each N > 0 the successive approximations are stopped on reaching £ N and
a limiting solution X,(N) is obtained. As N increases the exit times 7y of the
solutions X,(N) increase, and for any two N, N’ the corresponding solutions

X,(N) = X,(N,) for 0 <t < min{ry, 7N}, w.p.1. Taking the limit as N — oo
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gives the desired global solution X, that is a solution existing on the entire in-
terval [to,T7], provided a growth bound such as A3 is satisfied. As for ordinary
differential equations a Lipschitz condition, global or local, is not necessary in
order to prove the existence of solutions of stochastic differential equations,
but without such a condition the method of successive approximations cannot
be used and the uniqueness of solutions is not assured. For example, the SDE
dX; = | X;|* dW; has a unique solution X; = 0 for Xy = 0 when a > 1/2, but
has infinitely many solutions for this initial value when 0 < & < 1/2. This
compares with the ordinary differential equation £ = z* which has infinitely
many solutions for o = 0 when 0 < a < 1. The functions z* and |z|* are
not differentiable at x = 0 for 0 < a < 1 and do not satisfy a local Lipschitz
condition in a neighbourhood of z = 0.

In some cases it is possible to replace the Lipschitz condition on b by the
weaker Yamada condition: there exists an increasing function p : [0,00) — R
with p(0) = 0 and [, p~%(u)du = +00 such that

b(t, =) — b(t,¥)| < p(lz - yl)

for all z, y € R and t € [to,T]. This also implies an existence and uniqueness
theorem of strong solutions. For example, p may be p(u) = u® for 1/2 < a <
1 or p(u) = y/|ulnu|. With the first of these it can be concluded that the SDE
dX; = | X;|* dW; has the unique strong solution X; = 0 for Xy = 0 when 1/2
<a<ll

A useful extension to the existence and uniqueness theorem is to weaken the
linear growth bound A3, which essentially says that the coefficients must not
grow faster than linearly in magnitude for large |z|. This excludes drift terms
such as a(z) = z — z3. For the corresponding ordinary differential equation
z = a(z) the solutions satisfy

% %zz = za(z) = 2* - z* < 2?

for all z € R, from which it follows that z2(t) < z2(0)e?* for all ¢t > 0; hence
its solutions cannot explode in finite time. In fact, the growth bound on a =
a(t,z) in A3 can be replaced by

za(t,z) < K*(1+|z|?),

with b = b(¢, z) still satisfying the original growth bound, and the existence of
a global solution of the stochastic differential equation (5.1) remains true. The
absence of some kind of growth bound on either of the coefficients may lead to
explosions in the solutions.

In some instances stronger results can be obtained by strengthening the as-
sumptions of the existence and uniqueness theorem. The next theorem provides
useful upper bounds on the higher even order moments of the solution. When
the initial value is a constant it implies the existence of all such moments.
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Theorem 4.5.4  Suppose that A1-A4 hold and that

E (1X:™) < o0
for some integer n > 1. Then the solution X of (5.1) satisfies
(5.12) E(1X™) < (14 B (1X, 7)) eCt=)
and

(513) B (X = Xeo™) < D (14 E (1Xeol™) ) (2 = to)e—*)

fort € [to,T] where T < oo, C = 2n(2n + 1)K?2 and D is a positive constant
depending only on n, K and T — t,.

Proof It follows from the Ito formula (3.3.6) that |X;|?>" satisfies the stoch-
astic differential equation

t
(5.14) X2 = X+ / 2n |X, "2 X, a(s, X, ) ds

to

t
+ / n(2n — 1) X, "2 b%(s, X, ) ds

to

t
+ / 2n |X,”*"? X, b(s, X,) dW,.
to

Since E(|X,,|?™) < co we can use an analogous argument to that in the proof of
Theorem 4.5.3 to show that E(|X;[>") < oo for t € [to,T]. Hence the function
f defined by f(t,w) = 0for 0 <t < ¢p and f(t,w) = 2n|Xe(w)|*"2 X:(w)
b(t, X¢(w)) for to <t < T belongs to L%, so by (3.2.9)

t
E ( / n |X,|”""? X, b(s,X,)dW,) =0
to
for each t € [to, T). Taking expectations on both sides of (5.14) we obtain

B ()

< E (|x,o|2") + / 'E (2n IX,1* 2 X, a(s,X,)) ds

to

t
+ / E (n(2n —2)|X,*"? b2(s,x,)) ds
to

< E (|x,,,|2") +n(2n + 1)K? /tt E (|X. |22 (1 +|X, |2)) ds,

where we have used the growth bound A3. Then, since (1+a2)a?*~2 < 142a%",
we have
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E(1X") < E(1X0™) +n(2n+ DK?(t - to)

t
+2n(2n + 1)K? / E (|x,|"“2) ds

to

and hence from the Gronwall inequality (Lemma 4.5.1)
t
E (1X:™) < 8(t) + 2n(2n + 1)K® / exp (2n(2n + 1)K2(t — 5)) B(s) ds
to

where B(t) = E(| X |?") + n(2n + 1)K?(t — t;). We obtain (5.12) when we
evaluate the integral here.
To establish (5.13) we use the inequality (a + b)?* < 22"~1(a?” + b?") and

B (1%, - Xo, ™)
2n)

d

/t a(s,X,)ds + /‘: b(s, X,) dW,

to

¢ 2n t 2n
< g {E ( / a(s, X,) ds ) +E ( b(s, X,) dW,) ) }
< 22n—l(t _ to)2n—1 /t E (la(s,X,)lzn) ds

t
+2271(1 — 10)"=1[n(2n — 1)]" / E (jb(s, X,)[*") ds.
to
The last line follows from the Holder inequality (1.4.40) and the fact that

.

< (t=to)* n(2n -1 /‘ E (lf(s,w)li’") ds,

to

[ 1610w,

(5.15) E (

for any f with f® € L2, which can be verified inductively with the help of
the Ito formula. Using the growth bound A3 in the above integrals and the
inequality (1 + a?)” < 22"~1(1 + a?"), we obtain

E(1X = Xio™) < 2 2K?(T = to)" + [n(2n ~ 1)]")

x(t—to)"-l[E((1+|X,|2)") ds

IN

Lo t"-le(l X|2")d
3=ty [ E(141x,0") ds
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< %D(t —to)"! [: (1 +E (1 + |X,0|2") eC(‘"'o)) ds

where we have used (5.12), which has already been proved, and
D = 22Cr=D 2 (T —t5)" + [n(2n — 1)]"}.

Finally, integrating and then using the inequality (e — 1)/z < e, we obtain

E (1% = Xu ™)
eC(l—to) _ 1

< -;—D(t —to)" + % Dt~ to)" (1+E (1Xe ™)) Clt—to)

< 2 DU—t0)" +3 Dt —to)" (14 B (1Xe[)) e
< D(1+E (1Xul™)) ¢~ to)rect),

which is the desired result. O

Exercise 4.5.5 By modifying the proof of Theorem 4.5.4 and using the Dood
inequality (2.3.7) derive the following uniform moment estimates:

(5.16) E( sup |x,|2")

to<s<T
<D {E (IX:.,I’*") + (1 +E (|X,°|2")) (T - to)"eC(T““)}
and

(5.17) E ( sup |X, — X,OF")
to<s<T

<D (1 +E (IX:DI”)) (T — to)eC(T—t0),

for positive constants C and D depending only on n, K and T — t,.

With similar inequalities to those in the proof of the existence and unique-
ness theorem (Theorem 4.5.3) we can show that the solution of a stochastic
differential equation depends continuously on a parameter when the coefficients
do. For a parameter v we consider a family of stochastic differential equations
in integral form

t t
(6.18) x® =x¥ 4+ / a® (5,X(") ds + / b (s,X) aw,,
to

to

where the initial value Xt(: ) may also depend on the parameter. In the case
that only the initial value depends on the parameter we obtain the continuous
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dependence on initial conditions. Analogous results to those in the following
theorem also hold for sequences if we replace v by 1/n and v by 0.

Theorem 4.5.6  Suppose that A1-A4 are satisfied by (5.18) for each v € R

and that
2
)-

(5.19) lim E (,X‘(:) - X
(5.20) lim sup la(")(t, z) — a™)(t, z)} =0,

and

Vv=—Vg
Y=o |zI<N

lim sup
V—Vo IzlSN

b)(t,z) — b(Vo)(t,,,)l =0
for each t € [to,T) and N > 0. Then the solutions X(*) of (5.18) satisfy

-

Proof The solutions X ,(") exist and are unique and mean-square bounded by
Theorem 4.5.3. Subtracting (5.18) for vy, squaring and then taking expecta-
tions we obtain

)

< 3E (IX,(;’) - x{vo

lim sup E(]X,(")—x,(“)

v=vo te(to, T}

E (lx,‘"’ — X

)

t
[ (#6,X67) 95, x07) ds

435 (
t
t
+3E (l / (b<")(s,x§")) — b(*0)(s, X,("°>)) dw,
to
)
t
+3(T—t) | E ( a®)(s, X)) — al*e)(s, X o))
to
t 2
+3/ E( ) ds,
to

by the Cauchy-Schwarz inequality (1.4.38) and the linearity of Ito integrals in
their integrands. Now

’2
)
..

IA

3E (|X§;’) - X&)

b(”)(s,X,(“)) _ b("")(s, X'(Vo))
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2
a®(t, X)) = a8, X))

2

2
2 + 2 [a®) (2, X)) — o), X))

IA

a™(t, X)) — a2, X))

2 2
+2 a(")(t, X,("")) - a("°)(t, X,("")) ,

IA

2K7 | X" - X"

and similarly for the b(*) coefficients. Hence
)
< 3E (|X,(;') — X

t
s -10) [ B(

to

t
w5

to

t
+6K (T —to+1) [ E (| X) — x (o)
to

2
)ds

where 8(*)(t) and L denote the corresponding expressions in the preceding line.

E (|X,(") - X

)
a¥)(s, X(#0)) — a(*o)(5, X (o))
2

) ds

2

) ds

2
)ds

b (s, X (o)) — p(¥o) (5, X (¥0))

= M) +L /t 'E (|x£") — XWo)

Then by Gronwall’s inequality (Lemma 4.5.1) we get

E (IX,(”) - x{ 2) <AV +L /' Lt - $) 8)(s) ds

for each t € [to, T]. By the convergence assumptions (5.19)-(5.20) the 3(*)(t)
— 0 as ¥ — v, and thus the stated result follows. O

We remark that as in Exercise 4.5.5 we can strengthen the convergence of
the preceding theorem to the mean-square uniform convergence

-

In addition, we can obtain analogous convergence results for the derivatives

%X,"), which are defined in the mean-square sense, and also satisfy stochastic
differential equations.

lim E( sup Ix,(") — X0
v=vo to<t<T

Example 4.5.7 Consider the solutions of the stochastic differential equa-
tions
dax{") = va (1, X)) dt + aw,
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with the same initial value X§*) = Xo for each v > 0. For v = 0 the solution
is obviously X® = Xo + W,. Thus by Theorem 4.5.6 we have

lim E (|X§”) - Xo— W,|2) =0

for each t € [0,T].

Exercise 4.5.8  Determine the mean-square limit as v — 0 of the solutions
of the stochastic differential equations

ax{ = a (t,X") dt +vdw,

with the same deterministic initial value X((,") = Xo for each v > 0.

4.6 Strong Solutions as Diffusion Processes

Possibly the most attractive and important property of the solutions of stoch-
astic differential equations is that they are usually Markov processes, in fact
in many cases diffusion processes. As a consequence of this we can apply the
powerful analytical tools that have been developed for Markov and diffusion
processes to the solutions of stochastic differential equations. In discussing
such solutions below we shall always assume that we have chosen a separable
version with, almost surely, continuous sample paths. In addition, we shall
often denote by X;(to, zo) the solution with fixed initial value X;, = zo.

Under assumptions A1-A4, which were stated at the beginning of Section 5,
the solution X of the stochastic differential equation (5.1) is a Markov process
on the interval [tg, T] with transition probabilities

P(s,z;t,B) = P(X: € B|X, = ) = P(X:(s,z) € B)

foralltg < s <t < T, z € R and Borel subsets B of R.
For an autonomous stochastic differential equation

(61) ng = a(Xg)dt+b(Xt)de

the solutions X are homogeneous Markov processes, that is their transition
probabilities P(s,z;t, B) depend only on the elapsed period of time t — s >
0 rather than on the specific values of s and ¢t. In this case we usually write
P(z;t — s, B) for P(s,z;t,B) and can, without loss of generality, take s =
0. The solution of an autonomous SDE will be a stationary Markov process
with stationary distribution P if there exists a probability measure P on (R, B)
satisfying

(6.2) P(B) = L P(z;t, B)P(dz)
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forallt > 0, z € R and B € B. Various analytical conditions on the coeffi-
cients a and b are known which ensure the existence of a density function p for
such a stationary distribution as the solution of the stationary Fokker-Planck
equation.

In general, the solutions of a stochastic differential equation

(6.3) dX, = a(t, X;) dt + b(t, X;) dW;

are diffusion processes with their transition probabilities satisfying the three
limits (1.7.9)-(1.7.11) for the drift a(¢,z) and diffusion coefficient b(¢,z). We
shall prove this below under assumptions A2-A4 and the additional assumption
that the coefficients of (6.3) are continuous (which implies Al, and is implied
by the Lipschitz condition A2 when the differential equation is autonomous).
A weakening of assumptions A2-A4 is possible provided the existence of unique
solutions still holds.

Theorem 4.6.1 Assume that a and b are continuous and that A2-A4 hold.
Then the solution X; of (6.3) for any fized initial value X;, is a diffusion
process on [to, T] with drift a(t,z) and diffusion coefficient b(t, z).
Proof From inequality (5.13) with n = 2 we have

E (1Xu(s,2) - 2I') <Clt—sf

for tp < s <t < T and some constant C which depends on tp, T and z. Hence
for any € > 0

/ P(s,zit,dy) < e / Iy — z|* P(s, z;1, dy)
ly—z|>e R

IA

Ce it —s)?,

lim
tls t—s

/ P(s,z;t,dy) =0,
ly—z|>¢

which is the first of the three required limits (1.7.9)-(1.7.11). To verify the
other two limits it suffices for us to show that

(6.4) ltigxﬁ E(X(s,2) — z) = a(s, z)
and )
(6.5) lim—— £ (|x,(s, z) - :c|2) = b%(s, 7).

Taking the expectation of the integral equation form of (6.3) for the solution
X:(s,z) and using property (3.2.9) of Ito integrals, we obtain

E(Xi(s,z)—z) = /‘ E (a(u, Xu(s,z))) du
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1
= (t- s)/ E (a(s + v(t — 8), Xs4u(t—s)(5,7))) dv.
0
From the continuity of the sample paths of X;(s,z), almost surely, and the

continuity of @ we have

ltlfna (8 +o(t - s)’Xs-Hl(t—s)(s; z;w)) = a(s, z),
s

w.p.1. In addition, from the growth bound A3
Ia(s +v(t - 3)’Xa+u(t—s)(ssz))|2 < K? (1 + |X3+v(t-—s)(3;z)|2)

and the mean-square boundedness of the solution, we have
1
E/ |a (s+o(t - s),X,+,,(,_,)(s,:a:))|2 dv < co.
0

Hence by a theorem of Lebesgue on the interchange of limit and integration
operations we conclude that

1
/0 E (a (s + v(t — s),X,+,,(t_,)(s,z))) dv — a(s,z)

as t | s, from which (6.4) then follows.

The remaining limit (6.5) is established in a similar way after first using the
Ito formula to obtain a stochastic integral equation for (X¢(s,z) — z)?. The
details are left to the interested reader as an exercise. O

In simple cases we can verify directly that the solution of a stochastic dif-
ferential equation is a diffusion process. For example, when the coefficients of
(6.3) are both constants the solution is

X=Xy +a(t—s)+b (W, —W,), so
EXi—z|X;=z)=a(t—s) and

E ((X, -z’ |X, = z) =b%(t — s) +a*(t —s)2.

Consequently the transition probabilities P(s,z;t,-) are Gaussian with means
z + a(t — s) and variances b?(t — s). If the initial value X,  is Gaussian, then
X; is Gaussian and the solution process is a Gaussian process, which is often
called a Gauss-Markov process.

Exercise 4.6.2  Show directly that the solution of the Langevin equation
ng = —Xg dt + th
is a diffusion process when its initial value X is deterministic.

Exercise 4.6.3  Prove (6.5).
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4.7 Diffusion Processes as Weak Solutions

We shall now turn to the converse problem of whether or not a given diffusion
process with probability density satisfying the Fokker-Planck equation is the
solution of some stochastic differential equation. Closely related to this is the
question of the existence of weak solutions of a stochastic differential equation.
From Section 1 we recall that a weak solution is a solution of a stochastic differ-
ential equation for which the coefficients of the equation, but not the Wiener
process, are specified. For a diffusion process these coeflicients are obtained
from the drift a(t,z) and diffusion term o(t,z) = b2(¢, z) of the process, al-
though, as indicated in Section 1, not without ambiguity. On a superficial
level, the question has a simple affirmative answer: if Y; is the diffusion process
with drift a and diffusion term o = b2, or even if just these coefficients are
specified, then we can take the stochastic differential equation

(7.1) dX; = a(t, Xy) dt + b(t, X,) dW,

with the initial value X,, = Y;,, for any Wiener process W = {W;,t > 0}.
Provided the coefficients satisfy appropriate properties, such as assumptions
A1-A3 of Theorem 4.5.3, there will be a solution X for each Wiener process.
Such a solution is then an equivalent stochastic process to the given diffusion
process Y, that is it has the same probability law. In general, however, it will
not be sample path equivalent to Y;. To guarantee this we must choose the
Wiener process with more care.

Let Y be a given diffusion process on [0,7] with drift a(t,y) and strictly
positive diffusion coefficient b(t,y). Under assumptions which we shall specify
later we define functions ¢ and @ by

Y dz
(7:2) 9(t,y) = | N2
and
sty (99,91 zf’_’g) -1
(7.3) a(t,z) = (at +aay + 2b % (t,97'(t,2))

with a and b evaluated at (¢, y), where y = g~ 1(¢, 2) is the inverse of z = g(t,y).
Then we define a process Z; = ¢(t,Y:), which is a diffusion process with drift
a(t, 2) and diffusion coefficient 1, and a process

t
(7.4) We=2i— 2o — / a(s, Z,) ds,
0
which will turn out to be a Wiener process. Consequently (7.4) will be equiv-
alent to the stochastic differential equation
dZ; = a(t, Z;) dt + 1dW,

which, by (7.2), (7.3) and Ito’s formula, will imply that Y; is a solution of the
stochastic differential equation

(7.5) dY: = a(t,Y;) dt + b(t,Y;) dW,,
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that is of (7.1) with the Wiener process W;. In order to justify these steps we
need to impose some regularity conditions on the diffusion process Y; and its

coefficients a and b.

Theorem 4.7.1 Let Y be a diffusion process on [0,T] with coefficients
a(t,y) and b(t,y) > O satisfying for all y € R and t € [0,T] the following
condilions:

(1) a(t,y) is continuous in both variables and
la(t, ¥) < K (1+lyl)
for some positive constant K,

(2) b(t,y) is continuous in both variables, b(t,y)~! is bounded, and the partial
derivatives % and -gf are continuous and bounded;

(3) There exists a function ¢(y) > 1 + |y| such that
i) supocicr E (¥(Y1)) < o0,
@) EW-YIY.=9+E(V- Y] Y =y) < (t-9)v),

(i) E(il Y, = )+ E (% Y, =v) < $(v).

Then W defined by (7.4) is a Wiener process and Y is a solution of the stoch-
astic differential equation (7.5).

Proof We shall first show that Z; = g(¢,Y;) is a diffusion process with drift
a and diffusion coefficient 1. For this we use a change of variables argument.
Since g is monotone in y, Z; is a Markov process and its transition probabilities
are
P(s,z;t,A)=P (s,g"l(s,z);t,g‘l(t,A)) ,

where the P(s,y;t,B) are the transition probabilities of the given diffusion
process Y; and g~ (¢, A) = {y : 9(t,y) € A}. From the assumptions the function
z = g(t,y) and its inverse y = g~'(¢,z) are continuous, so with y = ¢g~1(t, z),
n=g"1(¢) and § = §(¢) > 0 we have

/ P(s,g7'(t,2);t,97 (¢, dE))
|z—=¢|>6

m
tlst— s

1
= lim / P(s,y;t,dn) = 0.
tle 1 =8 Jig(ay)-g(tm)>6

This is the first requirement (1.7.9) on the transition probabilities for the pro-
cess Z; to be a diffusion process. The other two, (1.7.10) and (1.7.11), are also
inherited by Z; from the original diffusion process Y¥;. By the assumptions of
the theorem, g(¢,y) is continuously differentiable in ¢ and twice continuously
differentiable in y. Also by the Taylor Theorem there exist numbers 6,, 8, €
(0,1) such that




146 CHAPTER 4. STOCHASTIC DIFFERENTIAL EQUATIONS

1
t—s

(76) / (€= 2)P (5,97 (t, 2);t, 9711, dE))
|z—¢1<é(€)

=
t =5 Jig(s,9)-9(t.m)I<8(e)

(9(t,n) — 9(s,9)) P(s,y;t,dn)

19)
= a—g(S+01(t-8),y) P(s,y;t,dn)
s 19(2,9)—9(t,m)I<8(e)

99, y)/
=50y """ Jig(s.9)-g(t.m)I<5(e)

+ (n—y)P(s,y;t,dn)

1 / 19%
5 (s +02(t — 5),y) (n—y)*P(s,y;t,dn).
t— 5 Jy(ey-aemi<ace 2097

The first integral in the last part of (7.6) can be written as

P(s,y;t,dp) =1 —/ P(s,y;t,dn),
19(s,9)—g(t,n)|>6(¢)

and thus converges to 1 as ¢ | s by the limit (1.7.9) for the transition proba-

bilities of the given diffusion process Y; and the continuity of the function g.
2

Similarly, by choosing e sufficiently small, we can make g—y-!-(s + 62(t — 5),y)

arbitrarily close to —-?(s y). Finally, from the limits (1.7.10) and (1.7.11) for
the transition proba.blhtles of Y; we see that the limit as ¢ | s of the right side

of (7.6) equals
Oy Qg l 23 9) -1
(aﬁ a5, 2 (5,97'(t,2)),

v/ly(s,y)-y(t.n)ISG(t)

which is just a(s, y) defined in (7.3). Thus the requirement (1.7.10) of a diffusion
process is satisfied by the transition probabilities of Z;. The final requirement
(1.7.11) is satisfied with the diffusion coefficient 1 since, similarly to above, we
can show that

=
t— 8 Jig(s,9)-g(t.m)I<6(e)

= ((‘Z—;’Ib)2 (s,97(s,2)) =1

since —g—g = 1/b from (7.2). This shows that Z; is a diffusion process and that
the process W, is well defined by (7.4).

We need now to show that W; is a Wiener process. Let A; denote the o-
algebra generated by Z, for 0 < s < t. By (7.4) W, is A;-measurable for each
t € [0,T]. Obviously Wo = 0, w.p.1, and W, has, almost surely, continuous
sample paths. Defining ¢(t,z) = 1/)(g‘l(t z)), we have by assumption (3i) that

sup E (¥(t,2:)) = sup E ($(¥2)) < oo.
0<I<T 0<t<T

(n—y)*P(s,y;t,dn)
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Then by the Taylor Theorem there are constants 6,,8, € (0, 1) such that

E(Zisn — Z¢|Z:) = E(g(t + h,Yi4n) —9(t, Y1) [Y2)

0 0
= £(Fa+an o) b+ B (G0 - YOI¥,)

1 _(8?
+§E (-3?/% (t,Y: + 02(Yepn — i) (Yeqn — Yt)zlyt) .

From the assumptions on the coefficient b and the definition of function g, we
have |g(t,y)| < C|y| for some constant C and, in addition, that the partial

derivatives %g and g-;g are bounded. Then from assumption (3) we obtain
E(Zeyn — Zi|Ze) < Crop(t, Ze)h

for some constant Cj. Using this, the definition (7.4) of W; and a growth bound
on the coefficient a, we have

5 (P - 0)]

t+h
E(Ziyn — Z4)Z:) - / E (a(s, Z,)|A,) ds
1

. t+h
< Ciy¥(A,Z)h+ Co E(1+|Y;| |A:) ds
t

IA

Cs ($(t,20) +1) b
for appropriate constants C, and C3. Hence
1.7) lim & (Wern = Wilas) =o.
Similarly, we can show that
~ ~ \2 ~
E ((Wm - W) |,4,) < Cad(t,Z) b
and also that
.1 - = \2
(7.8) lim 3 E ((W,+,. - W) |A,) =1.

Finally, it can be deduced from (7.7) and (7.8) that

E (W,+,, W IA,) =0 and E ((WW, - V'V,)2 I.A,) =h,
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w.p.1. Hence, by the theorem of Doob mentioned in Section 4 of Chapter 2, W,
is a Wiener process with respect to the family of o-algebras {4, 0 <t < T}.
This completes the proof of the theorem. O

The rather strong conditions in the preceding theorem are sufficient, but
not necessary for the existence of weak solutions. We remark that in some
cases the SDE may have only weak solutions and no strong solutions.

Example 4.7.2  The stochastic differential equation
ng = Sant dt + de,

where sgnz = +1 ifz > 0 and —1 if z < 0, only has weak solutions, but
no strong solution for the initial value Xo = 0. In fact, if X; is such a weak
solution for the Wiener process W, then —X; is a weak solution for the Wiener
process —W. These solutions have the same probability law, but not the same
sample paths.

Theorem 4.7.1 tells us that there is a Wiener process such that the given
diffusion process satisfies a stochastic differential equation with its drift and
diffusion coefficient and with this particular Wiener process. In the proof we
used not only the drift and diffusion coefficient, but also the diffusion process
itself. If we know only the coefficients we can determine the diffusion process
by a method proposed by Stroock and Varadhan connected with the martingale
problem. This requires us to solve the equation

(1.9) 506~ 100 + | "LF(X)ds+ My =0

where f is any twice continuously differentiable function vanishing outside of a
bounded interval and M; is some continuous (locally-) square integrable martin-
gale and L is the elliptic operator (2.4.6) in the Kolmogorov backward equation
with the given drift and diffusion coefficients. It can be shown under suitable
assumptions that (7.9) has a solution which is unique in law for all such func-
tions f.

Exercise 4.7.3 Use the o formula to derive equation (7.9) for the
Ornstein- Uhlenbeck process with drift a(z) = —z and diffusion coefficient b(z)
= /2. What is the martingale M, here?

4.8 Vector Stochastic Differential Equations

The relationship between vector and scalar stochastic differential equations is
analogous to that between vector and scalar stochastic differentials. In what
follows we interpret a vector as a column vector and its transpose as a row
vector. We consider an m- dimensional Wiener process W = {W;,t > 0} with
components W, W2, ..., W™, which are independent scalar Wiener processes
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with respect to a common family of o-algebras {A;,t > 0}. Then we take a
d-dimensional vector function a : [0,7]x®¢ — R¢ and a d xm-matrix function
b:[0,T]xR? — R4*™ to form a d-dimensional vector stochastic differential

equation
(81) dX; = a(t,X,)dt+b(t,X,) dw;.
We interpret this as a stochastic integral equation

t t
(8.2) Xe=Xo, + [ a(s, X.)ds + / b(s, X, ) dW,
to

to

where the Lebesgue and Ito integrals are determined component by component,
with the ith component of (8.2) being

t moort
xXi=xXi+ [ x)ds+ Y [ 690,X)aw].
j=17to

to

Analogous definitions of strong and weak solutions apply here, with the result-
ing process X; required to be A;-measurable. The existence and uniqueness
theorem for strong solutions, Theorem 4.5.3, carries over verbatim to the vector
case provided the absolute values in the assumptions and proof are replaced
by vector and matrix norms, such as the Euclidean norms (1.4.36). Theorems
4.5.4 and 4.5.5 on estimates for the 2nth order moments and on the continuity
in a parameter also carry over to the vector context.

Vector stochastic differential equations arise naturally in systems described
by vector valued states, some examples of which will be presented in Chapter
7. They also occur when certain scalar equations not in the form (8.1) are
reformulated to have this form. For example, when the coefficients of a scalar
equation also depend explicitly on W; as in

dYg = a(t,},g, Wg)dt + b(t,Yg, Wg) th,

we can rewrite the equation as the 2-dimensional vector SDE

dX, = ( “(t’OX') ) dt + ( b(t’lx‘) ) dW,

with state components X} = Y; and X? = W,. Similarly, we can reformulate
a second order differential equation disturbed by white noise &; such as

}.}t = a(t,)/f)Yt) +b(t)},h}‘,f)£f

as the 2-dimensional vector stochastic differential equation

dX; = X? d 0 dw,
T\ at, Xy t+ b(t, X:) !

with state components X! = Y; and X? = Y;. We observe in this case that
the scalar process Y; is continuously differentiable whereas its derivative Y; is
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only continuous, so the vector process X; = (X}, X?) is continuous, but not
differentiable.

Another situation in which vector stochastic differential equations arise is
when processes are restricted to lie on certain manifolds, such as the unit circle
S! which is a 1-dimensional compact manifold. We saw in Section 4 of Chapter
3 that a Wiener process on S! satisfies the vector differential equation

dX,:—%X,dt+[(1) 01 ]ngWg,
with the constraint |X;| = 1, where W, is a scalar Wiener process.

For a sufficiently smooth transformation U : [0, T]xR¢ — R of the solution
X: of (8.1) we obtain a k-dimensional process Y; = U(t, X;). This process
will have a vector stochastic differential which can be determined by applying

the Ito formula (3.4.6) to each component. The resulting expression is more
transparent in component form

AP G oUP 1 G EN ., ., BUP
1 4 — — 2 - 'rl !l
(83) dYf = ( 5+ E o +3 E E 'y 92:0%; dt

i=1 i,j=11=1

i OU?
+3 D WG W

1=11i=1

for p = 1, 2, ..., k where the terms are all evaluated at (¢,X;). As in the
scalar case, we can use this formula to determine the solutions of certain vector
stochastic differential equations in terms of known solutions of other equations,
for example linear equations.

The general form of a d-dimensional linear stochastic differential equation

is
(8.4) dX: = (A(t)X: + a(t)) dt + ) (B' ()X, + b'(2)) dW,

=1
where A(t), B(t), B(t), ..., B™(t) are d xd-matrix functions and a(t), b' (%),
b3(t), ..., b™(t) are d-dimensional vector functions. When the B! are all iden-
tically zero, we say that (8.4) is linear in the narrow-sense and when a and the

b' are all zero we call it a homogeneous equation. Duplicating the argument
used for the scalar case in Section 2, we find that the solution of (8.4) is

(8.5) X = @44, (X,o + /t <I>;,10 (a(s) - iB’(s)b"(s)) ds
t =1

[+]

m t
+ 'Z/t @;3ob'(s)dwj),
=1 o

where @, ., is the d xd fundamental matrix satisfying ®;,:, = I and the ho-
mogeneous matriz stochastic differential equation
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(8.6) d®y 1, = At)B1o dt + | B! (8)®s,s, WY,
=1

which we interpret column vector by column vector as vector stochastic differ-
ential equations. Unlike the scalar homogeneous linear equations, we cannot
generally solve (8.5) explicitly for its fundamental solution, even when all of
the matrices are constant matrices. If, however, the matrices A, B!, B2, ..,
B™ are constants and commute, that is if

(8.7) AB'=B'A and B'B* = B*B!

for all k, 1 =1, 2, ..., m, then we obtain the following explicit expression for
the fundamental matrix solution

®; ;, = exp ((A - % é (B’)z) (t—to) + gl:Bl (th - tho)) .

In the special case that (8.4) is linear in the narrow-sense this reduces to
(8.8) B, 1, = exp (A(t — to)),
which is the fundamental matrix of the deterministic linear system

z = Az.

In such autonomous cases ®;:, = ®;_1,,0, S0 we need only to consider o = 0
and can write ®; for ®, .

Exercise 4.8.1 Solve the random oscillator equation

dX, = [‘1) ‘01 ]Xtdt+( o ) aw,

where X; = (X}, X?) and W, is a scalar Wiener process, by first showing that
the fundamental mairiz is

cost —sint
@ = [ sint  cost ]

Exercise 4.8.2  Verify (8.8).

In the same way as for scalar linear SDEs in Section 2, we can derive vector
and matrix ordinary differential equations for the vector mean m(t) = E(X;)
and the d x d matrix second moment P(t) = E (XtX,T ) of a general vector
linear SDE (8.4). Recall that for d-dimensional vectors z and y, the product
zy" is a dxd matrix with ijth component z'3/. Thus P(t) is a symmetric
matrix. We then obtain
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(8.9) %’;‘. = A(t)m + a(2)
and
(8.10) id? = A(t)P+ PA@t)" + }"jB' () PB't)T

=1

+a(t)m@®)" + m(t)a(t)”

+ i‘ (B'®Om@b'(®)" + ' @)m(t)" B'(t) +6' ' (1)7),

=1
with initial conditions m(to) = E (X:,) and P(to) = E (X, X, ).
Exercise 4.8.3  Derive equations (8.9) and (8.10).

Exercise 4.8.4  Solve the ordinary differential equations (8.9) and (8.10)
corresponding to the 2-dimensional linear SDE

dX, = —2X, dt + [ ‘1) ‘01 ]X, AW,

where Xy = (X}, X2)T and W, is a scalar Wiener process.

Exercise 4.8.5  Solve the scalar SDE
dX, = -—%X, dt + X¢ dW} + X dW2,

where W} and W? are independent scalar Wiener processes.

In the remaining part of this section we shall list several important results
which we shall use later. The reader may wish to omit it now and refer back
to it when the results are first used.

The solution X of a vector stochastic differential equation (8.1) is a Markov
process. Under smoothness conditions on its coefficients, like those in the Ex-
istence and Uniqueness Theorem 4.5.3, X, is also a diffusion process with drift
vector a(t,z) and dx d diffusion matrix D(¢,z) = b(t,z)b(t,z)T, or in com-
ponent form d"i(t,z) = Y j=, b (¢, z)b)!(t,z) for ¢, j = 1, 2, ..., d. The
transition probabilities then satisfy the Kolmogorov backward equation with
these coefficients. Generally, the diffusion matrices D are only positive semi-
definite rather than positive definite, and this may lead to singularities in the
transition densities. Many difficulties can thus arise in functional analytical
investigations of these partial differential equations, but, as we shall see, these
can often be circumvented by the use of probabilistic methods. An impor-
tant situation where this happens is in the verification of that the Kolmogorov
formula

(8.11) u(s, ) = E(f(Xr)|X, = z)

gives a solution of the Kolmogorov backward equation (2.4.7)
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Ou
(8.12) B8 +Lu=0
for 0 < s < T, where L is the elliptic operator (2.4.6), with the final condition
(8.13) u(T,z) = f(z)

for a sufficiently smooth function f : R4 — .

To be more specific, let C'(R?,R) denote the space of I times continuously
differentiable functions w : ®¢ — R and Ch(R?,R) the subspace of functions
w € C'(R4,R) for which all partial derivatives up to order I have polynomial
growth, that is for which there exist constants K > 0 and r € {1, 2, 3, ...},
depending on w, such that

|8 w(y)| < K (1+ |y*)

for all y € R¢ and any partial derivative 8w of order j < I. Then we have the
following theorem due to Mikulevicius, which we shall use in the chapters on
weak approximations.

Theorem 4.8.6  Suppose that f € Cf,hﬂ)(%d,?}?) forsomevy=1,2,3, ...
and that X, is a homogeneous diffusion process for which the drift vector and
diffusion matriz components a, b/ € Cf,('YH)(éRd,?R) with uniformly bounded
derivatives. Then u : [0,T]xR? — R defined by (8.11) satisfies the final value
problem (8.12)-(8.18) with $¢ continuous and u(s,-) € Ci,("ﬂ)(?R",?R) for each
0<s<T.

We remark that the diffusion process may be degenerate here, that is with the
diffusion matrix vanishing at various points in 4. The Ito formula is used
to show that the function u given by (8.11) is a solution of the Kolmogorov
backward equation (8.12). It can be used in a similar way under analogous
smoothness assumptions to show that the Feynman-Kac formula

X,:z),

where ¢ is a bounded function, is a solution of the partial differential equation

Ou
(8.15) g-l-ﬁu-f-gu =0

with the final condition (8.13) and elliptic operator (2.4.6).
Exercise 4.8.7  Use the Ito formula to verify that (8.11) satisfies (8.12).

T
(8.14) u(s,z) = FE <f(XT) exp (/ g(Xu)du)

In nonlinear filtering and other applications we often encounter a “drifted”
Wiener process X on a probability space (2, A, P) with a filtration A* = {A,,
t € [0,T]}. This is defined by

t
(8.16) X, = Xo+ / As) ds + Wi
0
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for t € [0,7], where A is an A*-adapted, right-continuous process and W
is an .A*-adapted Wiener process with respect to the probabiljty measure P.
In general X is not a Wiener process with respect to the given probability
measure, but it is sometimes useful to interpret it as one with respect to another
probability measure. We can do this by using the Girsanov transformation to
transform the underlying probability measure P on the canonical sample space
Q = Co([0,T1],R) to an absolutely continuous probability measure Px with the
Radon-Nikodym derivative

(8.17) P — exp ‘/TA(s)dW—l " AG) P ds ).
’ dP 0 *2)

The A*-adapted process X turns out then to be a Wiener process on the
canonical probability space (€2, A, Px). A heuristic justification of the formula
(8.17) will be given in Section 4 of Chapter 6.

We have already mentioned an ergodic theorem for Markov chains in Section
6 of Chapter 1 (see (1.6.22)). An analogous result also holds for Ito diffusions.
We say that a d-dimensional Ito process X = {X;, t > 0} is ergodic if it has a
unique invariant probability law p such that

t—00 t

(8.18) lim 1 ‘ f(X2%) ds = / f(y) du(y),
0 R

w.p.1, for any pu-integrable function f : % — R and any deterministic initial
condition Xy = z. The following sufficient condition for a process to be ergodic,
which is quite strong, is due to Hasminski.

Theorem 4.8.8  Suppose that the drift a and diffusion coefficient b of an
autonomous Ito process X are smooth with bounded derivatives of any order,
b is bounded and there exists a constant 8 > 0 and a compact subset K C R¢
such that

(8.19) zTa(z) < -Bz|?
for allz € R4\ K. Then X is ergodic.

Exercise 4.8.9  Show that the 1-dimensional Ito process with drift and dif-
fusion coefficients a(z) = 1 —z and b(z) = 1 is ergodic.

4.9 Stratonovich Stochastic
Differential Equations

In Chapter 3 we saw that a stochastic differential equation
(9.1) dX; = a(t, X,)dt + b(t, X;) dW,

must be interpreted mathematically as a stochastic integral equation
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11 t
(9-2) X = Xy + / a(s,X,)ds +/ b(s, X, ) dW,
to to
where the second integral is a stochastic integral. Apart from a brief discussion
in Section 5 of Chapter 3, we have so far taken a stochastic integral to be
an Ito stochastic integral, in which case we could call (9.1) an Ito stochastic
differential equation.

With different choices of stochastic integrals we would generally obtain dif-
ferent solutions for the above integral equation, which would justify our saying
that we have different stochastic differential equations, even though they have
the same coefficients. Of all these integrals, the one proposed by Stratonovich,

o . . N . . o (
in which the integrand is evaluated, essentially, at the midpoint %(tj") + t§1)1

of each partition subinterval [tg"),tg';)l], is the most appealing because it alone
satisfies the usual transformation rules of classical calculus. If we use the Strat-
onovich stochastic integral, it is appropriate to say that we have a Stratonovich
stochastic differential equation. We shall denote it by

(93) dXt =g(t,X¢)dt+b(t,X¢)oth

or : :

(94) thXto+/ g(s,X,)ds+/ b(s, X,) o dW,,
to to

and reserve (9.1) and (9.2) for the Ito case.

In Section 5 of Chapter 3 we defined the Stratonovich integral only for
integrands of the form f(¢,w) and h(W;(w)). Since there is a slight ambiguity
as to how this should be extended to integrands of the form A(¢, X;(w)) for a
function h = h(t, z) and a diffusion process X;, we shall define the Stratonovich
integral

T
(9.5) /0 h(s,Xs(w)) o dW,

to be the mean-square limit of the sums
RS
— n -— —
96)  Sn(w)= ;ﬂ:h (tj 5 (thn, + th_:)l)) {th W,;,,}

for partitions 0 = tgn) < tg") <---< tSz':L)x = T with

6™ = max tg-'j_)l —tg-") —0 as n— oo.

1<j<n

Alternatively, averaging h(t, X;) over its values at the endpoints tg") and t;i)l
will give the same value if h is sufficiently smooth. To ensure that the limit
exists, we need to impose some restrictions on h and X;. Let W = {W;,¢ > 0}
be a Wiener process with an associated family {A:,t > 0} of increasing o-
algebras. We shall suppose that X; is a diffusion process in R for 0 <t < T
with continuous drift a = a(t,z) and diffusion coefficient b = b(¢,z), and that
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h : [0, T]xR — R is continuous in ¢ with the partial derivative % continuous in
both t and z. Finally, we shall suppose that the function f defined by f(t,w) =
h(t, X:(w)) belongs to the function space L%, defined in Section 2 of Chapter
3, which in particular requires X; to be A;-measurable for each 0 <t < T and

/o g (I, X)) dt < co.

Under these conditions the above limits exist and are unique, w.p.1, so the inte-
gral (9.5) is meaningful. Moreover the identity (3.5.5) with A = 1/2 generalizes
to

T T 1 [T Oh

©9.7) / h(t,xt)odw,=j h(t,X,)dW,+-/ b, Xo) 2R 2, X) dt
0 0 2 /o Oz

or, equivalently, in differential form

(98) h(t,Xg) (] de = h(t,Xg) de + % b(t,Xi (t Xt) dt.

)a

The proof is similar. Using the Taylor Theorem and the Mean Value Theorem,
we have

h (t;"),% (th") + X‘;:.)x)) —h (tg"),xtﬁ_))

10k ((.n) (20, o +0; X <~>)) {Xip, - %}

208z
for some (random) 6; € [0,1] for j =1, 2, ..., n. Since X; is a diffusion process
AX n = X n) — X n
w = X, =X

— (n) (n) (n)
= a (tj" ,X'§.)) At +b (tj" ,ths)) AWty.)
+ higher order terms,

where Atg-") = tg-:_)l - tg") and Ath.) = W‘g-‘-'_)l Wy for j=1,2, ..., n.

‘1
Thus each term in the sum (9.6) equals

10h

h(t( ") X(,.)) AW(.)+ 292

AX'(_..) AWt(.n)
] ;)

= h (t( ") , X (,.)) AW, (..) + ;gh b (tgn),th_n)) (Ath»))2
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10h n
+=-=—] a (tg-n),X‘(.u)) Atg- )AWt(.")
@ J J

+ higher order terms,

_Oh [ (a 1
3:!: (t( ) ((2 0; )X (..) +0; X(.)))

Taking into account the continuity of the coefficients and the facts that
E(AW,m)? = At{™ and E(At{™ AW,w) = 0, we obtain (9.7) in the mean-
I

square ﬂmt
From property (3.2.9) of Ito integrals we have

(9.9) E ( /0 . h(t, X1) dW,) =0.

Such a property is not, generally, enjoyed by the Stratonovich integral. Taking
expectations of both sides of (9.7) and using (9.9), we obtain

(9.10) E (/OT h(t,x,)odw,) = -;-/OTE (b(t,x,)g—:(t,x,)) dt,

which need not be zero.
When the diffusion process X, satisfies an Ito SDE (9.1), we see from (9.8)
with h = b that X; is also a solution of the Stratonovich SDE

where
%
oz |,

(9.11) dX; = a(t, X,) dt + b(t, X;) o dW,

with modified drift a defined by
a(t,z) = a(t,z) - -b(t 1‘) (t z).

Exercise 4.9.1  LetY; = U(t, X;), where X, is a solution of the Stratonovich
SDE (9.3) and U(t,z) is sufficiently smooth. Apply the Ito formula to the
corresponding Ito SDE (9.1) and show that

(0U BU) ou

dY; ——+ga dt + b — o dW;

ot Oz

ou ou
— a dt+g5—ong,

where all of the functions are evaluated at (¢, X,).

The two stochastic differential equations (9.1) and(9.11) have the same co-
efficients if the diffusion coefficient b is independent of z, that is when the noise
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appears additively. In general the drift terms will differ. For example, the
diffusion process

X: = Xi, exp ((a - %b’) (t—to) + b (W; — W,o))

is a solution of the Ito SDE
(9-12) ng = aX, dt + ng de

and of the Stratonovich SDE
ng = (a bl %bz) Xg dt +bX¢ o th

If we start with the Stratonovich SDE (9.3), then the corresponding Ito
SDE is

(9.13) dX: = a(t, X:)dt + b(t, X;) dW;
with the drift modified to a defined by

a(t,) = alt, 2) + 3 b(t,2) o (0, 2).
For example, the diffusion process
Xi = Xy, exp (a(t — o) + b(W; — Wy, )
is a solution of the Stratonovich SDE
(9.14) dX; = aX:dt + bX; o dW,;

and of the Ito SDE
ng = (a + ';‘bz) Xg dt + ng de.

The Ito and Stratonovich linear SDEs with the same drift and diffusion
coefficients, (9.12) and (9.14) respectively, thus have distinct solutions. More-
over, these solutions may behave quite differently; for example, convergence to
0, w.p.1, as ¢ — oo holds for the Ito solution if a < 1b%, but only if a < 0
for the Stratonovich solution. How we interpret a stochastic differential equa-
tion may thus have critical consequences, which must be borne in mind when
constructing models involving stochastic differential equations.

Whichever interpretation of an SDE is deemed appropriate in a particu-
lar situation, we can always switch to the corresponding SDE in the other
interpretation when this is advantageous. For instance, we can use the ex-
istence and uniqueness results of Section 5 for an Ito SDE (9.13) to obtain
analogous results for the corresponding Stratonovich SDE (9.11). Similarly we
must use the corresponding Ito SDE to determine the appropriate coefficients
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of the Fokker-Planck equation for a diffusion process arising as the solution of a
Stratonovich equation. On the other hand the Stratonovich stochastic calculus
obeys the same transformation rules of classical calculus, so methods that have
been developed to solve ordinary differential equations can sometimes be used
successfully to solve Stratonovich SDEs.

Exercise 4.9.2  Determine and solve the Stratonovich SDE correponding to
the Ito SDE

dX‘ =1dt + 2\/ Xi de.

To conclude this section we state without proof the vector analogues of
the above relationships between Ito and Stratonovich stochastic integrals and
differential equations. In particular we take X; to be a solution of the vector
Ito stochastic differential equation

(9.15) dX, = a(t, X;) dt + b(t, X;) dW;

where a, X € R4, b € R9*™ and W € R™. For a dxm matrix valued function
h we define a d-dimensional vector valued function ¢ = ¢(t, X) componentwise

by . 1 d m h:k
c'(t,X)=§ZZ "k, X) 5 — (t X),

for i = 1, 2, ..., d. Then the Ito and Stratonovich integrals of h(t, X;) are
related by

T T T
/h(t,Xt)odW,=/ h(t,x,)dw,+/ o(t, X2) dt
0 0 0

or in equivalent differential form

h(t,Xt) (] de = h(t, Xg) dW; + C(t, Xt) dt.

With h = b it follows that the Stratonovich SDE corresponding to the Ito SDE
(9.15) is

(9.16) dX, = a(t, X:) dt + b(t, X;) o dW;
where the modified drift is defined componentwise by
at,X) = d@X)-c(tX)
= a'(t,X) - -EZH k(¢ X)Qf—k(t X)

Jj=1lk=1

To obtain the Ito SDE corresponding to a given Stratonovich SDE we must
modify the drift to
a(t,X) = a(t, X) + c(t, X),

now adding rather than subtracting the correction term.
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Exercise 4.9.3 Determine the wvector Stratonovich SDE describing a
Wiener process on the unit circle, that is corresponding to the vector Ito SDE

1 0 -1
dX:=—§X:dt+[l 0 ]X:dW:,

with the constraint | X| = 1, where W; is a scalar Wiener process.

Unlike in the scalar case, the vector Ito and Stratonovich SDEs may now have
the same drift term when the diffusion coefficients depend on X.

Example 4.9.4  The drift correction term c(t,X) = 0 in 2-dimensional
SDEs involving a scalar Wiener process occurs, for instance, when the diffusion
coefficient b = (b!,b?) satisfies

bl(zl,.‘Bz) = —-b2(21,22) =1z + 25.



Chapter 5

Stochastic Taylor Expansions

In this chapter stochastic Taylor expansions are derived and investigated. They
generalize the deterministic Taylor formula as well as the Ito formula and allow
various kinds of higher order approximations of functionals of diffusion pro-
cesses to be made. These expansions are the key to the stochastic numerical
analysis which we shall develop in the second half of this book. Apart from Sec-
tion 1, which provides an introductory overview, this chapter could be omitted
at the first reading of the book.

5.1 Introduction

Deterministic Taylor expansions are well known. We shall review them here
using terminology which will facilitate our presentation of their stochastic coun-
terparts. To begin we shall consider the solution X; of a 1-dimensional ordinary
differential equation
d

1.1 —X: = a(Xy),
( ) dt t a( t)
with initial value X;,, for t € [to,T] where 0 < tg < T. We can write this in
the equivalent integral equation form

t
(1.2) X, =X, +/ a(X,) ds.
to
To justify the following constructions we shall require the function a to satisfy
appropriate properties, for example to be sufficiently smooth and to have a
linear growth bound. Let f : ® — R be a continuously differentiable function.
Then by the chain rule we have

d 7]
(1.3) Ef(Xt) = a(Xt)a—xf(Xt);
which, using the operator
0
(14) L=a 5;,

we can express as the integral relation

(1.6) F(Xe) = f(Xio) + /t LX) ds
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for all t € [to,T]. When f(z) = z we have Lf = a, L2f = La, ... and (1.5)
reduces to

(16) Xg = Xgo + /t a(X,)ds,

to

that is to equation (1.2).
If we now apply the relation (1.5) to the function f = a in the integral in

(1.6), we obtain
t 8
X,°+/ (a(Xt°)+/ La(X,)dz) ds
to to

1 t 3
X,°+a(Xto)/ ds+/ / La(X,) dzds,
to to

to

(1.7) X,

which is the simplest nontrivial Taylor expansion for X;. We can apply (1.5)
again to the function f = La in the double integral to derive

t 21 3
(18) Xt = Xto + G(Xgo) ds + LG(X:O) / / dzds + R3
to to Jto

with remainder

t s Z
(1.9) R3 =/ / / L%*a(X,) dudz ds,
to Jto Jio

for t € [to, T]. For a general r+ 1 times continuously differentiable function f :
R — R this method gives the classical Taylor formula in integral form:

r 1
110)  fx) = fxg)+ S ppx,,)
=1 ’

1 32
+/ o [ LTHUE(X,, ) dsy - . dsegn
to

to

fort € [to,T]and r=1,2,3, ...

The Taylor formula (1.10) has proven to be a very useful tool in both
theoretical and practical investigations, particularly in numerical analysis. It
allows the approximation of a sufficiently smooth function in a neighbourhood
of a given point to any desired order of accuracy. This expansion depends on
the values of the function and some of its higher derivatives at the expansion
point, weighted by corresponding multiple time integrals. In addition, there is
a remainder term which contains the next multiple time integral, but now with
a time dependent integrand.

To expand the increments of smooth functions of Ito processes, for instance
in the construction of numerical methods, it is advantageous to have stochastic
expansion formulae with analogous properties to the deterministic Taylor for-
mula. There are several possibilities for such a stochastic Taylor formula. One
is based on the iterated application of the Ito formula (3.3.6), which we shall
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call the Ito-Taylor ezpansion. We shall indicate it here for the solution X, of
the 1-dimensional Ito stochastic differential equation in integral form

t t
(111) X, =X,,,+/ a(x,)ds+/ b(Xs) dW,
to to

for t € [to, T], where the second integral in (1.11) is an Ito stochastic integral and
the coefficients a and b are sufficiently smooth real-valued functions satisfying
a linear growth bound. Then, for any twice continuously differentiable function
f : R — R the Ito formula (3.3.6) gives

(1-12) f(Xt) = f(Xto)
t 2
+ /, (a(X.)%f(X.H%b’(x,)%f(x,)) ds

+ [ ax)gorc aw,

F(Xe) + / LF(X,) ds + / LYF(X,)dW,,

to to

for t € [to, T). Here we have introduced the operators

o 1,, 82
0 _ 4 Zp2—
(1.13) LY = aaz + 2b 2
and
a
1 _p 2
(1.14) L = bax.

Obviously, for f(z) = z we have L°f = a and L'f = b, in which case (1.12)
reduces to the original Ito equation for X, that is to

1 1
(1.15) Xi = Xi, + / a(X,)ds+ [ b(X,)dW,.
to to

In analogy with the above deterministic expansions, if we apply the Ito formula
(1.12) to the functions f = @ and f = b in (1.15) we obtain

(116) Xt = Xto

+[ (a(Xto)+/: L°a(X,)dz+[ Lla(X,,)dW,> ds

o [

+ [ (b(X,o)-}- / LO(X.) dz + 'le(x,)dwz) aw,

to to

t t
= X‘o+a(Xto)/ ds+b(X‘°)/ dwW, + R
to to
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with remainder

t s t s
R = / L"a(X,)dzds+/ / L'a(X,)dW, ds
t to

o Jito to

1 s t s
+ / / LO(X ;) dz dW, + / / L'b(X,) dW, dW;.
to to Yio

to

This is the simplest nontrivial Ito-Taylor expansion. We can continue it, for
instance, by applying the Ito formula (1.12) to f = L} in (1.16), in which case
we get

t 12
(1.17) X = X,°+a(X,°)/ ds+b(X,o)/ dw,
fo tl)

t s
+L'b(Xe,) / dW, dW, + R
to Jito
with remainder

t s 13 s
R = / / L°a(X,)dzds + / L'a(X,)dW, ds
to to

to to

t s 1 s z
+ / / L%(X,)dzdW, + / / / LOL'b(Xy) du dW, dW,
10 ‘o to to to

t s z
+ / / L'L'b(X,) dW, dW, dW,.
to Jto Yo

In Section 5 we shall formulate the Ito-Taylor expansion for a general function
f and arbitrarily high order. Nevertheless, its main properties are already
apparent in the preceding example. In particular, we have an expansion with
the multiple Ito integrals

4 1 1 s
/ ds, aw,, / dw, dw,
to t

to o Jto

and a remainder term involving the next multiple Ito integrals, but now with
nonconstant integrands. The Ito-Taylor expansion can, in this sense, be inter-
preted as a generalization of both the Ito formula and the deterministic Taylor
formula.

We shall now consider another representation for the increments of a func-
tion of an Ito process X, which we shall call the Stratonovich- Taylor expansion.
For this we start with the 1-dimensional Stratonovich stochastic differential
equation in integral form

t t
(1.18) Xt = Xq, +/ a(X,)ds+ | b(X,)odW,

to to
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for t € [to, T], where the second integral in (1.18) is a Stratonovich stochastic
integral and the coefficients @ and b are sufficiently smooth real valued functions
satisfying a linear growth bound. From Chapter 4 we recall that when

a=a—=>bt

the Ito equation (1.11) and the Stratonovich equation (1.18) are equivalent and
have the same solutions. We know from Exercise 4.9.1 that the solution of a
Stratonovich SDE transforms according to the deterministic chain rule, so for
any twice continuously differentiable function f : ® — % we have

(1.19) f(X,) = f(X,°)+/tg(X,)5%f(Xa)ds

t
d
+ /to b(X,)B;f(X,) o dW,

t t
£(Xeo) + / LOF(X.)ds + / Lf(X,) 0 dW,,

to

for t € [to, T, with the operators

7]
0 — —
(1.20) L' = a5
and
4]
1_ —
(1.21) L'=by.

Obviously, for f(z) = z we have L°f = a and L' f = b, in which case (1.19)
reduces to the original Stratonovich equation

t 11
(1.22) X; = Xuo +/ a(X,)ds +/ b(X,) 0 dW,.
to t

Analogously with the Ito case just considered, we can apply (1.19) to the inte-
grand functions f = @ and f = b in (1.20). This gives

(123) X: = X
t 3 1]
+/ (Q(X‘o)"'/ Loﬁ(Xz)dz‘f‘/ ng(Xz)Osz) ds
to to to

[ (e s

8
+ [ L'(X.)o dW,) o dW,

to

¢ t
= Xy +£(Xt.,)/ ds + b(Xgo)/ odW, + R
to to
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with remainder

t 8 t s
R = / Lla(X,)dzds + / / L'a(X,) o dW, ds
to to Jto

to

t s t L]
+/ L%(X,)dz o dW, + / / L5(X,) o dW, o dW,.
tu to fo

to

This is the simplest nontrivial Stratonovich-Taylor expansion of f(X:). We can
continue expanding, for instance, by applying (1.19) to the integrand f = L'b
in (1.23) to obtain

t

t
Xt = Xto + E(Xto)/ ds + b(Xto) OdW,
to

to
t s
+L’b(X:o)/ / odW, 0dW, + R
to Jto
with remainder

11 s 1 s
R = / / L'a(X,)dzds + / L'a(X,) o dW, ds
to Jio to

to

t s t 3 z
+ / / L°(X,)dz o dW, + / / / L°L'b(Xy) du o dW, o dW,
to JYto to Jio t

]

t s H
+/ / / L'L'b(X,) o dW,, o dW, o dW,.
to Jig Jig

In Section 6 we shall formulate the Stratonovich-Taylor expansion for a gen-
eral function f and arbitrarily high order. It will be similar to the Ito-Taylor
expansion, but instead of multiple Ito stochastic integrals it will involve multi-
ple Stratonovich stochastic integrals. While it appears formally similar to the
Ito-Taylor expansion, the Stratonovich-Taylor expansion will be seen to have
a simpler structure which makes it a more natural generalization of the de-
terministic Taylor formula and more convenient to use in stochastic numerical
analysis.

Similar expansions hold for multi-dimensional Ito processes satisfying
nonautonomous stochastic differential equations. In the following sections we
shall refer to the nonautonomous d-dimensional Ito equation

t m_
(1.24) X‘=X,0+/ a(s,X,)ds+Z/ v (s, X,)dW!
j=1"te

to

for t € [to, T] and the equivalent Stratonovich equation

t m t
(1.25) X, =x,°+/ g,(s,X,)ds+Z/ b (s, Xs) 0 dW?
to j=1Yto
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for t € [to, T], where
i i 1 L k ; 0b%
(1.26) d=a —-2-2217 ']W

fori=1,2,...,d. In both of these SDEs W = {W,, t € [0, T]} is a standard m-
dimensional Wiener process adapted to an increasing family of sub-o-algebras

{A., t € [0,T]}.

5.2 Multiple Stochastic Integrals

In this section we shall introduce some notation to allow us to formulate Ito-
Taylor and Stratonovich-Taylor expansions in a way that will considerable sim-
plify the presentation and proofs.

Multi-indices
We shall call a row vector

(2.1) o= (j1,J2,- -, J1)s

where

(2.2) Jji€{0,1,...,m}
forie{1,2,...,1} and m =1, 2,3, ..., a multi-indez of length
(2.3) l:=1(e) €{1,2,...}.

Here m will denote the number of components of the Wiener process under
consideration. For completeness we denote by v the multi-index of length zero,
that is with

(2.4) l(v):=0.
Thus, for example,

1((1,0)) =2 and 1((1,0,1)) = 3.

In addition, we shall write n(a) for the number of components of a multi-index
o which are equal to 0. For example,

n((1,0,1)) =1, =n((0,1,0))=2, =n((0,0))=2.
We denote the set of all multi-indices by M, so
(2.5) M = {Grise- i) G €40,1,.m), i€ {11,

for 1=1,2,3,... }uU {v}.
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Given a € M with l(a) > 1, we write —a and a— for the multi-index in M
obtained by deleting the first and the last component, respectively, of a. Thus

-(1,0) = (0), (1,0)— = (1),
—(0,1,1) = (1,1), (0,1,1)— = (0,1).

Finally, for any two multi-indices a = (j1, Jj2, ..., jr) and & = (j1, j2, - -, J1)
we introduce an operation * on M by

(2.6) a* &= (j1,52,- -, JksJ1,J25- - J1)s

the multi-index formed by adjoining the two given multi-indices. We shall call
this the concatenation operation. For example, for o = (0,1,2) and & = (1, 3)
we have

a*xa=(0,1,21,3) and axa=(1,3,0,1,2).

Exercise 5.2.1 Determine l(a), n(c), —a and a— for a = (0,0,0), (2,0,1)
and (0,1,0,0,2).

Multiple Ito Integrals

To begin we shall define three sets of adapted right continuous stochastic pro-
cesses f = {f(t),t > 0} with left hand limits. The first set, H,, is the totality
of all such processes with

(2.7) 1f(t,w)| < o0,

w.p.1, for each t > 0; the second, H(g), contains all those with

t
(2.8) / £ (s,w)] ds < oo,
0
w.p.1, for each ¢ > 0; and the third, H(;), all those with
t
(2.9) / |f(s,w)|?ds < oo,
0
w.p.1, for each ¢ > 0. In addition we write
for each j € {2, ..., m} if m > 2. Below we shall define the sets H, for

multi-indices &« € M with length I(a) > 1.
Let p and 7 be two stopping times with

(2.11) 0< pw) S T(W) < T,

w.p.1. Then, for a multi-index o = (41, j2, - -, i) € M and a process f € Hq
we define the multiple Ito integral I,[f(-)], r recursively by
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f(7) : 1=0
(212)  LlfOlpr =4 J; Ta-1f()p,s ds : I>1and ;=0
J Tac[fOlp e dWi : 121 and ji > 1.

For « = (51, j2, --., j1) with [ > 2 we define recursively the set H, to be
the totality of adapted right continuous processes f = {f(¢), ¢ > 0} with left
hand limits such that the integral process {Io_[f(-)],,:, t > 0} considered as a
function of ¢ satisfies

(2.13) In_[f())p, € Hj-
As an illustration of this terminolgy we consider the following examples:
Lf(os = f(®),
I Vririgs = / _T"“ f(s)ds,

Iy f Ol / " f(s)aw?,

t $2
Ionlf(Doy = ./0-/0 f(s1) ds1dW},

t 33 S
/ / / f(s1) dsy dW2 dWL,
0 Jo 0

for an appropriate process f. For simpler notation in the case that f(t) =1, or
when the stopping times p and 7 are obvious from the context, we shall often
abbreviate Io[f(-)],,+ to I, or just I,.

Io,2,1)[f (ot

Exercise 5.2.2  Write out in full the multiple Ito stochastic integrals
Lf()pr for f@) =1, p=0, 7 =T and « = (0,0,0), (2,0,1) and (1,2).

Relations Between Multiple Ito Integrals

There is a recursive relationship for multiple Ito integrals, which we shall now
derive. For convenience we write

(2.14) It = Io[1]o,
and
(2.15) W=t

for « € M and t > 0, and recall that I, denotes the indicator function of the
set A.
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Proposition 5.2.3 Letj, ..., 1 € {0, 1, ..., m} and @ = (j1, ..., i) €
M wherel =1,2,3,.... Then

i
(2.16) WtJIO.i = ZI(.ix.-~~,j-',.i,j-'+1,.--Jx),t
i=0
1
+ Z Iiji=5%0) LGy, edica 0dignsmii) t
i=1

forallt > 0.

Proof We consider the multi-dimensional linear Ito process X = {X;, t >
0} defined by

( x;” \ [ o) \
x{m™ Tmye
X‘(jhja) I(J'x,jn),t
X = . = . ,
Xz(j"j"j’) 15,52,
\ 'X;("""""') )\ I, /

where each component represents a multiple Ito integral. Here for the fth

component with 3 = (ji, ..., j.) the drift coefficient
o - . jl=0
0 :  otherwise
and the diffusion coeflicient
pi_ | i iziel.m)
0 : otherwise,
where f— = (j1, ..., jr—1) and zP~ is the corresponding component of z.

Obviously Xj is the zero vector. Then, from (2.12) and the Ito formula (3.4.6)
it can be shown that

(2.17) Wile: = IGyilay

t 11
N / Las dlj), + / Ij)e Lam s AW
0 0

t
+I{j.=j¢0}/01a—,s ds.
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For | = 1 the relation (2.16) follows directly from (2.17). When { > 2 we obtain

t
Wl Ilay = I(jl,....j.,j),¢+/0 I(y,s La—,s dW]!

+I{JI=J¢0}I(11 ,‘..,jx-x,o),t

from (2.17) and (2.12). The assertion (2.16) then follows by induction with
respect to [ if we express I(;),Is— s in terms of (2.16) for lower indices. O

Formula (2.16) describes a relation between different multiple Ito integrals.
In the special case that the multiple integrals are all integrated with respect to
the same component of the Wiener process it reduces to a simpler expression
provided by the following corollary.

Corollary 5.2.4  Suppose that o = (j1, ..., i) with j; = --- = j; =j € {0,
.., m} where ! > 2. Then fort > 0

t! : j=0
(2.18) Lo = { 71' ’

TR

Proof The case j = 0 follows from the usual deterministic integration rule.
For j € {1, ..., m} the relation (2.16) gives
1-2
(2'19) t I(a_)_,‘ = ZI(jl,-..,j.',O,J'i+1,-“,].l—2),t and
=0
) 1-1
(2:20) Wi Tac e = o+ ) Iy, ica0dign, i)t
i=1
On renumbering and inserting (2.19) into (2.20) we get (2.18) for j € {1, ...,
m} too. O
The recursion formula (2.18) for j € {1, ..., m} has the same form as that
for the Hermite polynomials. Using this we can express the multiple integrals
Ijj,...i): as a Hermite polynomial in (), for any j € {1, ..., m}. In particular

we have
(I(J) ¢t )

A DY B B B[ 82

(2.21) I

Iijie = Iy — 3t I(j),t) ,
Ljiie = Iy — 6t I%y  + 822 ) )
Iggide = —10¢ I§) , + 15¢ -’(j),t) )

I

t
4 2 r2 3
...... (=181 + 4582 Iy — 1567

i (
i (16,
(15,
i (T -
(

273 3
Iy = 21 15y, + 10587 I3, , — 1058 5., ) -
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For any j € {1, ..., m} we also have the following special cases of the relation
(2.16):
(2.22) tlye = IGone+ Lo,
tline = L6500+ G600+ logi
Iiyeloge = 2L, + 16,040 + 10,0
IpaelGoe = IGoge+ 21650, + Loo).

We remark that there are many other useful relations between multiple Ito
integrals, which can be derived as required. These mainly involve multiple Ito
integrals with multi-indices of the same or shorter length.

Exercise 5.2.5 Show that the multiple Ito integrals I, with multi-indices o
=(0,1), (1,1) and (1,1,1) can be expressed in terms of those with multi-indices
(0), (1) and (1,0).

Exercise 5.2.6  Find ezxpressions for the multiple Ito integrals I, with multi-
indices a = (0,1), (1,1), (1,1,1) and (1,1,1,1) in terms of those with multi-
indices (0), (1) and (1,0).

Exercise 5.2.7  Show that I(; o) is normally distributed with mean, variance
and correlation

1 1
E (I(I,O)) =0, E (1(21,0)) = §A3, E (1(1,0)1(1)) = §A2.

Multiple Stratonovich Integrals

We shall denote by 7{, and }{ ) the sets of functions g : R+ xR — R for which
9(-,X.) € H, and g(-, X.) € H(o), respectively, where X = {X;,t > 0} is a d-
dimensional Ito process which satisfies the Stratonovich stochastic differential
equation (1.25). In addition for j € {1, ..., m} we define 2{ ;) to be the set of
differentiable functions g : ®* x R4 — R such that g(,X.) € H(;) and

t
(2.23) / |Lig(s, X,)| ds < oo,
0

w.p.1, for each ¢ > 0, where

- 9
2.24 L=) bhi—.
(2:24) L= 0

Below we shall define recursively sets 2{, for multi-indices a of length I(a) >
2. Let p and 7 be two stopping times with

(2.25) 0<pW) ST(W) T,
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w.p.1. Then for any j € {1, ..., m} and g € H the relationship between Ito
and Stratonovich integrals can be written as

(2.26) / ’ 9(s,X,) o dW?

T . T 1
/ g(s,X,)dW,’ +I{j¢o}/ 5 (s X )ds
4 P

1 ..
IGhla(s X Jor + Lijzoy I(o) [gL’y(-, X-)]

p)T

To formulate a recursive definition of multiple Stratonovich integrals we
shall adjoin to the given d-dimensional Ito process X, which satisfies the Strat-
onovich equation

t m t
(2.27) X=X, + / a(s, X,)ds + Z/ ¥ (s, X,) 0 dW1,
4 j=1vpP
a (d + 1)th and (d + 2)th component
1 t
(2.28) Xxg+! =/ g(s,X,)odWir,  x7+2 =/ X3+l o gwia
P

P

for some ji, j, € {0,1, ..., m}. Here odW? = ds, t € [p, 7] and the function g is
chosen so that the integrals exist. Interpreting X now as a (d + 2)-dimensional
Ito process, it then follows from (2.26) that

t 82 . A
@) x# = [ [ge,x)0aWi oawi;
e Jo
t d X 1 t
= _/X.,fldW;’,“rgI{mm}/ Iijy=j2}9(s, X,) ds
P »
t $2
= // .‘1(-‘51’)(-n)°‘”’vJl WJ’ 2/1{11—1#0}9(51')(81)‘131
e Jp
t 82 . . 1 2 . .
= A A g(s;,X,l)de; dW::+5l ‘A I{jl¢o}LJlg(81,X“)dsl dW;:

1 t
+§/ Iij,=j20)9(81, Xs,) dsy
)
for each t € [p, 7]. From this we have

(230)  JGninlaC Xpe = Iy iala( X )lpse
1 .
+5 Iz Loy [L9( X )],

1
+§ I{J'1=J'2¢°}I(°) {g(.’ X. )]p,t
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Then for two such stopping times, a multi-index o = (j1, ..., ji) € M and
a function g € H, we define the multiple Stratonovich integral Jo[g(:, X.)],,~
recursively by

g(Ts XT) : 1l=0
(231)  Julg( X)pr =% [f; Ja-[9(s X )p,s ds : U>1,5:=0
f,;r Ja-[9(, X )ps0dWi = 121, 5> 1

Here we also define recursively the set X, for @ = (4, ..., ji) with { > 2 as
the set of all functions g : Rt xR? — R for which

(2.32) Ja-[9(-, X )]o,- € Hjy

and
(2.33) Ja—)-[Iji=ji-2039(:» X )o,- € H(o).

Using (2.31), (2.26) and (2.29) we obtain a relationship between the multiple
Ito and Stratonovich integrals I, and J, for @« = v or a = (j1,...,J1) € M.
We distinguish the three cases: I =0, =1and > 2.

(2.34) Jolg(, X )pr = Iv[g('»X-)]p,r =g(r, X;),

1 .
Jiol9(C Xpr = Liyla( X)p,r + Ij 203 L(0) [gy‘g(-,X.)] ,
p,T

and

Jalg(, X )pr = Iy [Ja-[o( X-)]p,-]p,r

1
+1(5,=5:. 203 L(0) [5 J(am)- [9(-,X~)]p,~]
T

for | > 2.

Remark 5.2.8 It follows from (2.34) that any multiple Stratonovich integral
Jo can be written as a finite sum of multiple Ito integrals Ig with

=1(B)+n(B) : l(a)even
<IB)+n(B) : Il(a)odd.

To simplify the notation when g(¢,z) = 1, or when the stopping times p and 7
are obvious, we shall often write Jo[g(-, X.)],,» as Ja,r or just Jo. Then from
(2.34) we have

(2.35) Jo = Iy
for I(a) € {0,1},

l(a) + n(e) {

1
Jo = Ia + 5 Iy a0} Do)
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for I(a) = 2,

1
Ja =T+ 5 (Ij1=5a20 [038) + Tiamis0} 1(52,0)
for (o) = 3, and

1
Ja = o+ 7 Iji=jazo (is=iaz 0} (0,0)

1
+3 (L2220} L(0,35,30) + Liamis#0} (1,0,0) + Ljs=ja#0} (51,2,0))
for l(a) = 4.
Exercise 5.2.9  Verify (2.35).
Similarly, we have
(2.36) Io = Ja
for I(a) € {0,1},
1
In=Jo~ 3 I, =203 J(0)
for I(a) = 2,

1
Ia = Ja = 5 (Ii=is#0) 0,35) + Tiia=isn0} J52,0))

for I(a) = 3, and

1
Io = Ja+ 7 Ijii=iazo (is=ia#0} J(0,0)

1
=5 123220} J0,35.50) + Lia=is201 (1,000 F Lis=iar0} 51,42,0)

for I(a) = 4.

Relations Between Multiple Stratonovich Integrals

There is a recursive relationship for multiple Stratonovich integrals analogous
to that for multiple Ito integrals (2.16) when the integrand is identically equal
to 1. In order to state it succinctly we shall use the abbreviation

(2.37) Jat = Ja[llo,:
and, as before, write

(2.38) W =t.
Then, for « € M and t > 0 we have

Propostion 5.2.10 Letj, ..., 1 € {0,1, ..., m} and o = (j1, ..., i) €
M wherel =1,2,3,.... Then
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l
(2-39) Wi Jap = ZJ(J'x,---,.ii,j,j-‘-n.---yjl),t

=0
forallt > 0.

We note that (2.38) has a simpler structure than the corresponding relation
(2.16) for multiple Ito integrals.

Proof Since transformations of solutions of Stratonovich equations satisfy
the deterministic chain rule, we find that

t t
(2.40) X1x2= / X2bY(X,)o0dW! + / X1 o%(X,) 0 dWit
0 0

for X; = (X}, X?), where

oo () =[5 o [ ()

for b =1 and b¥'(X,) = Ja- s with @ = (j1,...,51) € M, [ > 1. From this
we obtain

. ' . .
(2.42) Wi Jat = Jan(iye + / Jae s Wi odWit,
0

where * is the concatenation operation on multi-indices (2.6). For [ = 1 this
reduces to

(2.43) Wi T = Joaine + TG

which is just (2.39). The proof for { > 2 then follows by induction from (2.42).
m]

The next corollary, which is a direct consequence of (2.39), gives a clear
indication of the simpler structure offered by multiple Stratonovich integrals
when compared with its counterpart for multiple Ito integrals, Corollary 5.2.4.

Corollary 5.2.11  Suppose that a = (j1, ..., i) with j; = --- =3 =j €
{0, ..., m} wherel > 0. Then fort >0

1 1
(2.44) Jap =3 (Joidat) -

For later use we now state some special cases of (2.39):

(2.45) tdgye = JG,0)e+ Jo,),0
Gt = JGa0 t 76,00t + J04,5)
Il = 2J©4.4) T 6,06

Ty tJG,0,0 J(,0),t +2J(5,5,0),05
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where j € {0, 1, ..., m}. These are simpler than the relations (2.22) for the
corresponding multiple Ito integrals.

As with multiple Ito integrals it is also possible to express multiple Strat-
onovich integrals in terms of others with multi-indices of the same or shorter
length.

Exercise 5.2.12 Show that the multiple Stratonovich integrals J, with
multi-indices o = (0,1), (1,1) and (1,1,1) can be ezpressed in terms of those
with multi-indices (0), (1) and (1,0).

5.3 Coeflicient Functions

In this section we shall introduce functions which will be needed later in defining
the coefficients of stochastic Taylor expansions. We shall consider the Ito and
Stratonovich cases separately.

Ito Coefficient Functions
We shall write the diffusion operator for the Ito equation (1.24) as

8 0 1R
@ L= E 5aF T3 2 2 oY 6:: oz’
k=1 k,l=1j=1
and for j € {1, ..., m} introduce the operator
;0
(3.2) L= I;b 'Ja_zk"

For each & = (ji, ..., ji) and function f € C*(R* xR?, R) with h = I(a) +
n(a) we define recursively the Ito coefficient function

33 _ f : 1=0
3-3) fa= Lif_q @ I>1.

If the function f is not explicitly stated we shall always take it to be the identity
function f(t,z) = z. For example, in the 1-dimensional case d = m = 1 for
f(t,z) =  we have

foy=a, fay=5b, fa =0t
and

f(O,l) =ab' + % b2b" .

Here the prime ’ denotes the ordinary or partial derivative with respect to
the z variable, depending on whether or not the function being differentiated
depends only on z or on both ¢ and =z.
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Exercise 5.3.1  For the 1-dimensional case with f(z) = z determine the Iio
coefficient functions f1,0) and f(1,1,1)

To facilitate the construction of Ito-Taylor expansions we shall now list the
Ito coefficient functions in the autonomous case d = 1 with f(z) = z for all
multi-indices « of length I(a) < 3. To simplify our presentation we shall use
the abbreviation

(3.4) %Z ().

From (3.3) we can show for j;, j2, j3 € {1, ..., m} that
(3-5) foy=a, fuy=¥

S0 =ad’ +oa”,  fo;,)=ab’ +abr”,
f(jlro) = bjl a,’ f(]l Jn) = bjlbi:l)

f(0,0,0) = a (aa" + (a')2 +o'd + 0'6'")
4o (aa”’ + 3q'a" +a"a" + 2'a" + 0’a(4)) ’

f004) = a (a'¥ + b + o'H 4 gbI1 ")
o (allbj,l+201bj1u+abj,//l+o,llbi,/l+2albjlm+a,bi1 (4)) ,

fo.qv0) = a(a'¥ +a"¥1) + o (a'V1" + 20"V + 1),
f0,j1d2) =@ (bj"bj" + bj‘bj"‘”) +0o (bJ'l”bJ'z' + b1 b 4 bjlbj,/u) ’
fino0y =V ((¢)* + aa" 4+ ¢'d" + 0a"),
fin0da) = V1 (a2 + ab2" 4 o'b2" 4 ob92"") |

f(jx,j:,o) —pi (albjzl + allbjz) , f(h Jads) = AR (bj:lbisl + b]'zbjall) .
Thus the coefficients @ and b here must be at least 4 times continuously differ-
entiable.

Exercise 5.3.2 Verify the formulae in (3.5) and determine f(j, j, is.ia) for
J 1; =+ .74 € {1 . m}.
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Stratonovich Coeflicient Functions

Here we shall need the operators

0 o,
(3.6) L° = -a— §= a s
and
d d
i N ki O
(3.7) L k§=1jb oo

for j € {1,...,m}, where
1 m
(3-8) -3 Z_:L

For each & = (ji, ..., ji) and function f € C*(Rt xR4,R) with h = I(a) we
define recursively the Stratonovich coefficient function

f : 1=0
(39) L=\ vy s

—a

When the function f is not explicitly stated in the text we shall always take it
to be the identity function f(¢,z) = z. We remark that the Stratonovich coef-
ficient functions generally do not contain as many higher order derivatives as
the corresponding Ito coefficient functions. For example, in the 1-dimensional
case d = m = 1 for the identity function f(¢,z) = = we have

— —_— —_ 7
fo=a Ly=b fy,=0t

1
— W _ 2 /
i(o,l) =ab' = (a 2bb) Y.
In contrast, we saw earlier that the Ito coefficient function f(g,1) corresponding
to the last of these is equal to ab’ + 1b%b".

and

Exercise 5.3.3  For the 1-dimensional case with f(t,z) = z determine the
Stratonovich coefficient functions _[(1 0 and £(1 L1y’

We shall now list the Stratonovich coefficient functions in the autonomous case
d = 1 with f(z) = z for all multi- indices a of length I(a) < 3. These follow
from (3.9) and will be useful later when we construct Stratonovich -Taylor
expansions:

(310) I(O) =a, f(h) = b’l, i(0,0) =aa,

— j1/ — A/pir — 2’
I(orjl) -—gb" ’ i(jlvo) —gb’ ! i(h,.h) bJ b]
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Loy =alad" +@)), f,;,=a(@” +a¥"),

Loj0=2 ("% +2'¥), Lii00) = b (aa” +(a)?),
Lo = @0 L UVY) - f =6 (@b 4 abY),
"t(fx,iz.O) = b7 (g”bjz +Q,bj2/) ’ i(i;,j:,ja) = b (bizbis” + bjzlbjs,) )

where j1, jo2, ja € {1 ,..., m}. We note that the functions g and b here need
only be three times continuously differentiable, compared with four times for
their counterparts in the corresponding Ito coefficient functions.

Exercise 5.3.4  Verify the formulae in (3.10) and determine

jl) LS} j4 € {1, ceay m}.

I(J'x,imjs,h) for

5.4 Hierarchical and Remainder Sets

The multiple stochastic integrals appearing in a stochastic Taylor expansion
with constant integrands cannot be chosen completely arbitrarily. Rather, the
set of corresponding multi-indices must form an hierarchical set.

We call a subset A C M an hierarchical set if A is nonempty:

(4.1) A#£0;
if the multi-indices in A are uniformly bounded in length:
(4.2) sup I(a) < oo;
aEA
and if
(4.3) —a€A foreach a€ A\ {v},

where v is the multi-index of length zero (see (2.4)). Thus, if a multi-index o
belongs to an hierarchical set, then so does the multi-index —a obtained by
deleting the first component of a.

For example, the sets

{v}, {»,(0),(1)}, {v(0),(1),(1,1)}

are hierarchical sets.
If we form a stochastic Taylor expansion for a given hierarchical set, then
the remainder term involves only those multiple stochastic integrals with multi-
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indices which belong to the corresponding remainder set. For any given hier-
archical set A we define the remainder set B(A) of A by

(44) B(A)={ae M\ A:—a€ A}.

This means that the remainder set consists of all of the next following multi-
indices with respect to the given hierarchical set. It is constructed by adding a
further component taking all possible values at the beginning of the “maximal”
multi-indices of the hierarchical set. For example, when m = 1 we have the
remainder sets

B({v}) = {(0),(1)}, B({»,(0),(1)}) = {(0,0),(0,1),(1,0),(1,1)}

and

B ({v,(0),(1),(1,1)}) = {(0,0),(0,1),(1,0),(0,1,1),(1,1,1)}.
Exercise 5.4.1  Which of the following sets are hierarchical sets:
0, {0}, {v.(1)}, {»,(0),(0,1)}, {v,(0),(1),(0,1)}?

Exercise 5.4.2  Determine the remainder sets corresponding 1o the hierar-
chical sets in Ezercise 5.4.1.

Exercise 5.4.3  Are the sets
(4.5) I,={aeM:l(a)<r},
where r = 1, 2, ..., hierarchical sets?

Exercise 5.4.4  Determine the remainder set B(T',) for the I', in Erercise
5.4.3 which are hierarchical sets.

Exercise 5.4.5  Are the sets
(4.6) Ar ={a €M :l(a)+n(a) <r},

where r = 1, 2, ..., hierarchical sets?

5.5 Ito—Taylor Expansions

We shall now state and prove the Ito-Taylor expansion for a d-dimensional Ito
process

t m 11
(5.1) X, =x,o+/ a(s,X,)ds+E/ ¥(s,X,)dW},

to j=1 to
where t € [to, T, using the notation introduced in the preceding sections.

Theorem 5.5.1  Let p and 7 be two stopping times with
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(5.2) to S pw) <7(Ww) <T,

w.p.1; let A C M be an hierarchical set; and let f : R x R4 — R. Then the
Ito-Taylor expansion

63)  f(rX) =) LlfapX),, + D> ILalfa( X,

a€A a€B(A)

holds, provided all of the derivatives of f, a and b and all of the multiple Ito
integrals appearing in (5.3) ezist.

We shall prove Theorem 5.5.1 at the end of this section by an iterated appli-
cation of the Ito formula.

If we apply the Ito-Taylor expansion (5.3) in the case d = m =1 for f(t,z)
=z, p = tg, 7 = t and the hierarchical set

A={aeM:l(a) <3}

to the autonomous Ito process X; with drift a(z) and diffusion coefficient b(z),
then we obtain the following expansion:

1
(54) X: = X+ aI(o) + bI(l) + (aa’ + 5 bzall) I(O,O)
1

+ (ab’ + 5 beIl) I(O,l) + ba'I(l,o) + bb,I(l,l)
+ [a (aall+(al)2 +bb’a”+-%b2a'") + _;_b2 (aam+ 3a1a//

+ ((b/)2 + bb”) a’ + 2bbla”’) + %b4a(4)] I(O,O,O)

oy /" /1 12//1 12 "yt 1

+ [a (@' +ab” + 000" + 562" ) + 502 (o + 24

+ab” + ((b/)z + bb”) b + 2600 + _;_be(‘!))] I(o,o,1)

+ [a (blal + ba”) + % b2 (bllal + 2b/all + balll)] I(O,I,O)

+ [a ((bl)2 + bb”) + % bZ (bllb/ + 2bb” + bblll)] I(O,l,l)
+b (aa" + (a')? + bb'a" + % bzam) I(1,0,0)

+b (ab" +a'b + bbb + % bzb"') I(1,00)

+b(a'd' + a"b) I(1,1,0) + b ((V')* + b6") I3 1,1y + R
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Here we have used the abbreviations introduced in the previous sections.

The following example shows how the Ito-Taylor expansion reduces to the
Ito formula. We take the hierarchical set A = {v}, where v denotes the multi-
index of length zero (see (2.4)), which has the remainder set

(5.5) B({v}) = {(0), (1), ..., (m)}.
Then (5.3) takes the form

(66) f(nX:) = LUf(pX),,+ 3, Ialfa(-X)],,
a€B({v})

= fex)+ [ 15Xy ds+ Y [ 115G, X)W,
j=1

, ,

which is obviously the Ito formula. In this case the expansion part contains
only the single term f(p, X,) and the remainder only the multiple Ito integrals
of multiplicity one.

The Ito-Taylor expansion can, in a sense, be considered as a generalization
of the deterministic Taylor formula. To illustrate this fact we shall consider
the 1-dimensional case with d = 1, f(t,z) = f(z),a=1,06=0,p=0and 7
=t € [0,T]. This means that we are considering the situation where the Ito
process reduces to the time variable, that is with

(5.7) X =t forall te[0,T).

From (3.1)—(3.3), the Ito coefficient functions with multi- indices & = (jy, ...,
Ji) thus vanish if any j; > 1 and the others are given by

(5.8) fo = I D a=v
' Tl s I>1land j1=--=5=0

Here we assume that f € C* and write f() for its {th derivative. For each | =
0, 1, ... we take the hierarchical set

(5.9) I'={aeM:l(a) <1}

and the corresponding remainder set

(5.10) B(Ti)={aeM:l(a)=1+1}

(see Exercises 5.4.3 and 5.4.4). Then, from the definition of multiple Ito inte-
grals (2.12), we have

Ia [f(X-)]to,t = /; e " f(s1)dsy .. .dsg

to

for 0 <ty <t < oo and multi-indices a = {j1, ..., jx} With j, = ... = jx =
0,k=1,2,...and f € H,. Using (5.7)-(5.10), for each £ = 0, 1, ... the Ito-
Taylor expansion (5.3) here is then
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(5-11) f(t) = f(Xto)"' Z IG[fG(Xfo)]to,t+ Z Ia[fa(X-)]to,t
a€le\{v} a€B(Tx)
k t 83
= v [ fO(Xy,) dsy ... ds;
WY 1
t 32
+/to /t; FE(X,,) dsy .. dsey

L . t 52
= f(to) + Z;Ef(‘)(to)(t —to)" + /t; - '-/to FED(s))dsy ... dsgyr.

This is obviously a version of the usual deterministic Taylor expansion.

The most important property of the Ito-Taylor expansion is the fact that it
allows a sufficiently smooth function of an Ito process to be expanded as the sum
of a finite number of terms represented by multiple Ito integrals with constant
integrands and a remainder which consists of a finite number of other multiple
Ito integrals with nonconstant integrands. This expansion is characterized by
the particular choice of the hierarchical set. In practical situations there are
usually sufficiently many degrees of freedom to choose the hierarchical set in
an appropriate way. We shall use the Ito-Taylor expansion later to construct
time discrete approximations of an Ito process.

Exercise 5.5.2  Determine the truncated Ito- Taylor expansion, that is with-
out the remainder term, in the autonomous case withd = m = 1, f(t,z) = «z,
p =0 and v =1t € [0,T] for the hierarchical set A = {v, (0), (1), (1,1)}.

Exercise 5.5.3  Determine the truncated Ito-Taylor ezpansion for the
Ornstein- Uhlenbeck process (that is withd = m = 1, a(t,z) = —z and b(t, z)
= 1, see Ezercise 1.7.2) for f(t,z) =z, p = 0 and 7 =t € [0,T] and the
hierarchical set Ty for eachl =1, 2, ... defined in (5.9).

We shall now prove the Ito-Taylor expansion by an iterated application of
a slightly more general version of the Ito formula than we derived in Section 3
of Chapter 3. To begin we shall formulate this generalized Ito formula in terms
of the notation of the present chapter.

Lemma 5.5.4 Let p and 7 be two stopping times with
(5.12) to < plw) < T(W) < T,

w.p.1, and let f : Rt xR? — R belong to the class C1'2. Then the following
version of the Ito formula holds

(5.13) f(r, X2) = f(p, Xp) + 3 Iy [ (X)), -

j=0
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Proof For each stopping time p with to < p < T < o0, w.p.1, the process
{Xtap, t > to} is a semi-martingale (see Ikeda and Watanabe (1989)). Thus
from the Ito formula for semi-martingales and from (2.12) and (3.1)—(3.2) it
follows for all ¢ > T that

(514) f(P,Xp) = f(tAp)XtAp)

= f(to, Xe,) + EI(J') [Ljf("X‘)]to,Mp
j=0

f(to,Xgo) + Zl(j) [Ljf("X')]tu,p :

=0

We subtract this from (5.13) to obtain

F(nX)=f(pX,) = 2 I [P FCX)],, . = > 1o [P FGX)],, -
j=0

j=0

m

Iy [P £, X)), ,
=0

j

which proves the lemma. O
We recall from (2.6) the concatenation operation * which adjoins two multi-
indices.

Lemma 5.5.5 Let p and 7 be two stopping times with
(5.15) to < plw) < T(w) < T,

wp.d;let f: R xR - R; and let a, B € M withI(8) > 1. Then

(5.16)  Ia[fs( X)), = La[fa(p Xo)l, r + D Liiyea [fi53e8 (> X, 1 »

i=o
provided fg € Mo and all of the derivatives and multiple stochastic integrals
appearing in (5.16) ezist.

Proof We shall prove this formula by induction on I(«).
For l(a) = 0 we have o = v. Hence it follows from (2.12), Lemma 5.5.4,
(3.3) and (2.6) that

(5.17) L (fs(,X)),, = fo(r,Xs)

Fo (P Xo)+ D Iy [ 5 (- X)),

i=0

= Lalfs(p. Xo),, + D Liywa [fi1en (- X)), , -
j=0
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Now let I(a) = k > 1, where @ = (j1, ..., j&). Then, from (2.12) and the
inductive assumption we have

(5.18)  Iulfo(~X.)],,

Ton [fa- W),

I(jk) [I - [(fp(P,Xp)]p,-]p'T

+3_ L [I(j)m— [f(j)*p(-,X‘)],,,.]

j=0
I, [fﬂ(prP)]p,r

+ 3 Iyea [fiyon(+ X)), O
j=0

o,

Proof of Theorem 5.5.1 We shall prove this theorem by induction on
(5.19) 11(A) = sup l(a).
a€A

For l;(A) = 0 we have A = {v} with the remainder set

B(A) = {(0),(1),---, (m)}.
It follows then from Lemma 5.5.4 with (2.12) and (3.3) that
F(1.X) =3 Lalfa(0.X)],, + D Lalfal- X)),
aEA a€B(A)
Now let 1;(A) = k > 1. If we set
E={a€A:l(a) <k-1},

which is an hierarchical set, then by the inductive assumption we obtain

(5200  f(n.X:) =) Llfa(p,X,)),, + D Ialfa(~X)],,.

a€€ a€B(E)

Since A is an hierarchical set with l;(a) = k, it follows from (4.3) and (4.4)
that
(5.21) A\ & C B(€).

For # = a € A\ £ the assumptions of Lemma 5.5.4 hold, so we can rewrite
(5.20) as

f(r,X:) = ZIa[fa(ﬂ:Xp)]p,r+ Z Ia[fa(':X~)]p,r

a€f a€A\E

+ ) Lalfal» X)),

a€B(£)\(A\E)
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= Z Io [fa (PrXP)],,,T

a€f
+ Y [I [fa (p, p)],,T+ZI(J)-a [£Gyealss X)],,,J
a€A\E

+ E Io [fu('7X')]p,r

*€B(E)\(A\E)

= 2 Llfa(p. X)), + D Ialfal, X)), -

a€A a€B,

Now because of (4.4) we have

B,

Il

NI [U{(j)*aeM:ae.A\S}

[leeM\e:-aee)\{aeM\E:ae )
(HeeM:—aeA\é&}

= {eeM\A:—ae&}JlaeM\A:—ac A\ &)}

= {aeM\A:—a€ A}

= B(A).

This completes the proof of Theorem 5.5.1. O

5.6 Stratonovich-Taylor Expansions

We shall now formulate the Stratonovich-Taylor expansion for the d- dimen-
sional Ito process

(6.1) X,

t m 13
X,,,+/ a(s,X,)ds+Z/ b (s, X,) dW?
to i=1 to

X,o+/ a(s, X)ds+z: b’ (8, Xs) 0 dW?,
j=1"t

where t € [to, T]. For this we shall use the terminology that was introduced in
the preceding sections.

Theorem 5.6.1  Let p and T be two stopping times with

(6.2) to<p<T<T <00,
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w.p.1; let f: Rt xR? — R; and let A C M be an hierarchical set. Then the
Stratonovich-Taylor expansion

(63) f(rnX:)=) Ja [f_a(p,Xp)]M+ > Ja [L,(-,X-)]N,

acA a€B(A)

holds, provided all of the derivatives of f, a and b and all of the multiple
Stratonovich integrals appearing in (6.3) exist.

We shall give an indication of the proof of the theorem at the end of the section.

Let us apply the Stratonovich-Taylor expansion in the case d = m = 1 for
f(t,z) =z, p = to, 7 = t and the hierarchical set

A={aeM:l(a) <3}
to an autonomous Ito process. Then we obtain the expansion
(64) X: = Xy +aJoy+bJuy+ad Joo)+abd Joa)+ba'Ju )
+bb'J(1,1) + a (aa” + (&)%) J0,0,0) + @ (ab” + a'b') Jo,0,1)
+a(a"b+a't’) Jo,1,0) + 0 (aa” + (a')?) J(1,0,0)
+a (" + (b')?) J(o,1,1) + b(ab” +a'b") J(1,0,1)
+b(a"b+a'b') J(1,1,0y + b (B0” + (+")?) Jai1) + R,

where we have used previously introduced abbreviations. Compare this with
the corresponding Ito-Taylor expansion (5.4).
If we take the hierarchical set A = {v} and its remainder set

B({v}) ={(0),---,(m)},

then we obtain from (6.3)

65)  f@X) = L[LX)] + X Ja[f,6.%)]

AT aeB({v})

/T

F (o X,) + / LOf(s,X,)ds
P

+i/tLjf(s,X,)odW;",
j=17te

which is the Stratonovich counterpart to the Ito formula and is similar to the
deterministic chain rule. It is easy to see that (5.3) reduces to the deterministic
Taylor formula, as in (5.11), in the 1-dimensional case where a = 1 and all of
the & = 0. Thus the Stratonovich-Taylor expansion can also be regarded as
a generalization of the deterministic Taylor formula. It allows us to expand a
sufficiently smooth function of an Ito process as the sum of a finite number of
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terms involving multiple Stratonovich integrals with constant integrands and
a remainder term consisting of a finite number of other multiple Stratonovich
integrals with nonconstant integrands. Like the Ito-Taylor expansion, it is also
characterized by the choice of the hierarchical set. However, for the same hier-
archical set the Ito-Taylor expansion usually involves higher order derivatives
of f, a and b than does the Stratonovich- Taylor expansion. Because of its
analogous structure to the deterministic Taylor expansion, the Stratonovich-
Taylor expansion seems to be a more natural generalization of it than is the
Ito-Taylor expansion. Consequently, the Stratonovich-Taylor expansion may
sometimes be more convenient for, amongst other things, the investigation of
numerical schemes.

Exercise 5.6.2 Determine the truncated Stratonovich-Taylor expansion for
the hierarchical set A = {v, (0), (1), (1,1)} in the cased = m = 1, f(t,z) =
z,p=0andr=1€[0,T]

Exercise 5.6.3  Determine the truncated Stratonovich-Taylor ezpansions for
the hierarchical sets Ty as defined in (5.9), where l =1, 2, ... for the function
f(t,z) = z and the Ornstein-Uhlenbeck process (for which d = m = 1, a(t, z)
= —z and b(t,z) = 1). Compare the result with the corresponding Ito- Taylor
expansions from Ezercise 5.5.3.

The Stratonovich-Taylor expansion is proved by an iterated application of the
Stratonovich formula (6.5) using the following lemma. The concatenation op-
eration * here simply adjoins the two multi-indices (see (2.5)).

Lemma 5.6.4  Let p and 7 be two stopping times withto < p <7< T <
oo, w.p.1;let f: RY xR — R; and let a, B € M with I(B) > 1. Then

CEREA AN S IS D S FAWCES

holds, provided that Lp € M, and that all of the multiple Stratonovich integrals
and all of the derivatives appearing in (6.6) ezist.

Proof The proof is analogous to the proof of Lemma 5.5.5 for Ito-Taylor
expansions, except that here we need to use the definitions of multiple Strat-
onovich integrals (2.31) and of Stratonovich coefficient functions (3.9). O

The proof of Theorem 5.6.1 is then an easy consequence of Lemma 5.6.4. It
mimics that of Theorem 5.5.1 for the corresponding Ito-Taylor expansion, so is
omitted.

Exercise 5.6.5  Write out full proofs for Lemma 5.6.4 and Theorem 5.6.1.
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5.7 Moments of Multiple Ito Integrals

For applications of stochastic Taylor expansions it is often necessary to esti-
mate the multiple stochastic integrals appearing in the remainder terms. In this
section we shall derive several estimates of moments of multiple Ito stochastic
integrals, which we shall use later in the construction of time discrete ap-
proximations of Ito processes. These estimates may also be useful in other
applications of stochastic Taylor expansions.

Multiple Integrals with Zero First Moments

To begin we shall show that the first moment of a multiple Ito integral vanishes
if it has at least one integration with respect to a component of the Wiener
process. This means that not all of the components of the multi-index « are
equal to 0, which is equivalent to the condition

l(a) # n(a).
This property is thus a generalization of property (3.2.9) of the Ito integral.

Lemma 5.7.1 Let a € M\ {v} with l(a) # n(a), let f € Hy and let p and
T be two stopping times withtyg < p <7< T < oo, w.p.1. Then

(7.1) E (Io, (PO -Ap) =0, wp.l.

Proof In the proof we shall use properties of local martingales, details of
which the reader can find in Ikeda and Watanabe (1989). In view of (2.12) we
can write

(72) B (L0, |45) = B (Ia [ Ie<n], 1 | 40) -
When o = (ji, ..., jr) with ji € {1,...,m} the process
{L[fOI<n], p<t< T}

is a local martingale, so (7.1) holds. On the other hand when a = (jy, ..., ji)
with jr = 0 we apply (2.12) and obtain

a3 E(LU0l,, [4) =2 ([ 1o 1010, s ]40)

:/ E (Ta- [fO) i<yl [45) ds.
P
Then, if ji_1 € {1,...,m}, the process

{Ia— [fO)<n],, p<s< "}

is a local martingale and thus (7.1) holds. However, if jz_.; = 0 we proceed as
above until we reach a component of a which is not equal to 0, and then (7.1)
follows. O
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A Second Moment Estimate

We shall now derive an estimate for the second moment of a multiple Ito integral
and the covariance of two such integrals. In order to present the result and
proof in a clear and compact form we shall first introduce some additional
terminology.

Given a multi-index o € M, we define at to be the multi-index obtained
from a by deleting all of the components equal to 0. For example, if o =
(1,0,2,1), then we have

at =(1,0,2,1)* = (1,2,1).

We shall denote by kg(a) the number of components of a equal to 0 preceding
the first nonzero component of « or until the end of « if all of its components are
zeros. In addition, we shall denote by k;(a), fori =1, ..., {(at), the number of
components of o between the ith nonzero component and the (¢+ 1)th nonzero
component or the end of a if i = I(at). Thus, for « = (0,1, 2,0) we have ot
=(1,2), l(a*) = 2 and

ko(a) = 1, kl(a) = 0, kg(a) =1.
We shall also use the combinatorial symbol

1!

(7.4) Cf = R

fork=0,1,...,7and i = 0, 1, ... with the convention that 0! = 1. Finally,
for any o, # € M we shall write

I(at)
(7.5) w(e,B) =1(a*)+ Y (ki(a) + ki(B)).

i=0

The following lemma is valid for both scalar and vector functions. In the latter
case (f,g) is the usual Euclidean scalar product.

Lemma 5.7.2 Leta, B E M, let f € Hy, g € Hp and let p and T be two
stopping times withty < p < 7 < T < 00, w.p.1, where T s A,-measurable.
Then

(76) E((Lalf(),r I 90)),,7) M)

{ =90 . a+¢ﬂ+’ 1(a+)=l(ﬂ+)
— p)(=h) % i(a

< Ky, LT_W(CEYLﬂr I +)Cf,7((a))+k.-(p) . ot = gt

with

(7.7) Kjg= sup E(|(f(s1),9(s2)l [45)  where

31,82€[p,7]
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Ck,-(a) - M
ki(a)+ki(B) ki(a)!ki(ﬂ)!

Moreover, (7.6) holds with equality when f = g = 1.

Proof Foralla € M witha =a* = (1, ..., 51), all g € Hy and I, k; = 0,
1,...with ¢ € {0, ..., I} we define recursively the multiple stochastic integrals

(78) Ha+ [kOy ceey k’;g(')]p,r

g(7) : 1=0,kg=0
f: Hy [ko — 1;9(-)], , du : 1=0,kg>1

—u)k ‘
f; T I‘l.l ‘Ha+_ [ko""!kl—l;g(')]p,u dW&' . 121

Now for any g(-,t) € H(o,1) and j € {1, ..., m} we have

79 ¢ o= /pT/:g(s,t)dW,f dt =/pT /Prg(s,t)dtdW;f =G,

w.p.1, since from the properties of the Ito integral (see Lemma 3.2.2) it can be
shown that

B (16~ ") = B (Ia?) - 2B ((¢1,¢2)) + B (I6al?) =

The multiple integrals defined in (7.8) satisfy the relation
T
(7.10) G = [ Harlfo, ks, kgl du
p

= H,+ [ko,.. ke, ki + 1§g(')]p,r .

This follows directly from the definition when ! = 0. For the case | > 1, using
(7.5) and (7.8), we have

T T (z_u)k. i
(711) ¢ = //I{"E[p,z]}_kl!—_Ha"'—[0:"-ak1-1;g(')]p,u AW dz

u)k'

/ Hov-lhoy o b1 0O, [ Touetpay Ed dz
P

i

T k41
(r—u)™ :
Ho+_[ko,....ki—1;9()], o ———— dW!
/p a+- [ko 1-1; 9( )]p, (k4 1)| u

= Hy+[ko,...,ki—1, ki + 1);9(‘)],;,7 :

In addition, we can show by induction for any « € M and f € H, that
(712) Io [f(')]p,r = Ha+ [ko(a), L) kl(a"‘)(a);f(')] Pt
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When {(a) = 0 we have a = at = v, so (7.10) follows from (2.12) and (7.5).
When l(a) =1 > 1 for a = (j1, ..., ji) with ji € {1, ..., m} we have (a—)*
= (a*)— and kj(q+) = 0. From (2.12), the inductive assumption and (7.5) we
then obtain

LU, = [ "o FO)l, o AW
= /p‘f H(a-q-).. [ko(a), ceey k;(a+)_1(a); f()] - dW‘{'

= Hg+ [ko(@),..., kiat)-1(@),0; f(')],,,r

Finally, when I(a) = 1 > 1 for & = (j1, ..., Ji) with ji = 0 we have a* =
(a=)* and kyo+) > 1. Then from (2.12), the inductive assumption and (7.10)

we have
[ 1 1O
4

Iy [f(')]p,r
/T Heox [ko(@), ... kia+y(@) = 1 £()] , , du

= Hy+ [ko(a), ceey k((a+)(0!)§f(')],,,r

This completes the proof of (7.10)
We shall now prove (7.6) by induction on {(a*) for the case that at = g*.
For this we shall require the identity

which can be easily shown by integrating by parts. When l{at) = (%) = 0
we have at = B+ = v. Hence when I(a*) > 1 and I{(#*) > 1 it follows from
(7.5) and (7.8) that

(7.14) E((Iaf O, 1o 00N, 145)

E((Ain/wfmﬂmu“dm@»lﬂnlhﬂﬁ)ﬂbudeoIAJ
/pf/ / / (f(ux) 9(s1)) IA ) dsy . .. dsygydu; ... . duy(q)

7 — p)le)H(®)
(e)(B)!

(a
Kpg w(a B)! H G, (or)+k 8)

Il

(
Kf,y

IA

i
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The same result follows in an analogous manner when /() = I(8) = 0. Finally,
when I(at) = I(Bt) =1 > 1 with a* = 8% = (51, ..., ji) we obtain from (7.5),
(7.8) and the inductive assumption

B (1 YO, T 50,) [40)

T (1__ u)k,(a) )
E , ki()! Ho)- [ko(a), ..., ki_1(a); F()], ., AW,

(1' u)kl(p .
/ o Hen- ko) ki1 (B) 90, AW |4,

i

T (r- u)h(a)+kn(ﬂ)
| e (- o bs(@i 1O

Hegsy- [ko(B, - ki-1(8); 9], 0) [45) du

T (1= w OO - D) T k()
ki () k:(B) (e, B)! d"H ki(o)+ki(B)’

IA

Ky,
P

where

-1
@0, B) =11+ 3 (ki(a) + ki(8)).

=0

Then, using the identity (7.9), we have
E((LalrOl,r L loC), ) 45)
(ki) + ki(B)) B(a, B)Y(T — p)*(*P) =

= B TR @k @) (e, B)lula, B) HCk (+(0)
(= )P TT ki)
S K w(a, B)! Cri(artrio)

=0

where equality holds if f = g = 1.
Finally, it remains to observe that when at # g% and I (at) = [ (87) the
result follows from (7.5), (7.8) and the properties of the Ito integral. O

A Uniform Mean-Square Estimate

We shall now establish a uniform mean-square estimate for multiple Ito inte-
grals, which we shall formulate in a way that is convenient for later purposes.
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Lemma 5.7.3 Leta € M\ {v}, let g € H,, let § > 0 and let p and T be
two stopping times with 7 A,-measurable andto < p <7< p+6 < T < o0,

w.p.1. Then
2
)

< glla)=n(a)gl(a)+n(a)-1 / ’ Ry, ds
P

(7.15) H,

E(sup
pLs<T

Lal9()],,,

where

(7.16) Row = B (sup IO |4,) < o0
p<t<s

for s € [p, 7).

Proof We shall prove the assertion by induction on {(«). For l(a) = 1 and
a = (0) it follows from (2.14) that

s 2
(7.17) H, = E(sup /g(z)dz '.A,,)
p<s<7t |Jp
< &( s -0 [ o) as|4,)
p<s<T p
<

E (5 /,, P d |.A,,)

< 4l(@)=n(a) gl(a)+n(a)-1 /T R, . dz.
P

On the other hand, when a = (j) for j € {1, ..., m} it is easy, because of
(2.12), to see that the process

{Ialo()], e, t€ o, T}

is a martingale. Hence with the help of the Doob inequality (2.3.7) we obtain

2
E ( sup |.A,,)
p<s<T

2
4 sup E( |Ap)

p<s<T
4 sup /pTE(]g(z)|2 lAp) dz

p<s<T

[ stcyaws

p

(7.18) H,

INA

/p " 4(2) W

IA

IA

41(0)—n(a)61(a)+n(a)—1 /T Rp ,dz.
I3
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Now let I(a) = k+ 1 where a = (jy, ..., je+1) and k& > 1. If jzyy = 0, then
(2.12) implies that

(7.19) H, = (,,?:ET / Ia-[g(")]),,. dz |A,,)
< B(5 [ [to- o, a:],)
< 2 (s |- LOL[ 14,).

Using the inductive assumption it then follows that

H, < 6261(a—)+n(a-—)—141(a—)—n(a—)/ Rp,z dz
P

— 41(0)_n(a)6l(a)+n(a)—1 /T Rp,‘ dz.
P

Finally, let jx41 € {1, ..., m}. Then, because of (2.12), the process

{lalsO),,. t € o, 11}

is a martingale. Hence, using the Doob inequality (2.3.7), we obtain

2
E ( sup IA,,)
p<s<T

2
4 sup E( I.Ap)

pSs<T
IA,,) dz

-
4/ E(sup
P p<s<T

- [0,
i, < s negemet [p g,
P

4l@)=n(a) gl(@)+n(a)-1 /T R, dz.
P

(7.20) H,

I

/p Tas 9], aWire

IA

/p "Ta_ [g()], , dWir

IN

Io—[9()], .

INA

46 F ( sup
pLs<T

With the inductive assumption we then have

This completes the proof of Lemma 5.7.3. O
With the same ideas and using the same notation as in the preceding proof
it is easy to derive the following estimate which is a slight variation of (7.15).
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Lemma 5.7.4 Leta € M\ {v}, let g € H,, let 6 > 0 and let p and T be
two stopping times with 7 A,-measurable andto < p <7< p+6 < T < oo,
w.p.1. Then

| Ap) < 4i(@)=n() 6l(a)+n(a)l

az) £( mp |Lbo),, Ry

(a)!
Estimates of Higher Moments

The next lemma provides an estimate for the higher moments of a multiple Ito
integral.

Lemma 5.7.5 Leta € M, letg € Ha, letq=1,2, ..., let 6 > 0 and let
p and T be two stopping times with T A,- measurable andto < p <7< p+6

< T < oo, wp.1. Then
1/q
1" 14))

< (2029 - D)e") 7O (7 - )R,

az (5 (|Lbo),

where

(7.23) R= (E (,2‘32, l9(s)[* IA,,)) v

Proof Let a = (ji, ..., ji), with {(a) = I, and let W = t. Then from (2.12)
and an assertion on page 78 of Krylov (1980) we have

(E (II‘* O] |A,,)) M
(E ( /,,T In-[9()),,, dWi 2% lAp))I/q

(2(2q _ l)eT)l—n((i:(a))) (r - p)"((iz(«.))

x ./,, ’ (E (II loO,] |A,,))1/" ds,

1— it (s T
(2(2¢ — l)eT) n((Ji(e)) (r—p) ((Jl(a))/ Hoo 4(p,51) dsy
[

Hﬁ,q(/” T)

Il

IA

IA

(2(2¢ - l)eT)l(a)—n(a) (r — p)l@n(@p,

IN

which is (7.22). O
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5.8 Strong Approximation
of Multiple Stochastic Integrals

Multiple stochastic integrals of higher multiplicity cannot always be expressed
in terms of simpler stochastic integrals, especially when the Wiener process
is multi-dimensional. Nevertheless it is still possible to represent them in an
efficient way. Here we shall present one such method for multiple Stratonovich
integrals based on a Karhunen-Loeve or Fourier series expansion of a Wiener
process similar to that discussed in Section 4 of Chapter 2.

Our starting point is the Brownian bridge process (1.8.7)

t
{W,—KWA,ogtSA}

formed from the given m-dimensional Wiener process Wy = (W}, ..., W) on
the time interval [0, A]. The componentwise Fourier expansion of this process
is

ot 1 2rwt 2rwt
] W) = Za. . A
81 W] -—-w},= 5 %0+ E (a” cos ( ) + bj,rsin ( ))

r=1

with random coefficients

2 4 Y 2rws
P = ) . W
(8.2) aj, = A/o (w? AWA)cos( - )ds
and
2 [ Y I, 2rws
J—— 3 W i
(8.3) by = A/o (w2 AWA) sm( - )ds
for j=1,...,mand r =0, 1, 2, .... The series in equation (8.1) is un-

derstood to converge in the mean-square sense. As linear transformations of
Gaussian random variables the coefficients here are Gaussian. Using Exercise
3.2.7 and property 3.2.10 of Ito integrals it can be shown that a;, and b;, are
N(0; A/27%r?) distributed. Similarly, the coefficients are pairwise independent.

We can then truncate the series in (8.1) to obtain an approximation of the
Brownian bridge process. For each p = 1, 2, ... we write

t s 1 P 2rnt . 2rwt
ZWi + 5 950 + '; <aj', cos (T) + bj,r sin (—A—)) .

This process has differentiable sample paths on [0, A]. As we shall see in Sec-
tion 1 of Chapter 6, Riemann-Stieltjes integrals with respect to such a process
will converge to Stratonovich stochastic integrals rather than to Ito stochastic
integrals.

(84) WiP=
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Derivation of Multiple Stratonovich Integrals

Using the relationship (2.39) and the Fourier expansion (8.1) for the Brownian
bridge we can systematically derive formulae for multiple Stratonovich integrals
Ja,: on an interval ¢ € [0, A] for multi-indices a of increasing length. In what
follows we assume j, j1, j2 € {1, ..., m} and t € [0,A]. In addition, we shall
write

-
7 - A .
From (2.31) we have
1,
(8.5) J(Q)’g =1, J(O,o),t = §t ,
1 1 = .
Ji)e = x WA Joy,e + 3 450 + ; (aj,r cos(27yrt) + b; , sin(2yrt)),

and hence

t
(86) J(J"o),' = LJ(j),,dS

1 1
A WaJo0 + 9 a;,0J(0),t

A N1 )
+-2—1; z - (aj » sin(2yrt) — b; » [cos(2yrt) — 1]).

r=1

In addition, from (2.39) we have

(8.7) J0.0)t = Ji)ed(o)e = (5,0t
Then we find that

t
(8.8) Gt = /0 J(G1),s 0 dW)?

1. 1
= Z Wi J(O,jg),t + -2- ajl,OJ(jg),t

t oo
+/ Z (aj, - cos(2yrs) + bj, » sin(2yrs)) o dW7?
0

r=1

1 : 1
= A WZ\I J(O,J':).t + 2 aix»OJ(J'z)" + A(J'hJ':)J(O)J + F(J'l»iz)-’

where

r &
A(jz,h) = Z Zr(ajx."bjm" - bjx,"a.iz,f') and
r=1
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Fliriae = EF )+ Z k Fir(t)

k,r=1
k#tr
with
Fo®) = (@3r850r = bjs by r) [1 = cos(4y7)]

+ (ajl:"bjﬂ" + bjly"ajz,") Sin(47rt)

2 .
+— W (aj,r sin(29r2) + bjy r [cos(2yr?) — 1])

and

_ cos(2y(k +7)t)  cos(2y(k — r)t) k
Fier(t) = 05,08, { 2k +1) + 2>k — 1) T k2 _ ,.2}

sin(2y(k +7)t) sin(2y(k —r)t)
s rbiak { Ak+r) T 2k—-1) }

cos(2y(k —r)t)  cos(2v(k + r)t) r
+”“%M{ k-1 2kt 'k?—ﬂ}

A sin(2y(k + r)t) _ sin(2y(k — r)t)
+5- bisraja { 2k+7) 2k-r1) } '

Continuing in this way we can also obtain, in principle at least, further higher
order multiple Stratonovich integrals.

Exercise 5.8.1 Show that

1. 1
Joo00 = ZWaJwooos+35ai0)00.
1 [oe]

~% 27 1 (-L [cos(2yrt) — 1] + b; [ 2‘1" sin(2yrt) —tD .

Representation of Multiple Stratonovich Integrals

Taking t = A in (8.5)-(8.8) and corresponding expressions for the multiple
Stratonovich integrals J, ; over the interval [0, A] we obtain the following for-
mulae for the J, A, which we shall write simply as Jq, for multi-indices a with
length () < 3. Here j, j1, j2, j3 € {1, ..., m}.

; 1
(89) Joy = A, J5=Wi, J(o_o,=§A2,

Jigo = %A (Wi +aj,o) , J(o,j) = —;'A (Wi - aj’o) ;

1 win L 1 .
Touin = g Wa WE = 2 (000Wh —aj,0WE) + 84,5, with
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o0
™
Ain.jz = _A_ E :1' (ajl,fbjm" - il,fa.in.");
r=1

1 1 ; 1
Jooo) = 34%  Joh0=3A°Wa - —A%;,
1
J(j,O,O) = 'é-!Az W] —Aza, o+ 7rA2bj’
2 ] 1 2 1 2
J(O,O,j) = —A W _ A (1,' —A bj
27r
with
1
bj = E; ber’
r=1
JGooo = —AWJl W” 1 J, AW‘“b —A%B; .
(Jl»or-n) - 3[ a];,O (0,]2) + J1 J1,02
—ZAa,-,,OW}; + 2—WA With;,,
1 g1 yrda _ 1 i3 2 1 1
Joijui) = 7AWA Wa' — AW b, + A% By j, — 7805,,0W3
1 ; 1
+5-AWRbj, + A2 Gy, + 5A% 45y,
with
1 o0
Bjii» = 5% E @, ,r@jg,r + bj, iy r)
and
r
Ciris = =% 2_ =5 (Mi1riat + 16, rbjp )
r;;=ll
_ 1 iiha_ 1 i1 ia 2
Jonin) = FAWA WR' —3A (a.‘i:.OWA - a]'x,OWA) + A% 5
"J(jl,O,jg) - '](U,J'l.ja);
J = 1 J1 1 j2 J3
(1da.ds) — Z WA J(U,J'mjs) +3 011,0 J(Jn Js) t 5= 2 be W W
. .71
-A Wf le Js A Wia (5 ij.jz - Cja,ix) A3/? DJ11J2v.73

with

201
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Djijais = 2A3/2 Zl[an.r (@ja,14rbjsr = @jyrbjs,14r)
ri=1

+bj,,1(@,,r 855 ,14r + bjl,rbja,ur)]

oo 1-1

toa A3/2 ZZ’ I:ah'f (an." s, d—r + jsl-r Jx.")

I=1r=1
_bja,l (ajl,raj:,,l-r - bjl,"bjs,l—")]
2A3/2 Z Z I[alnl(ajs" 1bjy,r — @y, rbjs,r— )
1r=I+1

42,1 (251,08 r—1 + bjl,rbja,r—z)]
Similar formulae can also be derived for the multiple Stratonovich integrals
of higher multiplicity.
Exercise 5.8.2  Verify formula (8.9) for the Stratonovich integrals of mul-
tiplicity 1 and 2.

Approximate Multiple Stratonovich Integrals

Foreach j =1,..,mand r =1, ..., p with p = 1, 2, ... we shall define
independent standard Gaussian random variables §;, (jr, 9jr, #jp and @;, by

1 ; 2 2
(8.10) ¢ = ﬁWQ, Gir = \/Km‘aj,r, Njr = \/Kﬂbj,n

Hj, aj, bip =
ip = z—p r_zpzl ¢ ip — /——p r-zp;-l

where

Using these random variables we can approximate each of the above multiple
Stratonovich integrals J(;, .. ;) by expressions J& forp=1,2,... which

:"')jl)
are similar in form to J;, ;. Here we also hav:e J» 71, 2, J3 € {1, ..., m}.
1
P P AL P I A2
(8.11) Joy =48, J;=VAE, Jig = 2 A%

1 1
J(, 0) = §A (\/Kfj + aj,o) ) J&J—) = EA (\/Kfj - aj,o) where
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ajo = —'—V Z Cir — 2\/ APp Hi,ps

r=1

1
J(p.ix,jz) Ae,,f,, ‘/_ A (aj,,065, — aj, 05,) + A AF

J1.d3
with
» 1 1
A.il,jn = -2_- Z; CJI:"”J'?:" - njl;rcja,") ’
P _ 1.3 p 5/2 1.2
J(o,o,o) - '3'!'A ) J(o,_; 0~ ,A & —_A bj,
TGoo = 3|A5/251 +3 Aza: ot oo Azb]»
1
Toos = 3id"% - ‘AZ“: ot oo A2
with
A1
bi=\73 > i + VA0 $jp;
r=1
JP —_ IAZ 1 J A3 /2 2 P
(31,0,52) — 611612 + aJl.o (0,53) + 612 J1 -A BJ1 J2
1 372 1 32
—7 A7 852,08, + 5 AY7,bi,,
7P = L2 1 32 2 pp 1 32
(O,jl,jg) - ﬁ fjlfJQ - ;A EJ.Z + A le ]g - Z A ajz,ﬂ&j;
L A%, b, + A2CP AT 47
+27r 611 Ja + J1d2 +3 2 J1,d2?
with
o 1 &1
B} 52 = 53 2 75 CiurGinr + M1, ia,r)
r=1
and
l
Jx g2 = 2"2 Z rg ( CJx,TCJz, nj;,r"’jz,l) )
P _ 1., 1 372 2y
J(jl,jg,o) - §A fjxf.iz - §A (ajmof.h aj, 0512) +A%A J,,J,

p P )
“J61,0,32) ™ Y(0,41,a)
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1
J(pjl,j,,ja) = ‘\/_{71 (0,12,’3) + aJI,O J‘("2 Ja) + Ab]x 6]2 6]3

-A3/2 EJ: JlJa +A3/2 fja ( Af -C% ) +A3/2Dp

J1.J3 13,01 J1,J32,J3

with

1
D;hja,.is = T r295/2 ; I(1+7) [CJ':J (Gisa4rMia,r = CiarMia 14r)

F0ja,0 (Ciar s itr + Mjar ’7j3,l+r)]
p
7r225/2 E;rz; rd—r) [C.h,l (GirrMissi=r + Cisi=rMjy r)
~Mja,1 (G Gisd—r — ﬂjl,rnja.l—r)}
a 1
W225/2 Z;rilzﬂ ) [Cj,,x (Cisir=1Mr,r = Cir e Mis,r—=1)

02,1 ($iyrCisr—t + ﬂj;,r"?ja,r—l)] )

where for r > pweset 9, =0and {j, =0forall j=1,..., m.

Exercise 5.8.3  Verify formula (8.11) for the approzimate Stratonovich in-
tegrals of multiplicity 1 and 2.

Mean-Square Convergence
of Approximate Multiple Stratonovich Integrals

We shall now examine the mean-square error between J% and J,. The most
sensitive approximation is ‘]6'1, ia) because the others are either identical to J,
or their mean-square error can be estimated by a constant times A for some
v > 3. We have

2
(8.12) E (IJ{,.‘J.’) - J(j,',-,)| )
AZE( 91,42 Ajl,.iz)z

2
r &
= A’E (K E r (ajx,"bjzﬂ' - bju"ajz:") .

r=p+1
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Now it follows from (8.1)-(8.2) that
E(ajrbjr) = E(ajrbjr) =0,
E(ajrajx) = E(bjrbjx) =0,
E(ajl,"ajz.") = E(bjh"bja,") =0

and
A

E (ajz,f) =F (b;?,r) = W

for j, j1,j2 =1, ..., m with r # k and j; # j2. Hence

2) A 1

T o2 r2
r:P

(8.13) E (IJ(‘;.M.,) — TGudn)

where

1 X1
b=t 2

From this and the remark at the beginning of the subsection we can conclude
that

(8.14) E (172 - Jal’) < A%,
for multi-indices o with I(a) < 3 provided A is sufficiently small. We note that
1 — 1 1 [>1 1
(8.15) Pp = —5—/ —du= ——,
LY & r=zp;_1 r2 = 272 J, u? 2n2p

which provides us with an easily calculated upper bound for the error. Some
more precise values of p, are given in Table 5.8.1.

p || 1 2 3 4 5 10 20
pp || 0.033 [ 0.020 | 0.014 | 0.011 | 0.009 | 0.005 | 0.003

Table 5.8.1 Some values of the error bound p,.

We note that there exists a finite constant C such that for sufficiently small
A we have the estimate

A2
(8.16) E(IB - LP) < o=

for the approximate multiple Ito integrals I, obtained from the corresponding
approximate multiple Stratonovich integrals J2 as described in (2.35).
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5.9 Strong Convergence
of Truncated Ito-Taylor Expansions

In this section we shall use the estimates derived in the last section to investigate
the mean-square error of truncated Ito-Taylor expansions. We shall prove that
they also converge with probability one.

For k = 0, 1, ... we take the truncated Ito-Taylor expansion
(9.1 X(t) = Z Iy [fa(tO:Xto)]to,t
a€Ax

for t € [to, T, the function f(¢,z) = z and the hierarchical set
(9.2) A = {a e M :l(a) +n(a) < k}

(see Exercise 5.4.5). We shall assume that the necessary derivatives and mul-
tiple integrals exist for all a € Ay U B(Ax). Here we shall always use [a] to
denote the largest integer not exceeding a.

Propostion 5.9.1  Suppose that fo(to, X¢,) € Ho for all « € A; and that
Ful', X.) € Mo with

(9.3) :os<‘:r<)1'E (|f,,(t,x,)|2) < Clcé(a)+n(a) [.;.(I(a) + n(a))]!

for all « € B(Ag). Then

(Ca(t —to))* !

(9.4) E (IXt - Xk(t)lz) <Cs [Le+1)!
1 !

for allt € [to, T), so the truncated Ito-Taylor ezpansion (9.1) converges to the
Ito process X, in the mean-square sense.

Proof From the Ito-Taylor formula (5.3) and Lemma 5.7.1 we obtain

©0s)  (B(x-xF)) 2

2 1/2

E E I, [fa(”X')]to,t

a€ B(Ak)

PG )"

i(at) 1/2
(t- to)'(ﬂ)'f'"(a) ki(a)

E K ) i .
( soote ey @y 1L Catir

o€B(Ax) i=0

IA

Io [fa('a X')]to,t

IA
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It follows from Lemma 5.7.2 and the definitions of A; and B(A;) that we have
to sum only over those o € B(Aj) for which

(9.6) 0<l(a*)<k+1.
Further, it can be shown that
(9.7 l(a) + n(a) =l(at) +2n(a) € {k+ 1,k + 2}

for all @ € B(Ag). Therefore we have

n(a) € {% (k+1—I(a™)) % (k + 2—I(a+))} ,
and, since n(«) is an integer, we must have
(9.8) n(e) = 3 (k+2-I(a*)).

Moreover, the number of elements in B(Ag) is obviously finite. In fact, it has
the upper bound

9:9) #B(Ar) < (m+ DFH,

For k;, r; = 0,1, ... where i € {0, 1, ..., l} and I = 0, 1, ... it follows by
induction on kg + 7o + k1 + r1 that

ko kq ko+k1
Cko+roCk1+"1 < Cko+ro+k1+f1
and, hence, that
1
k; ko+-+ki
(910) H Ck.‘+r.‘ < Cko+"o+"'+kt +r°
i=0

Thus from (9.5) with (7.7), (9.3), (9.7), (9.9) and (9.10) we obtain
E ()X - Xe)F?)

2
(e 4 nla 1 n{a 1/2
Cs ( ) (C;( )+n( )[E(I(a)+n(a)):l !Cz,f(j)) )
CIEB(A),)

<
(i -—-io)k+l
NG
1, 1 9Lk +2—1)]!
< (0[5t 50 e 20| Gkrz- )
 (Ca(t — o))"
(k+1)!
k1 2
< Cs% [%(km)]! (2 [%(k+ 1)]! [%(k +2)] z)
< 03(04(13 —to))*t!

[2(k+1)]!
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We note from the upper bound (9.4) that the mean-square error of the trun-
cated Ito-Taylor expansion (9.1) vanishes as k — o0, so the expansion converges
in the mean-square sense to the Ito process. Under additional assumptions this
can be strengthened to convergence with probability one uniformly on the in-
terval [to, T.

Propostion 5.9.2  Suppose in addition to the assumptions of Proposition
5.9.1 that fo(to, X1,), fa(-,X.) € Hy and

(9.11) sup_E ([falt, X)) < C1CFO
to<t<T

for alla € M. Then the truncated Ito-Taylor expansion Xi(t) converges with
probability one as k — oo to X uniformly int € [ty,T] and

(9.12) Xe= Jim Xe(t) = Y La[falto, Xeo)yy e
a€M

w.p.1, for all t € [to,T].

Proof We have already noted in (9.9) that the number of elements in B(A;)
does not exceed (m + 1)¥+!. Using this in the truncated Ito-Taylor expansion
(9.1) and starting from the Ito-Taylor expansion (5.3) we obtain

vk = E( sup IXc—Xk(t)Iz)
to<t<T

= E( sup | z Ia[fa(')X')]to,t |2)

20StST e B(Ax)

IN

)

From Lemma 5.7.4 and the assumptions of the proposition it then follows that

(m+ 1)"+1 z E( sup 'Ia [fa("X')]to,t
a€B(Ax) to<t<T

913) VR < (m+1F Y g gle@gl@)-n@)

aGB(Ak)
(T _ to)l(a)+n(a)
{(a)!
k41 (4C(T — tg))H()+n(e)
< (m+1) > G T(a)! :
a€B(Ax)

For each a € B(A:) we can combine (9.7) with (9.8) to conclude that

l(a) = l(a*)+n(a)
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= lla*)+ [% (k+2—l(a+))]
1 1

2 i)+ 5(k+1)

> %(k+l).

Inserting this in (9.13) we obtain
(4(m+ 1)C(T - to))k+1

(k)
(9.14) VR < G 3G+
i+l
= C"[ (k+ D)1

The Chebyshev inequality (1.4.14) thus gives

oo

> ( e, 1% - (01> <)

k=1

1
E: k

Rl k
< 20, iz 2 (Cs)

< 2C4 ;5 exp(Cs) < o0

for any € > 0. The desired result then follows by an application of the Borel-
Cantelli Lemma 2.1.4. O
In conclusion we remark that the uniform mean-square error estimate

(Cs)B(k+1)]

(9.15) E( sup |X: - Xk(t)lz) <G oEron

to I<T

can be deduced from the the preceding proof.
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5.10 Strong Convergence of Truncated
Stratonovich-Taylor Expansions

We shall now estimate the mean-square error of truncated Stratonovich-Taylor

expansions. For k = 0, 1,... we introduce the truncated Stratonovich-Taylor
expansion
(10.1) Zk(t) = Z Ja [(La (tO)Xfo)]t ¢
o€Ax 0,
for t € [to,T], the function f(¢,z) = z and the hierarchical set
(10.2) Ar={a eM:l(a) +n(a) <k}
for k =0, 2,4, .... Here the [, are the corresponding Stratonovich coefficient

functions (see (3.9)) and we assume that the necessary derivatives and integrals
exist for all @ € Ax U B(A).

Propostion 5.10.1 Letk =0, 2, 4, .... Suppose that £ (to, Xt;) € Ho for
alla € Ay and that f (-, X.) € Ho with

(10.3) tozl:IS)TE (I_f_a(t,xt)|2> <Cy C;(a)+n(°l) [% ((a) + n(a))]!

for all a € B(Ax). Then
(Ca(t = o))+

(10.4) E(1X:— Z,@®))?) < Cs
S o

for each t € [to, T.

The proof is completely analogous to that of the corresponding result for trun-
cated Ito-Taylor expansions, Proposition 5.9.1, if we use the fact noted in Re-
mark 5.2.8 that every multiple Stratonovich integral J, can be represented as
a finite sum of multiple Ito integrals Iz with multi-indices £ such that

1(B) +n(B) < I(a) + n(a).
The above result can be strengthened to almost sure convergence.

Propostion 5.10.2  Suppose in addition to the assumptions of Proposition
5.10.1 that f (to,X1,), f_(-,X.) € Ho and

2
(105) s E (|1, %[ ) < cr e
to<t<T =

Jor all @ € M. Then the truncated Stratonovich-Taylor expansion Z,(t) con-
verges with probability one as k — oo to X, uniformly int € [to,T] and

(106) Xo= Jim Z,0)= 3 Ja [£, (to, Xe,)]

’
to,t
aEM °

w.p.1, fort € [to,T].
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The proof is similar to that of Proposition 5.9.2, so it will be omitted.

Exercise 5.10.3  Prove Propositions 5.10.1 and 5.10.2.

5.11 Weak Convergence of Truncated
Ito-Taylor Expansions

Here we shall determine an estimate for the weak error of truncated Ito-Taylor
expansions. For this we consider the truncated weak Ito- Taylor ezpansion

(11.1) np(t) = Z I, [fa (tO,Xto)]zo,t ,

aeI‘p
for t € [to, T'], where I'g is the hierarchical set
(11.2) Ig={aeM:l(a) <P}

and the f, are the Ito coefficient functions (3.3) corresponding to f(¢,z) = =.
We assume here that the necessary derivatives and integrals exist for all « €
I'sUB (Fp)

We recall from Section 8 of Chapter 4 that C, (R4, R) denotes the space of |
times continuously differentiable functions g : #¢ — R for which ¢ and all of its
partial derivatives of order up to and including ! have polynomial growth. For
notational simplicity we shall restrict attention to the autonomous case and
denote by X,X°, or simply X; if no misunderstanding is possible, the value at
time t of the diffusion process X which starts at X, at time t; = 0. We note
that the coefficient functions f, do not then depend on ¢, which we shall thus
omit along with ¢o.

Propostion 5.11.1 Letf € {1,2, ...} and T € (0,00) be given and sup-
pose that the drift and diffusion components a* = a*(z) and b = bki(z)
belong to the space C,z,(p“)(%d,%) and satisfy Lipschitz conditions and linear
growth bounds for k = 1,2, ..., dand j = 1,2, ..., m. Then for each g €
Cf,(p“)(%d,?ﬁ) there ezist constants K € (0,00) and r € {1, 2, ...} such that

(113)  sup [E(9(X) -9 (n0) [Ao) | < K (141X0l*) 77+

We shall prove this Proposition at the end of the section after stating and
proving a series of lemmata. First, we note in comparing Propostion 5.11.1 with
Proposition 5.9.1 that we do not need to include the same terms in a truncated
weak Ito-Taylor expansion as in a truncated strong Ito-Taylor expansion in
order to obtain a given order of convergence.

In what follows we shall fix # at the value given in Proposition 5.11.1. We
shall also denote by K € (0,00) and r € {1,2,...} constants, but these will
generally differ in value from one occurrence to the next.
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For t € [0,T] we shall write

(11.4) m=np(t) = Y Ia[fa(Xo)),,

a€lg

omitting the superfluous ¢y = 0 from (11.1). Then, from the definition (5.2.12)
of multiple Ito integrals we obtain

m t
(11.5) e =XO+Z/ b dw?
j=070
with dW? = ds and
(11.6) B‘: = Z Io- [fa (Xo)];
a€p\ ()
T(a)=T

for j =0,1,..., m, where a = (j1,..., Ji(a))-

Lemma 5.11.2  Under the assumptions of Proposition §5.11.1 for each p =
1,2, ... there exist constants K € (0,00) and r € {1,2,...} such that

(11.7) T:=E (Oz?gT |E{|zq |Ao) <K (1+1%0")

foreachq=1,...,pandj =0, ..., m.

Proof Let us fix p and j. From (11.6), the Doob inequality (2.3.7), (11.2)
and Lemma 5.7.5 we obtain

2q
T = E Lo [fa (X A
o8| 2o TeUa Kol | o
Ji(a)=I

< & % B s o (Ko 40)
a€Tg\ (v} 0<t<T
LA
N()=)

< K 5 B s o U Xo)" [40)
aelp\fv} OSST

< K Y E(lfa(Xo) o).

a€lg\{v}
From the polynomial growth bound on each f, we then have
T<K (14 1X)

for some r € {1,2,...}. O.
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Lemma 5.11.3  Under the assumptions of Proposition 5.11.1 for each p =
1, 2, ... there exist constants K € (0,00) andr € {1, 2, ...} such that

(11.8) E( sup _|n|* |A0> <K (1 + |Xo|2r)
0<I<T

foreachq=1, ..., p.

Proof Let us fix p. Using estimates on page 85 of Krylov (1977), which are
similar to those in the proof of Theorem 4.5.6, we obtain from (11.5)

H, = E ( sup |77g|2q IAo)

0<s<t

t m
<o fo(gari)
0 "

j=0

K (|X0|24+/0‘§:E(|B§|2q |40) ds)
i=0

t m
< K |X0124+/ EE( sup |5 [* I.Ao) ds
0 ;=0 0<u<lT

for each ¢t € [0,T]. It then follows from Lemma 5.11.2 that

t
H < K (|Xo|2"+/ (1+|X0|2') ds)
0

K (1+|x0|2') .o

IA

IA

For more compact notation we shall write

(11.9) P ={1,2,...,d}

and ,

(11.10) Fs(y)= [] v
h=1

forally = (y!,...,y%) and = (p1, ..., ) € Py where I = 1, 2, .... Starting
from (11.5) and (11.10), by a generalization of the Ito formula (4.8.3) to semi-
martingales (see Ikeda and Watanabe (1989)) we obtain

(11.11) Fy(ne — Xo) = E/ B(s)aw}
j=00

forallt€[0,7],l=1,2,...and p € P, where
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d
(11.12) bty = 3889 L By (i - Xo)
k=1 6y

forj=1,...,mand

d
- o)
(1113)  b3(t) = E:Ef"’a—y,,Ff(m—Xo)
k=1

1 d m - ag
+§k§1§b”b” 3oy 17 (m = Xo).

Lemma 5.11.4  Under the assumptions of Proposition 5.11.1 for each p =
1, 2, ... there exist constants K € (0,00) and r € {1, 2, ...} such that

(11.14) Z(t) =F ( sup |Fy(n, — X0)|2'1 I.Ao) <K (1 + |Xo|2r) Ty
0<s<t

forallt €[0,T],¢=0,1,..., p-22P+tD~t qnd Fc P wherel =1, ..., 2(8+1).

Proof Let usfix p. We shall prove (11.14) by inductiononl! =1, ..., 2(8+1).
1. Let I = 1. It follows from (11.10)-(11.13) and the Doob inequality (2.3.7)

that
q9
Ao
0<a<t

m s 2q
K ZZE ( sup /0 bk qwi Ao)

j=0k=1 0<s<t
Ao) |

t
/ bkJ awi
0

Then, using Lemma 5.7.4 and Lemma 5.11.2 we obtain

m d
20)s K338 ( sup B9

j=0k=1

Z()

IN

IA

2q

IA

ol

j=0k=1

Ao) 1<K (1 + |Xo|2’) 4

2. Letl=2,...,2(f+1). It follows analogously with the preceding step that

: |Ao)

/ bk —F~(nu Xo) AW}

2q

/ be by 5 fa —=—F5 (u — Xo) du
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)
d

+K ) ZE (U b7 by fa = F5(ns — Xo) ds

kr=1j=1
.Ao) t?
62

% yrFﬁ(’Ta-XO)

2q

t
B 5%&- (10 — Xo) dWi

< K iiE(

j=0k=1

2q

“).

Using Lemma 5.7.5 we then find that

m 2q

d
Z(t) < K ZZE(sup

1 0<s<t

0
B9 52 Fp (1 = Xo)

2q
prdprid
s s

+

=
M- :
NgE

Ao) 124

E ( sup
Er=1j=1 0<s<t

0
—5F5(ns — Xo)

4 1/2
xFE ( sup |.Ao) } A
0<s<t | Oy

d m 14
K E B | ) ( i )
* k,gl,gf (os‘i‘él [ 140) & ( su, 57 [ 4o
1/2
)

X [E ( sup
0<s<t

From Lemma 5.11.2 and the fact that each differentiation reduces the product
defined by (11.10) by one factor we obtain

2 44

4]
——Fm-X
6y’°a - (77 0)

. 1/2
2() < K (1+1%") ( max £ sup |F,,-(1;,-)((,)|“9|A0 9
PEP, 0<s<t

-1

1/2
+K (1+ |xo|“') (max [E ( sup |Fy(m — Xo)|* |A0)] ) 12,
0<s<t

pEP 2
Concluding with the induction assumption we finally have

2t < K (1+1%0") {130-Dgs 4 t=D)g20)

IN

IN

K (1 + |X0|2’) 4. 0
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The proof of the next lemma follows immediately from the estimates (4.5.16)
and (4.5.17).

Lemma 5.11.5  Under the assumptions of Proposition 5.11.1 for each p =
1, 2, ... there exists a constant K € (0, 00) such that

(11.15) E( sup |X¥[* le) <K (1+[y*)
0<t<T

and

(11.16) E (IX,” —y|™ le) <K (1+[y/*) t?

forallye R4, t€[0,T) andq=0,1, ..., p.

Lemma 5.11.6  Under the assumptions of Proposition §5.11.1 we have

(11.17) Xo—m= 3 lalfa(x™)],
aEB(l‘,)

forallt € [0,T) and B = 1, 2, ..., with the remainder set
(11.18) B(Ig)={aeM:l(a)=p+1}.

Proof Using (11.4) we have

xXKo—n = XX - Xo—(m— Xo)
= XX -Xo— Y. IL[fa(Xo),-
a€lp\{v}

Hence by the Ito-Taylor formula (5.5.3) the increment X;X° — X, satisfies

X - Xo= ) LlfaX)l,+ Y, I[fa(X*)],.

a€lp\{v} a€B(Ts)

Inserting this expression into our first equation gives (11.7). Finally, the
assertion (11.18) follows from (5.4.4) and (11.2). O

Lemma 5.11.7  Under the assumptions of Proposition 5.11.1 there ezist
constants K € (0,00) and r € {1,2,...} such that

(11.19) F()

|2 (Bs(Xi = X0) = Fyne = Xo)| o)
< K (1+]Xo[") P+

forallt € [0,T), P E P andl=1,...,28+1.
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Proof
1. Let!= 1. Then p= (k) where k € {1, ..., d}, so by (11.10) and Lemma
5.11.6 we have

> B (Lalrh (xX)], |40) |-

F(t) = |EB (xt - nt|40)| = oy
«€B(Tp

According to Lemma 5.7.1 the expectations here are zero for those a with I(«)
# n(a). Examining the remainder set B (I'g) given by (11.18) we see that
only the term with « satisfying () = n(a) = B + 1 remains, that is for the
multi-index o* = (j1,...,Jp+1) where j; = --- = jg41 = 0. Thus

Fo< [ []e (b ()

From the polynomial growth bound on f¥. we then have

R t 32
F(t)g/ / K (1+E( sup ]X,X"Izr
0 0 0<s<T

Finally, using the moment estimate (4.5.16) we obtain

.Ao)l dsl .. .d8ﬂ+1.

.Ao)) dsl oo dSp.H.

(11.20) F) < K (141X 941,

2. Forl=2,..., 283+ 1 we take the deterministic Taylor expansion of the
function F; about 7; — X obtaining

1 d d
(11.21) FOSY o3 Y A
where

(1122)  Fiy, b, (1) = ,E((Xf"”f‘)“'(xfr—"fr)

x mFﬁ(m - Xo) |Ao)

3. We shall first estimate F} for k = 1, ..., d. From the definition (11.10) of
Fy there exists a p' € Pi_; and a ¢ € {1, ..., {} such that

d
a—ysz* (7 — Xo) = ¢ Fjz (n: — Xo) -
Hence in view of (11.11)

ad LAY L j
s X0 =13 J oo awi.



218 CHAPTER 5. STOCHASTIC TAYLOR EXPANSIONS

We shall use this relation in (11.17), (11.22) and (5.2.12) to estimate

R() = ( Y L fE(xX), qE/ b (s)dwi|A )
a€B(Tg) j
< X Z (I [£8 (X%)], Iy [B50], Ao)

a€B(Ts)j=0

Applying Lemma 5.7.2 we have

R hids . .\ 1/2
RH< Y S ki@ (KIK{,)

a€B(Tg) j=0
with l(a) = #+ 1 (see (11.18)),

2 Ao)
2
.

From (11.15) and the polynomial growth bound on f, we have

= E( sup |fk (XX
0<s<T

and

f= 5 (e, )

K<k (1+ |X0I2') .

Then, using (11.11)-(11.14), (11.6) and (11.7) analogously as in the proof of
Lemma 5.11.4 we obtain

Ki<K (1 + |Xol"”) .
Combining these last estimates we thus have
(11.23) Fe(t) < K (1+ |X0|2') 1p+1,
4. We shall now estimate the Fy, j (t) forr =2, ..., I. Foreach (k,..., k)
€ P, there is a finite ¢ € {1, 2, ...} and ' € P,_, such that

61’

G g 7 (= X0) = .y (e = Xo).

From (11.22) we thus obtain

(11.24)  Fy, () = ’E((Xf‘—nf‘)“'(xf'—ﬂf')

ad
X o oy

(= Xo) o)
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< q [E (1B (n = Xo)P* |40) B ((xfl —p) e (xb ) |Ao)] ”

4 1/4
I.Ao)]

XX [E (IX:cr _ "f'rm lAO>]1/zr+x |

From (11.17), Lemma 5.7.5, the polynomial growth bound on f,, (11.18) and
Lemma 5.11.5 foreach k = 1,...,dand I = 2,4, ..., 2"t we have

[z (1t =" Jas)
RATIEC)

[E( = 21|A0)]1/21
= 15(

2 1/2
)]
a€B(Tp)

> K2 [E( sup |5 (xXo)|"
«€B(T) 0<s<T

< g [E (IF;?' (n — Xo)I |Ao)]l/2 [E (IX:I" -

IA

L [f5 (xX)],

IA

1/2i
)]

1/21
%))

IA

DO Slail [1+E< sup_|xXe|™
a€ B(T'p) 0Ls<T

< K (1+ |X0|2’) 1(F+1/2

Using this with (11.14) in (11.24) we then obtain
(1125)  Fiyp () < K (1+[Xo[") 40D/ 2B+ D)2

< K (1+ |X0|2') LA

5. Finally, using (11.23) and (11.25) in (11.21), we have
Fry, @) S K (141X 74!
forl=2,..,26+1too. O

Proof of Proposition 5.11.1 The function g is 2(3+ 1) times differentiable
so we use the deterministic Taylor expansion to obtain

(11.26) Ho(t) = | E (g (X¢) — g (m) | 4o) |
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|E (o (X0) = 9 (Xo)} = {9 () — 9 (X0)}) [ 4o|

2 -
= ,E( E n Z [659 (Xo)] F5(X: — Xo) + Ro (Xt)

I=1 ' peP

2841
-2 % Y- (%9 (Xo)) Fp (n: —Xo)+Ro(m)|Ao)

=1 iEP]

for each t € [0,T]. Here the remainder terms are of the form

(11.27) Ro(2) = Y [089(Xo+©4(2) (2 - Xo))]

1
2(8+1) FePaarny

x F5(Z — Xo)

for Z = X, and 1, respectively, where ©5(Z) is a d x d diagonal matrix with
diagonal components

(11.28) 0;*(2) = 6%(2) € [0,1]
fork=1,...,d.

Now, from (11.26) with (11.19) and the polynomial growth bound for g and
its derivatives we obtain

2841 1 .
(1129)  Ho®) < Y 5 > [6a(Xo)|
=1 peER

x |E (F5 (X¢ — Xo) — Fz(n: — Xo) | Ao)|
+|E (Ro (X:) [ Ao) | + | B (Ro (m:) | 4o) |
< K (1+ |Xo|2') P+ 4+ E (|Ro (X:)| | Ao)
+E (|Ro ()] | Ao) -

Using (11.27), (11.28), (11.16) and the polynomial growth bound on the deriva-
tives of g we obtain

(11.30) E (|Ro (X:)] [4o) < K (1+]Xo") £9+1,
Applying Lemma 5.11.4, by similar arguments we also have

(11.31) B (|Ro (7))l ]40) < K (1+[Xol™") £9+1,
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Summarizing (11.26), (11.29), (11.30) and (11.31), we finally have
Ho(t) < K (1+1Xo[") TP+

uniformly in ¢ € [0, T]. This completes the proof of Proposition 5.11.1. O

5.12 Weak Approximations
of Multiple Ito Integrals

The main assertion of Proposition 5.11.1 still holds true if we replace the mul-
tiple Ito integrals I, by other random variables I, which satisfy corresponding
moment conditions. We shall write

(12.1) Up(t) = D fau(to, Xto) laytos
a€lg

for t € [to,T] and B € {1,2,...}.

Corollary 5.12.1  Suppose under the assumptions of Proposition 5.11.1 that
fort € [to,T] and B € {1,2,...} there ezists a constant K € (0, 00) such that
the moment condition

)

i {
E H Iak,io,f - H Iak.toﬂ
k=1 k=1

holds for all choices of multi-indices ay € Tg\ {v} withk =1, ..., l andl =
1, ...,28+ 1. Then for each g € C;(p“)(%d,?]?) there erists constants K, €
(0,00) and r € {1, 2, ...} such that

(12.2) < K (t _ to)ﬁ+l

(123) | E(9(Xe) = 9(Up ()l Aw) | < Ky (14 1Xa|™) (2 = 1)+,

to,X¢q

where X, = X,

We leave the proof as an exercise since it is a straightforward extension of the
proof of Proposition 5.11.1.

Exercise 5.12.2  Prove Corollary 5.12.1.

To evaluate the conditional expectation of the first product in (12.2) we shall
need the following lemma.

Lemma 5.12.3  Leta = (j1, ---, jt), B = (41, ..., Jp) € M with1, p € {1,
2,...}. Then

t » t .
(12.4) Intlp: = / Ins Ip—,s AWI® + / In- s Ip , dW3!
0 0
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t
+ / Tae s Ip— s Ij,=j1, 20} ds
0
fort > 0.

We shall leave the proof as an exercise too as it is similar to that of Proposition
5.2.3, but here we need to start with a multi-dimensional linear Ito process
with components representing the multiple Ito integrals up to I, and Iz. An
application of the Ito formula (3.4.6) then gives the desired result.

Exercise 5.12.4  Verify (12.4).

Using Lemma 5.12.3 and the moment estimates (7.1) and (7.6) for multiple Ito
integrals we shall now state the values of the conditional expectations

1
E(Iou T Iau) =FK (H Ia,,,to,to+A|.Ao)

k=1
for A € [0,T — o] and a3, a3, ..., ax € g\ {v} which are relevant in the
moment conditions (12.2) for the cases # = 1, 2, 3. We have
(12.5) E(Ia -+ In,)=0

when the number of nonzero components of the multi-indices involved,

l

A=) (k) —n(ax)),

k=1
is odd. Furthermore, when ) is even we find that
(12'6) |E(Ia1 o 'Iau)l < KA?
where

1
1
p = 5/\4—*:2:;71(&];).

We shall say that the expectation in (12.6) has order p in the time increment
A. Excluding those already given in (12.5) and those of the constants

1 1
Ioy=48  Iog=354"  Igoo = 34%

the expectations of products of order p = 1, 2 and 3 are as follows. Here j;,
..o i =1,...,, mand §; is the Kronecker delta symbol, that is

1 @ i=3j
bij = .
0 : otherwise.

(12.7) E (Iii,) Iiz) = B 65525
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E (I3, Lo.i2)) = E (I, 1(12.0)) = A 8jv.ias
E (Ijsin Lisio) = 3 S A6, 6
J A? . ji=j2=j3=1]a
~ £ s and o = dods = 7
E(Iin Lin liss) = | $4% = B fl ot

. 0 : otherwise

(3A%2 : ji=ja=j3=]a

E(L: L LiI:y) = o . {J1,7J2:J3,ja} consists of 2 distinct
To T Tun Too) = 4 A2 = e eal numbers
L 0 . otherwise

E (I(jl) I(J'z,ja,jq)) =0, E (I(Jl 0) 1(012)) = A 6]1 Jas
1
E (1,0 152,0) = B (Lo L0.42) = 3A 851,425
E (I(O,j,) I(jz,ja,jq)) =FE (I(jlxo) I(jﬁyjsyjd)) =0

E (Lo,1.52) IGsi) = E (IG,02) Liisia)

= E (L1120 LG 14)) = A 0j1.js05a.das
E (Io,0,32) I6n) = B (L0510 132) = E (Lj1,00) I5n) = A 851,433
E (161,00 13a,0) = E (Ho0.51) lo0) = %A45j1.j,;
E (I0.51.0) L3a,0) = E (0,10 L03) = %A"éj,,j,;
E (I1,00) 10.3) = E (0,01 Ia.0) = %!A“é,-,,,-,;

E (I, j2,0) 1i5,0)) = E (I5,.52,0) T0,3s) = E (I51,0,5) 1(5s,0)) = 0;
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E (I, 0.42) L0,35) = E (L0,41,j2) Lis0) = E (L0,41.33) L0,4s)) = 0;
E (I3, a,js) Ljaris)) = 0;

E (I0,4,) Lia) Iis) Liv) = E (Ta,0) L) Lss) Lis))

N Gi=ja=Ja=1a

={ 1A3 . {71,732, J3, ja} consists of 2 distinct
2 *  pairs of identical numbers
0 : otherwise
1.3
E (o4 La) Lgs io) = 318 inisdiais

1
E (I(j,,o) I(jz) I(js,id)) = §A36j,,j36j3,j4§
E (I0,4,,52) 1) 1) = E (I1,0,32) 1iis) L50) = E (L51,32,0) Liis) Liia))

B A% ji=j2,J3=ja0r j1 =js,j2 =3
B 0 : otherwise

1.3

E (I(ix.iayia) I(J'!:J's,js)) = ﬁA 851,540

J'z.J'56J'a,.ie;

154% @ ji=---=Js
3A3 : 1 pair and 1 quadruple of identical j;
E (I, 1jo) = : o
' A% : 3 different pairs of identical j;
0 : otherwise

1
E (I(J'hJ'a,J'a) I(jé) I(J's:is)) = ﬁAa [6.7'1..1'46}':,.1'56.1'3,1'3"'6.1'1 Js‘sj:,i46.is,ja+6jx,J's‘sh.is&js,h];

1
E (I(J'x,.iayia) I(ic) I(fs) I(.ie)) = §-!'A3 [6j1,j4 (6j2:j56j3;j6 + 6j21j66j3-j5)

+6jhj5 (6j2»j46j31j6 + 6.1'2.]'66.1'3,1'4)
+6jl.js (61'2.1'56]'3,.1'4 + 6j2,j46j3,j5) ] )
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1
E (I(ix..iz) I(J'a.ja) I(js»ie)) = ﬁAa [‘%m.‘ic (6i1.j66i3.js + 6jl,i66js,ia)
+6j2Js (6j1,j36j4,ja + 6.7'1,1'461'3,.7'5)
+8i4j6 (81,43 052is + 052,is0513s) |5

E (I, 32) Ls.io 1oy Iie)) = %Aa (285135 (81,4s054,56 + 8iajebiasis)
652,45 (8i1,s85a jo + 8js jeBiais)
+6j1,34 (9j5,35052 .6 + 813 je0ia.is)
+26j, 54 (81,58 ,ds + 813,jsir de) |5

1
E (IG,.52) 1is) 14 Liis) L)) = 5 [E (TGay -+ - 1)) = D651,52E (Igs) - Lie)) |-
2

_ We shall now use the above relations to propose some weak approximations
I, of the multiple Ito integrals I, which satisfy the condition (12.2) for each
of the orders # = 1, 2 or 3. In all of these cases we set:

. A 1 A 1
Iy = 4, lio,0) = -2-A2, T0,00) = ﬁAs-
Forf=1,m=1,2,...and j € {1, ..., m} we can set:
(12.8) Iy = AW/,

where the AW/ are independent N (0, A) Gaussian random variables or inde-
pendent two-point distributed random variables with

.. 1
] — [
P (aWi = +VA) = =
For=2,m=1,2,...and j;,j2 € {1, ..., m} we can set:
(12.9) Igy =AW, L) = Iy = 58 AW,
. 1 ol
I1a) = 3 (AW"AW“ + V,-,,,-,) ,

where the AW/ are independent N(0,A) Gaussian or three-point distributed
random variables with

P(AV‘VJ' =:t\/3_/.§) = % P(AW" =0) =§,

and the Vj, ;, are independent two-point distributed random variables with
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P(Vj,j, = +A) =

[N

1,J2

for jo=1,...,51 -1,
le..‘ix =-A

and
Vja,.il = _V.ix..iz
for j2 =41+ 1,...,mand j) =1, ..., m. Obviously the Vj, ;, are not required
when m = 1.
For f = 3 and m = 1 we can set:

(12.10) Iy = AW/,

Iue = Az, Iogy= AAW — AZ,
~ 1 N2
Inyy = 3 ((AW) - A) ,
~ ~ . 1 .
L0,0,1) = L(0,1,0) = L(1,0,0) = §A2 AW,
. . . 1 .2
I1,1,00 = Ia,01) = fo1,1) = EA <(AW) - A) ,

Bapny = %AW ((AW)2 B 3A)

where the AAVAV and AZ are correlated Gaussian random variables with AW ~
N(0;A), AZ ~ N(0;4A%) and E (AW AZASS =1A2.

For many stochastic differential equations not all of the multiple stochastic
integrals in an Ito-Taylor expansion may actually appear because their coeffi-
cient functions are zero due to some special structural feature of the equation.
In such situations it is sometimes feasible, practically, to find weak approxima-
tions of multiple stochastic integrals when m > 1 and 8 > 3 too.



Chapter 6

Modelling with Stochastic
Differential Equations

Important issues which arise when stochastic differential equations are used in
applications are discussed in this chapter, in particular the appropriateness of
the Ito or Stratonovich version of an equation. Stochastic stability, parametric
estimation, stochastic control and filtering are also considered.

6.1 Ito or Stratonovich?

The differing Ito and Stratonovich interpretations of stochastic integrals and
stochastic differential equations results from the peculiar property that the
sample paths of a Wiener process are, almost surely, not differentiable or even
of bounded variation. This is, perhaps, not so strange if we remember that such
equations arise from an attempt to add to ordinary differential equations ran-
dom fluctuations described by a Gaussian white noise, which can be considered
formally to be the (nonexistent) derivative of a Wiener process. In reality white
noise processes are often meant to be tractable idealizations of real coloured
noise processes, for which the autocorrelation at different time instants is made
arbitrarily small. The stochastic calculi of Ito and Stratonovich provide us with
mathematically valid formulations of stochastic differential equations, but leave
unanswered the question of which interpretation we should use. In fact, the
answer depends on how exactly we intend the white noise processes to approx-
imate the real noise processes and on how the stochastic differential equation
itself approximates the real situation being modelled.

Physically realizable processes are often smooth with at least a small degree
of autocorrelation. If RE") is such a process, close in some way to a Wiener
process W;, the differential equation

(1.1) dxM =a (t,X,(")) dt+b (t,X,(")) dR{™

is a random differential equation, that is an ordinary differential equation in
each of its sample paths involving Riemann-(or Lebesgue-) Stieltjes integrals
in its integral equation form

t t
12 x™=x,+ / a(s,x{) ds + / b (s, X™) dR{™.
to

to

It can be solved, in principle at least, by the methods of classical calculus. Since
these methods are also valid for the Stratonovich calculus, this suggests that
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the Stratonovich interpretation may be the appropriate one for the limiting
stochastic differential equation obtained by replacing the real process Rg") in
(1.1) by a Wiener process W;. This can be seen explicitly in the linear equation

(1.3) dx{™ = ax™ dt + bx™ dR{™,

where Rsn) is the piecewise differentiable linear interpolation of a Wiener pro-
cess W; on a partition 0 = t(ln) < tg") <...< t,(:le = T defined by

t — ™)

(n) _ _
R‘ - th'n) + (th:;.)] thn)) t;'-;-)l _ t;”)

for t}") <t< t§1)1 and j =1, 2, ..., n. This process converges sample pathwise,
almost surely, on ¢y < t < T to W; as n — oo if the partition length

(n) _ 4(n)

#1 —0 as n—o0.

6§ = max
1<j<n

By classical calculus the solution of (1.3) is
x™ = X, exp (a(t —to)+b (Rﬁ") - RS:))) ,
and this converges sample pathwise to
Xt = Xt exp (a(t —to) + d(Wr — W),
which is the solution of the Stratonovich SDE

dXt = aXt dt + ng o de.

A theorem of Wong and Zakai establishes the same result under quite broad
assumptions on the smooth approximating noise processes RS") and the co-
efficients a(¢,z) and b(¢,z). From this we can assert that the Stratonovich
interpretation of a stochastic differential equation is the appropriate one when
the white noise is used as an idealization of a smooth real noise process. In
such cases the Ito counterpart of the Stratonovich SDE is a useful artifice
which, for example, allows access to the appropriate moment equations or the
Fokker-Planck equation.

In engineering and the physical sciences many stochastic differential equa-
tions are obtained by including random fluctuations in ordinary differential
equations, which have been deduced from phenomological or physical laws.
The underlying systems being modelled here are usually continuous in both
time and state. In contrast, many biological systems are intrinsically discrete
in either time or state, or both. For example, in genetics and population dy-
namics the population size is integer valued, successive generations may not
overlap in time, breeding may occur in separated seasons and environmen-
tal parameters may only change at discrete instants. In these cases diffusion
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processes satisfying Ito stochastic differential equations are a convenient and
mathematically tractable approximation to the actual process. For example,
the exponential growth equation

8

I
b

fl

Q

8

and its noisy counterpart

dXt = an dt + bXt Eg dt,

resulting from a noisy growth coefficient a + b€, are often only convenient
continuous time approximations of the discrete time systems

z(tns1) — z(tn) = a z(t,)At,
and
(14) X‘n+1 —Xg‘ =0Xg“Atn+bth£t" Atn

In turn these may be continuous state approximations of a discrete state system.
In view of the Central Limit Theorem, as the result of a large number of small
discrete events we can suppose that the & in (1.4) are independent standard
Gaussian random variables. Thus we can take

&G Aty =W, — Wi, = AW,

for a standard Wiener process W;; this makes the noise term in (1.4) equal to
bX;, AW, . If the noise is due to external environmental effects, it can be ar-
gued that the intensity X, and the noise AW, in the transition from the nth
to the (n+ 1)th time instant should be independent. In other words, the inten-
sity should be nonanticipative. If we approximate (1.4) by a continuous time
process, that is by a stochastic differential equation, then the Ito interpretation

ng = an dt + ng de

is the appropriate one as we shall seewhen we consider the Euler scheme in
Section 2 of Chapter 10.

From a purely mathematical viewpoint both the Ito and Stratonovich cal-
culi are correct. Which one we should use in a particular context depends
on extraneous circumstances. Nevertheless, once a choice has been made the
other calculus can be applied when advantageous to the appropriately modified
stochastic differential equation. In this way the strengths of both calculi can
be used to maximum benefit.

6.2 Diffusion Limits of Markov Chains

Many problems in biology and other fields are intrinsically discrete and are
often modelled by Markov chains. When small increments are involved these
Markov chains are usually approximated by mathematically more tractable dif-
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fusion processes, the solutions of appropriate Ito stochastic differential equa-
tions. Conversely, when a stochastic differential equation is solved numerically,
Markov chains are constructed to approximate its diffusion process solutions.
In both cases the validity and accuracy of such approximations are obviously
matters of some importance.

In PC-Exercise 1.8.2 we examined the convergence in distribution of a se-
quence of random walks to a standard Wiener process on the time interval
[0,1]. This is one of the simplest examples of a sequence of Markov chains
approximating a diffusion process. For each N = 1, 2, 3, ... we partitioned
the time interval [0,1] at the instants tsc") =k/N for ¥k =0,1, ..., N and
generated a random walk starting at XSN) = 0 with equally probable spatial

steps of length N~1/2 to the left or right of the current position X ,SN) at the

time instant tgi)l to the next position X ,(:13 That is, we evaluated

N N 1
(2.1) x = x{ ”‘ﬁ(&
for k=0,1,..., N, where the {; are independent 2-point distributed random
variables taking the values +1 and —1 with equal probabilities 1/2. We in-
terpolated the random variables X ,EN) in a piecewise constant manner on the

time intervals [tiN),tfg)l) for k=0,1, ..., N—1 to define a process X)
on the entire time interval [0,1], and then used the Central Limit Theorem to
conclude that the X(™) converged in distribution to a standard Wiener pro-
cess on the time interval [0,1] as N — oco. It is obvious here that the X,EN)
generated by (2.1) for k = 1, 2, ..., N are the realizations of a Markov chain

on the countably infinite state space
1 .1
Ry-1n = Zi=17—1'\7:1=0,:!:1,:t2,... ,

which is called the N=/2-grid, with transition probabilities pi~14 = phi+! =
1/2 and p*Y = 0 otherwise, for all i, j = 0, £1, £2, ....

In any of the above random walks the step size was the same at every point
of the lattice R}v_,,,. A natural generalization is to allow it to depend on the
(N)
E

current location X,/ with the next position being determined by

1 1
(2.2) X = x{M +an (X¢V) 5 + o (X7) =G
for given functions ay and by defined on R},_,,, such that

1 1
1.'+0N(12)N:!:b~(.’8)7—1\7 (S RlN_llg

for all z € R}\,q,,. The functions ay and by may be derived from certain
functions a and b defined on all of ® or may converge to such functions. In
either case we can form an Ito stochastic differential equation
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(2.3) dX; = a(X;)dt + b(X;) dWy,
the solutions of which will be diffusion processes if the coefficient functions are
sufficiently regular. In general the increments X,EIR - ,EN) of the Markov

chains defined by (2.2) will not be i.i.d. random variables, so we cannot use the
Central Limit Theorem simply to conclude that they converge in distribution
to a diffusion process satisfying (2.3). Such convergence can nevertheless still
be established, but only if additional properties are satisfied by the Markov
chains. A necessary condition is that the Markov chains are consistent with
the diffusion processes satisfying (2.3) in the sense that their conditioned first
and second order moments and probable jump sizes satisfy, asymptotically in
N — oo at least, similar properties to the three limit conditions (1.7.9)-(1.7.11)

which define diffusion processes. That is, the Markov chains {X,(‘N), k=01,
..., } should satisfy consistency conditions such as

(24) Jim NE (x,(c’jj{ — x| xM = :c) = lim E(an(z)) = a(2),

(25) Jim NE ((X,S’;’i —xW >)2 | x(™M = :c) = lim E(5}(=))
= ©()

and

(2.6) Jim NEB (lx,ﬁ’j[{ - X,ﬁ")ls | XM = z) =0

for all z € R.

These remarks also apply to more complicated types of driving noises than
the 2-point process considered so far, and for other relationships between the
spatial and temporal step sizes. In such cases it may, however, be difficult to
write down explicitly the state spaces and the transition matrices of the Markov
chains.

Example 6.2.1 A population has 2N genes with two alleles a and A. In
the current generation there are i genes of type a and 2N — i of type A. The
new generation, also of size 2N, is selected by 2N trials with replacement,
with each trial yielding an a allele with probability p; = i/2N and an A allele
with probability ¢; = 1 — p;. The proportion of genes of type a in successive
generations forms a Markov chain with transition probabilities

= _(2N)! i (qi)2N=1)
"J —— ———— . .
fori,j=1,2,...,2N. If X,EN) denotes the proportion in the kth generation,
that is X,(CN) = i/2n, it can be shown that
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. N N N
Jim NE (X0 - xM|x(M =2) =0
and
. N N2 | (N
I\III_IEONE((X,E+2—X,(‘ )) | x§ )=z) = 22(1 — z)2.

In addition, if the chain is interpolated piecewise constant on time intervals of
equal length A = N2, then the interpolated process converges in distribution
to a solution of the Ito stochastic differential equation

ng = Xg(l - X‘) de

Exercise 6.2.2  Construct Markov chains driven by the random telegraphic
noise process (see Ezercise 1.6.8) which are consistent with a diffusion process
X: = at + bW, where a and b are nonzero constants. Then use the Ceniral
Limit Theorem to verify that the appropriate piecewise constant interpolations
of these chains converge in distribution to the diffusion process on any finite
time interval.

6.3 Stochastic Stability

Most differential equations, deterministic or stochastic, cannot be solved ex-
plicitly. Nevertheless we can often deduce alot of useful information, usually
qualitative, about the behaviour of their solutions from the functional form of
their coefficients. Of particular interest in applications is the long term asymp-
totic behaviour and sensitivity of the solutions to small changes, for example
measurement errors, in the initial values. From existence and uniqueness the-
ory we know that the solutions of a differential equation are continuous in their
initial values, at least over a finite time interval. Extending this idea to an
infinite time interval leads to the concept of stability.
For an ordinary differential equation

(3.1) T = -(3; = a(t,z)

we usually talk about the stability of an equilibrium point or steady state =z =
¢, where a(t,c) = 0 for all ¢, which we can assume without loss of generality
to equal 0. We say that z = 0 is stable for the differential equation (3.1) if for
every € > 0 there exists a § = §(2o,€) > 0 such that

(3.2) |z(t;t0,z0)] <€ forall t>ty and |zo| <6,

where z(t;%0,20) is the solution of (3.1) with initial value z(to;to, z0) = zo. If,
in addition, there is a 6o = 8o(t9) > 0 such that

(3.3) tlingo z(t;to,20) =0 forall |zo| < &
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we say that £ = 0 is asymptotically stable for (3.1). We include the qualifier
uniformly if § and 8y do not depend on tg and global if (3.3) holds for any 6.
These definitions are due to Lyapunov who introduced a test for the stabil-
ity of an equilibrium point in terms of a function V, now called a Lyapunov
function, resembling the potential energy in a mechanical system. Essentially,
the equilibrium lies at the bottom of a potential energy well and the potential
energy decreases monotonically along the solutions of the differential equation,
at least in a small neighbourhood of the equilibrium point.
In particular, for a Lyapunov function V it is required that

V(t,0) =0, V(t,z)>0
for all z # 0 and that

d
(34) E 1%4 (t,x(t;to, 20)) <0
for t > to and all z¢ sufficiently small. By the chain rule

d
X V (t,z(t; to, z0))

v, o, dr
= 5 (t:x(t,toyzo))JrE(t,x(t,to,zo))ﬁ

v v

B (t, z(t;t0,20)) + s (t,z(t;t0, o)) a(t,z(t;0,20)),
so (3.4) follows if

ov ov

-6T(t,.’c) + a(t,x) a(t,z) <0

for all z in a neighbourhood of 0 and all t > ¢;. We do not need to know the
solutions of (3.1) explicitly to check the validity of this inequality.

Example 6.3.1  The function V(z) = z? is a Lyapunov function for the
ordinary differential equation

d
(3.5) i=—=-2-2,
which has a unique equilibrium point x = 0. Here
(@) az) = ~207 — 22* < -2V ()

for all z € R, so along the solutions of (3.5) we have

ditV(t, z(t;to, zo)) < —2V (¢, z(t;t0,%0)) -
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Hence
V (t,2(t; to, 20)) < V(zo)e2t—to)

for allt > to and zo, from which we can conclude that £ = 0 is globally uni-
formly asymptotically stable for (3.5).

This simple example gives the gist of Lyapunov’s method for investigating the
stability of an equilibrium point. It is a powerful method when an appropriate
Lyapunov function can be found, but that is not always easily done. An ex-
tensive theory has been developed, listing necessary or sufficient conditions on
the Lyapunov function for the stability, asymptotic stability and instability of
an equilibrium point. We shall indicate some of these for stochastic differential
equations.

In view of the variety of convergences for stochastic processes there are many
different ways of defining stability concepts for stochastic differential equations:
We shall discuss some of these in relation to a scalar Ito equation

(3.6) dX, = a(t, X:) dt + b(t, X,) dW,

with a steady solution X; = 0, so a(¢,0) = 0 and 5(¢,0) = 0. Let us assume
that a unique solution X; = X:°’z° exists for all £ > to and each nonrandom
initial value X, = zo under consideration. A widely accepted definition of
stochastic stability is a probabilistic one due to Hasminski. We call the steady
solution X; = 0 stochastically stable if for any ¢ > 0 and to > 0

lim P (sup |X:°”°| > e) =0,
1’0—‘0 ‘210

and stochastically asymptotically stable if, in addition,

lim P (lim |X{*%°] —0) =1

.1:0—00

or stochastically asympiotically stable in the large when
P(Jim |X{o™| »0) =1 forall zo€®

Another definition involving pth-moments is also widely used. In this case
X: = 0 is called stable in pth-mean if for every € > 0 and ¢y > 0 there exists a
6 = 6(to,€) > 0 such that

E (|X:°”°|p) <e forall t>ty and |zo|< 6

and asymptotically stable in pth-mean if, in addition, there exists a 6y = 6¢(%o)
> 0 such that

lim B (|xio™[") =0 forall |zo| < bo.

t—o00

The qualifiers uniform and global are used in the same way here as for their de-
terministic stability counterparts. Of particular interest in applications are the
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p = 1 and p = 2 cases, stability in mean and mean-square stability, respectively.

Lyapunov functions can also be used to test for the stochastic stability or
pth-mean stability of the steady solution X; = 0 of an Ito SDE (3.6). Let V (¢, z)
be sufficiently smooth so that the Ito formula can be used. Then V (¢, X;) has
the Ito stochastic differential

dV(t, Xg) = LV(t, X;) dt + b(t, Xt) %‘:’T(t, Xt) de
or the equivalent integral representation
3.7 V(t, X:)— V(to, Xto)

t t 3V
- /LV(s,X,)ds+/ b(s, X,) 5 (s, X,) 4V,
to

to

where the operator L is defined by

8V 8V | 1,8%
(3.8) LV = S a4 5bi o

If we can find a function V such that
(3.9) LV(t,z) <0
for all z and t > to, which is easily checked and does not require explicit

knowledge of the solutions X; of (3.6), then the equality (3.7) can be replaced
by the inequality

t
(3.10) V(t, Xi) = V(to, X1,) < / b(s,X,)Z—:(s,X,)dW,.
to

Taking conditional expectations and using property (3.2.9) of Ito integrals we
obtain

E(V(trXt) 'Afo) < V(tO:Xfo)’

w.p.1, where A; is the o-algebra generated by X, for to < s <t. This inequality
says that the Lyapunov function V(¢, X;) evaluated along the solutions of (3.6)
is a supermartingale. Hence we can use the maximal martingale inequality

(2.3.6) to obtain

P( sup V(t, X:) > f) < 1 V(to, zo)
to<t<T €

for all ¢ > 0 and all T > tg, and thus

(3.11) P (sup V(t, X:) > e) < %V(to,:co).

t>to
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If, in addition, there are monotonically increasing continuous functions a =
a(r) and B = B(r) of r > 0 with a(0) = B(0) = 0 such that

(3.12) a(lz)) < V(¢ 2) < B(l=I)

for all z and t > 0, we can conclude from (3.11) that the steady solution X,
= 0 of (3.6) is uniformly stochastically stable. Similarly, if instead of (3.9) we
have for all z and ¢t > 0

(3-13) LV(t,z) < —c(|=])

for some continuous positive function ¢ = ¢(r) of » > 0 with ¢(0) = 0, then we
can prove that the steady solution X; = 0 is uniformly stochastically stable in
the large. We remark that in many problems it is convenient not to require
all of the necessary partial derivates of V to be continuous at z = 0. The Ito

formula will then not be valid in a neighbourhood of 0, but refinements of the
proofs yield the same results as above.

Example 6.3.2 Consider the linear Ito SDE

(314) de = an dt+bX¢ de

and the Lyapunov function V(z) = z2. Then

LV(z) = (a + —;—bz) z?,

30 (3.13) holds with c(r) = —(a+ 1b?)r? provided a+ 1b% < 0. For this param-
eter range the zero solution of (8.14) is uniformly stochastically asymptotically
stable in the large. On the other hand the exact solution of (3.14) is

X; = X exp ((a - %bz) (t—to)+ (W, — W,o))

and converges to 0 with probability one as t — oo if and only if a — %bz <0
holds, since
. Wi -W,
lim ———=

B — =0, w.p.l

Exercise 6.3.3 Use an appropriate Lyapunov function to show that the
steady solution X; = 0 of the Ito SDE

dX; = aX,(1+ X?) dt + bX,dW,
1s stochastically asymptotically stable if a + %62 < 0.

Similar results can be obtained for the pth-mean stabilities, and for d-
dimensional vector stochastic differential equations

dXt = a(t,X,)dt + b(t,Xt)th
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In the latter case the operator L takes the form

OV KV 1K s O

LV—@"""— a 3_3'4'52(1)5 )‘Jm

i=1 i,j=1

Another method for determining the stability of a steady solution is to

linearize the differential equation about this solution and to analyse the stability

of the zero solution of the resulting linear differential equation. In many cases

its stability or asymptotic stability will imply the corresponding property of the

steady solution of the nonlinear equation. For the scalar differential equation

(3.1) the linear differential equation obtained by linearizing about a steady
solution z = ¢ is

(3.15) %:i = a(t)z,
where z = z — c and a(t) = 22(t,c), and has the solution

2(t; 0, T0) = 2o exp (/tt a(s) ds) .

Thus the zero solution z = 0 of (3.15) is asymptotically stable if and only if

(3.16) A = limsup :

t—tg

1 t
/ a(s)ds <O0.
—to Jy,
The limit superior has been used because the usual limit may not exist, as is
the case of a(t) = —2 + tsint. When the original differential equation (3.1)
is autonomous, the coefficient @(t) in (3.15) is a constant, say @ and A = a is
just the eigenvalue of the 1x 1 matrix [a]. For a vector differential equation the
linearized equation has the form
dz

(3.17) i A(t)z,

where A(t) is a dxd matrix. In the autonomous case, with A(tf) = A a constant
matrix, the solutions of (3.17) are

2(t;t0,20) = zoexp ((t — to)A).

and the zero solution of (3.17) is asymptotically stable if and only if the eigen-
values of the matrix A all have negative real parts. For the nonautonomous
case matters are much more complicated. The counterparts of the real parts
of the eigenvalues are the Lyapunov ezponents defined by

1
—10

(3.18) A(to, z0) = limsup In |z(¢;0, 20)|,
t—00 t

of which (3.16) is a simple example. Asymptotic stability of the zero solution
thus follows if and only if the Lyapunov exponents are negative for all ¢y and zg
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# 0. However, in practice, it is generally not easy to determine the Lyapunov
exponents explicitly.

We can also use Lyapunov exponents for stochastic differential equations.
For this it is more convenient to use Stratonovich SDEs. We shall suppose that
X, is a stochastically stationary solution, not necessarily a point like 0, of a
d-dimensional Stratonovich SDE

m
(3.19) dX; = a(t, X;)dt + Y _ b%(t, X¢) 0 dWF,
k=1
where W = (W1, ..., W™) is an m-dimensional standard Wiener process. With

Z; = X; — X; we obtain the linearized system

(3.20) dZ, = A(t,w)Z, dt + Y _ B*(t,w)Z, o dW}
k=1
where A, B!, B2, ..., B™ are dxd matrices defined componentwise by

Alt,w)i = g% (t, Xo(w))

and ok
.. b=t _
k 6 —
B (tlw) - 61:] (t)Xt(w))

forz,7=12,..,dand k=1,2,..., m.

Exercise 6.3.4  Linearize the 2-dimensional Ito SDE

() = Copoaonon)
X2 - —bX? — sin X! — csin2X}

0
dWw,
+( —a (Xt2)2+sinX,l ) ‘

where a, b and ¢ are constants and W is a scalar Wiener process, about the
steady solution (X}, X}) = (0,0). Determine the corresponding Stratonovich
SDE and linearize it about (0,0) too. What is the relationship between the two
linearized SDEs?

In the scalar case d = 1 we can solve (3.20) explicitly (see (4.4.11)). Writing
its solution as

t t
In|Z| = In | Zo] + / A(s,w) ds + / B(s,w) dW,,
to

to

and using the fact that

t
lim B(s,w)dW, =0, w.p.1,

t—oo t — to to
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we obtain a unique Lyapunov exponent

. 1 . t
A= llmsupt In|Z:| = hmsupt 1 / A(s,w)ds, w.p.l.
to

t—00 - tO t—o00 - tO
The zero solution of the linearized equation is thus stochastically asymptotically
stable if and only if this number A is negative. If in the autonomous case the
stationary solution X; has a stationary probabilitity density p(z), found by
solving the stationary Fokker-Planck equation (1.7.16) with the appropriately
modified drift coefficient a(z), then we can use ergodicity (4.4.18) and Theorem
4.8.8 to conclude that

1
t—to

t B

(3.21) lim sup / A(s,w)ds :/ a'(z)p(z) dz.
t—00 to o

Here the interval a < £ < , which may be infinite, is the support of the density
function . In the degenerate case that X; = 0 the density p(z) = é(z), the
Dirac delta function, and the integral on the right reduces to the eigenvalue
a’(0) of the scalar equation. We thus have an effective means of evaluating
Lyapunov exponents in the scalar autonomous case.

Exercise 6.3.5  FEvaluate the Lyapunov ezponent of the zero solution of the
linear Stratonovich SDE

dXt = an dt + bXt o de
For which values of the parameters a and b is the Lyapunov exponent negative?

For the general d-dimensional case (3.20), we can use the Multiplicative
Ergodic Theorem of Oseledec to assert the existence, w.p.1, of d nonrandom
Lyapunov exponents

Ad <A1 £

and a partitioning of R¢ into random subsets E4(w), E4—1(w), - -+, E1(w). For
solutions of (3.20) starting in these sets the limits (3.18) take values A4, Aa_y,
-+, A1, respectively. The stochastic asymptotic stability of the zero solution
of (3.20) thus follows if and only if A; < 0. For X; = 0 and an autonomous
system there is a formula like (3.21) for this top Lyapunov exponent X;. To
determine it we change to spherical coordinates » = |z| and s =z/|z| for 2z €
%4 \ {0}, in which case the linear Stratonovich system (3.20) transforms into
the system

(3.22) dR; = Ry ¢° (S:)dt+ Y Ri¢*(Si) o dW}
k=1

(3.23) dS; = h(Si, A)dt+Y_ h(S, B*) o dW}
k=1

on Rt x §9-1 where S9! is the unit sphere in R¢ and
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¢°(s)=s"As, ¢*(s)=s"B*s, h(s,A)= (A= (sTAs)1)s.
Equation (3.23) does not involve the radial variable R; and is an example of
a stochastic differential equation on a compact manifold. The advantage of
using the Stratonovich interpretation here is that the transformation laws of

classical calculus apply, and are in fact used to derive (3.22) and (3.23) from
(3.20). From (3.22) we have

t m t
mR= izl = [ aS)dut Y [ o*(s.) s,
to k=1%o

s)=s' As 3 lsT Ts—s 32
a(s) A+k§(2 (B +(89)") (TBk)),

and hence
. 1 . :
(3.24) limsup = In |Z;| = limsup / q(Sy) du.
t—o00 t t—00 t— tO to
Under appropriate conditions on the matrices A, B!, B2, ..., B™ there exists

an ergodic solution S; of (3.23) with invariant probability distribution j(s) on
S9-1 guch that the Ergodic Theorem 4.8.8 applies to the limit on the right hand
side of (3.24) to give the following expression for the top Lyapunov exponent

A= /54-1 q(s) dpi(s).

While of considerable theoretical benefit, this formula is difficult to use in
practice and usually must be evaluated either numerically as in Section 3 of
Chapter 17 or in terms of asymptotic expansions of the noise parameters. There
is also a formula, which is more complicated, for A; in the case of a general
ergodic solution X, # 0 of the original nonlinear SDE (3.19).

Exercise 6.3.6  Determine the equations (3.22) and (3.23) for the linearized
Stratonovich SDE derived in Erercise 6.3.4.

To conclude this section on stochastic stability we return briefly to the pth-
moment stabilities, in particular mean-square stability. For a d-dimensional
linear Ito system

m
(3.25) dX, = A(t)X,dt+ Y _ B*(t)X,dW
k=1

we saw in Section 8 of Chapter 4 that that the dxd matrix valued second moment
P(t) = E(XX, ) satisfies the deterministic matrix differential equation

dP

= =AMP + PA@)T + f:B"(t)PB"(t)T,

k=1
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which is linear in P. On account of the symmetry of the matrix P, we can
write this equation as a linear system of the from

dp

(3.26) z

A(t)p

where § is an 2d(d+ 1)-dimensional vector consisting of the free components of
P and A(t) is a square matrix. The mean-square stability of the zero solution
of (3.25) can be determined from that of (3.26). Moreover, since

|E(X:)| < E(IX]) </ E (X X]T),

the mean-square stability will imply the stability of the first moment and,
hence, that of the mean.

Exercise 6.3.7  Derive the linear system (3.26) for the second moment of
the solution of the linearized Ito SDE in Ezercise 6.3.4. Hence determine the
parameter values for which the steady solution of the original Ito SDE 1s mean-
square asymptotically stable.

6.4 Parametric Estimation

Often a modeller can use phenomological or theoretical arguments to justify
the use of a differential equation with a particular structure, but needs to esti-
mate the appropriate parameter values from observations of the actual system
being modelled. Such parameter estimates are, strictly speaking, random vari-
ables, so something needs to be known about the probability distribution of
their deviations from the true values of the parameters. For example, if we
have a stochastic differential equation with an asymptotically stable ergodic
stationary solution, we might expect that the parameter values obtained from
the observation of a single trajectory over a finite time interval would con-
verge to the true parameter values as the length of the observation interval
increases without bound. Then we could use various limit theorems to obtain
an indication of the reliability of such estimates.

To illustrate the basic ideas of parametric estimation we shall consider a
scalar stochastic differential equation with additive noise

where a is the parameter to be estimated and the function a = a(z) is possibly
nonlinear. The maximum likelihood estimate &(T") determined from observa-
tions of a trajectory of a solution process (4.1) over the time interval 0 <t <
T is the value of a which maximizes the likelihood ratio

(42) L(Q,T) = exp (+~;—a2 /OT a2 (Xt) dt — « '/OT « (Xt) d)(t)
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of the process X = {X;, 0 <t < T} with respect to the Wiener process W
= {W;, 0 <t < T}. This is derived using the Girsanov Theorem, already
mentioned in Section 8 of Chapter 4, which says that the right side of (4.2) is
equal to the Radon-Nikodym derivative dPx /d Py of the probability measures
Px and Py, corresponding to the processes X and W, on the function space
C([0,T],R). It can be justified heuristically by approximating (4.1) with the
Euler difference scheme

(4.3) Yipr = Yi + aa(Y)A + AW;

fort=10,1, ..., N —1 where A = T/N. The increments AWy, AW, ...,
AWpN_1 of the Wiener process are independent N(0;A) distributed random
variables, so their joint probability density is given by

N-1

N _ 1 1 :

B . (_L Nf(AW-V)
(2ra)™* =

Writing AY; =Y;4; — Y, fori =0, 1, ..., N — 1 we can determine the joint

probability density pg,N) for AYy,AYs, ..., AYN_1 independent N(0;A) dis-

tributed as

1 1 N2
45) ) = — 5 exp (——Z(Amz)
(2ra)M? 2A = :

The Radon-Nikodym derivative of the discrete process Y = {Y;,i =0, 1, ...,
N — 1} with respect to the Wiener process W is simply the ratio

p(N) N-1
(4.6) < = exp (—-2—— ((AY,’)2 - (AVV,)z))
i=0

D

1 N-1 N-1
= exp (Eaz E o (Yi)A-a Z a(Y5) AY,-) .
i=0 i=0

Taking limits as N — oo, we see that the term in the exponent converges to
the difference of the integrals in the formula (4.2).

We differentiate the likelihood ratio (4.2) with respect to a and solve the
equation

(4.7) o (@ T)=0
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to obtain the mazimum lkelihood estimator

(4.8) &(T) = /0 ! a(X:)dX; / /0 ) a*(X,) dt.

This is a random variable depending on the particular sample path of the
process X that is observed over the time interval [0,7]. From (4.1) and (4.8)
we have

(4.9) &(T) - a = /0 " a(X0) dw, / /0 " et

where a is the true value of the parameter. If

(4.10) E (/T a’(Xy) dt) < oo

for all T and if the stochastic differential equation (4.1) has a stationary solution
with density p found by solving the stationary Fokker-Planck equation (1.7.16),
then it follows from the Ergodicity Theorem 4.8.8 that

(4.11) % /T a(Xy) dW; — 0
0
and i
(4.12) %/o a*(X,)dt — /;az(z)ﬁ(z) dz

with probability one as T' — oo. We can thus conclude from (4.9) that
(4.13) &(T) — a

with probability one as T' — oo. Moreover, a version of the Central Limit
Theorem tells us that T/2 (&(T) — «) converges in distribution as T' — oo to
an N(0; o?)-distributed random variable with variance

(4.14) ol = ( /R a®(z)p(z) dz)—l.

We can use this information to determine confidence intervals for o and to
estimate an appropriate value of T for a desired confidence level.

Exercise 6.4.1 Consider the Langevin equation
(4.15) dX: = a X dt + dW,

and suppose that the true value of a is —1. Determine the mazimum likelihood

estimate &(T) and the variance o2.
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The preceding discussion pertains to the simplest situations of parametric
estimation. In the literature many generalizations have been considered, such
as to multiplicative noise, partial observations of the solution process, includ-
ing time-discrete observations, and coloured noise. In those cases where the
original equation should be interpreted as a Stratonovich stochastic differen-
tial equation, the maximum likelihood estimate should be determined for the
equivalent Ito equation in order to obtain a correct estimate of the true param-
eter value. We note that matters are much more complicated when the drift
is nonlinear in the parameter. In Section 2 of Chapter 13 we shall test some
parametric estimators using numerical methods.

6.5 Optimal Stochastic Control

In many applications the state of the system is described by a stochastic differ-
ential equation involving parameters which can be adjusted so that some task
can be achieved in an optimal manner. Typical situations are the regulation of
a chemical reactor or of a satellite orbit with minimum energy expenditure, or
the selection of an investment portfolio with maximum income. Often we can
describe these mathematically in terms of a state equation

(51) dXt = a(t,Xt,u)dt+b(t,Xf,u) de
with a control parameter u € ®* which is to be chosen so as to minimize a cost
criterion
,
(5.2) J(s,z;u)=F (K(‘r, X))+ / F(t, X, u)dt | X, = 1:) ,
3

where K and F are given functions and 7 is a specified Markov time, which is
often a constant.

In choosing the control parameters we can usually take into account what-
ever information we have about the state of the system, that is we implement
controls which are functionals of {X,(w), s < z < t} at each instant t. We can
use Markovian feedback controls of the form u(t, X;), where u is a nonrandom
Lebesgue measurable function, when we have perfect information about the
state. If we have or make use of no information, then we are restricted to the
openloop controls of the form u(t,w) which are nonanticipative with respect to
the Wiener process in (5.1). On inserting a control from either of these classes
into (5.1), under appropriate assumptions, we obtain an Ito stochastic differ-
ential equation. We then minimize the cost functional (5.2) with respect to
one of these classes of controls. For Markovian feedback controls the minimum
value of the cost functional

(5.3) H(s,z)= min J (s,z;u(-))

satisfies the Hamilton-Jacobi-Bellman (HJB) equation
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(5.4) urrensa {F(s,z,u)+ LyH(s,2)} =0

with the final time condition

(5.5) H(T,z) = K(T,z),
where the Markov time 7 = T and L, is the operator
[ R 8 1n &
= — — — D’IJ —
(5.6) L, s + ga (s, z, u)az’_ + 3 ,',Z-_-:l (s, z,u) 52:02;

with D = bb7. (Compare this with the operator of the Kolmogorov backward
equation (2.4.7)). This is only a necessary condition which the minimum must
satisfy if it exists. However, various mild regularity assumptions imply both
the existence of the minimum and the sufficiency of the condition. The prob-
lem of finding the optimal stochastic control thus reduces to a deterministic
minimization problem, that of solving the HJB equation (5.4). We remark
that an optimal Markovian feedback control found by this means gives a cost
functional value that is at least as good, if not better, than that for an optimal
openloop control. Rather than present a mathematical justification of these
statements here, we shall show how the method works by using it to solve the
linear-quadratic regulator problem.

We consider the d x d matrices A(t), C(t) and R, the d x m matrix o(t),
the k x k matrix G(t) and the d x k matrix M(t), where all of the matrices
are continuous in ¢ and R is a constant matrix. In addition, we assume that
the C(t) and R are symmetric and positive semi-definite and that the G(t) are
symmetric and positive definite. The linear-quadratic regulator problem is to
minimize the quadratic cost criterion

(5.7) J(s,z;u)=E (X; RXr + / ) (X7 C#)X: +u" G(t)u) dt |X, = z) ,

where X, satisfies the linear stochastic differential equation
(5.8) dX, = (A@t)X: + M(t)u) dt + o(t) dW;,

over the class of Markovian feedback controls. (The state equation (5.8) is
linear in X; for constant u, but will become nonlinear if a nonlinear feedback
control u(t, X;) is used). The HIB equation (5.4) here is

0H ¢ - iOH 1 : ¥, OH
(5.9) s 2 CEz+3 (A)2) 5= +35 3 D 9z:0z;

i=1 ' 1.j=1

d
+52g1k {uTG(t)u + Z(M(s)u)‘ %{:} =0,

=1

where D = o0, with the final time condition
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(5.10) H(T,z) = z" Rz.
To solve this we guess a solution of the form
(5.11) H(s,z) = = S(s)z + a(s),

where the S(t) are symmetric positive definite d xd matrices and a(t) € R¢,
with both continuously differentiable in t. Obviously (5.10) holds if we have

(5.12) S(T)=R and a(T)=0.

We substitute (5.11) into the left side of (5.9) without the minimization, then
differentiate the expression obtained with respect to = and find that the deriva-
tive vanishes for

(5.13) u=u'(s,z) = —G(s)" ' M(s)z.

For these values of u the term being minimized in the HIB equation (5.9)
also vanishes and the resulting partial differential equation reduces to a matrix
ordinary differential Riccati equation

ds

(5.14) == —A(s)TS — SA(s) + SM(5)G(s)"*M(s)S — C(s)

for S = S(s), provided a(s) is chosen so that

d
(5.15) = = —tr {o(s)o(s) S(s)}
where tr denotes the trace of the matrix. Thus we need to solve (5.14) and then
evaluate a(s) from (5.15) subject to the final time conditions (5.12). Using this
expression for S(s), the optimal control u*(¢,X;) is given by (5.13) and the
minimum cost by

T
(5.16) H(s,z) = z" S(s)z + / tr {o(t)o(t)T S(t)} dt.

Since equation (5.14) does not involve the noise coefficient o(s), the integral
term in (5.16) is thus the total additional cost due to the presence of noise
in the control system. The optimal control u*(t, X;) is linear in X, so the
corresponding state equation (5.8) is a linear SDE; in the scalar case the op-
timal control corresponds a scaled response in the opposite direction to the
displacement. In general, the Riccati equation (5.14) must be solved numer-
ically, but this can be done off-line and stored for later use since (5.14) only
involves known coefficients.

Exercise 6.5.1  Derive (5.13)-(5.16) for the scalar case d = k = m = 1.

Exercise 6.5.2  State explicitly the optimal control, the optimal cost and the
optimal trajectory of the linear-quadratic requlator problem with state equation
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dXt = 2’udt + 4th

and cost functional

X,:z:).

Usually for nonlinear state equations (5.1) explicit solutions cannot be found
for the HIB equation. In the case of openloop controls alternative necessary
conditions for optimality can be derived using martingale theory. Let u(-) be

an openloop control and let X' ©) be the corresponding solution of the state

equation (5.1) with initial value X!(? = z. Then the stochastic process M"’
defined by

(5.17) MO = /0 'F (5, X200, u(s)) ds + H (2, X;0)

1
J(s,z;u) = E (Xf +/ (4Xx? +u?) dt

is a submartingale with respect to the probability measure P%() determined
from the original probabilty measure P by the Girsanov transformation (see

Section 8 of Chapter 4). The crucial point here is that M’ Oisa martingale
if and only if the control is optimal. Martingale methods can then be used to
prove a stochastic version of the Pontryagin Maximum Principle.

Situations of partial information often occur because we can only make
noise contaminated observations of some of the state components of the control
system. For instance, we may only be able to observe a process Y;, usually of
lower dimension than X;, which satisfies

(5.18) dY, = H(t)X, dt + T(t) dW},

where W;" is a Wiener process independent of that in the state equation. For
an estimate X; of the state X; we could use the conditional expectation

Xt =E(Xt|yt),

where ), is the o-algebra generated by Y, for s < ¢. As indicated by (2.2.19)
such an estimate is the best mean-square approximation of the state X, over
all ;- measurable Z;, that is

E (|X, - X‘lz) <E (|X, - z.).

It seems natural to use this estimate X, in a feedback control. In fact, for a
linear-quadratic regulator problem (5.7)-(5.8) with the observation equation
5.18, the optimal control u*(¢, X;) takes the same form (5.13) as for perfect
information when X, is determined by the Kalman-Bucy filter, which will be
considered in the next section. This is an example of the Separation Principle
of linear stochastic control theory, which says that a stochastic control problem
with linear state and observation equations reduces to a deterministic control
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problem and a linear filtering problem. The Kalman-Bucy filter requires a
deterministic matrix Riccati equation to be solved. In general, partial informa-
tion in stochastic control results in an infinite dimensional problem for which
a numerical method must be used.

To conclude this brief sketch of optimal stochastic control we remark that
the optimal controls u*(¢,z) may only be piecewise continuous or measurable
in their variables. Consequently basic existence and uniqueness theorems such
as Theorem 4.5.3 do not apply, but the relevant generalizations have been
developed. The derivation of efficient numerical methods for solving stochastic
control problems is of important practical consequence.

6.6 Filtering

The procedure of determining an estimate of the state of a system from noise
contaminated observations is known as fillering. As indicated in the previous
section, filtering is often a crucial step in solving optimal stochastic control
problems. It is also important in many other situations, such as tracking an
aircraft or reconstructing a radio signal. To be of practical use a filter should be
robust and, usually, implementable on-line. In general, this leads to demanding
computational problems and requires some deep underlying mathematical the-
ory. There are nevertheless some exceptions, notably the Kalman-Bucy filter
for linear Gaussian systems.

For simplicity we shall give a description of the Kalman-Bucy filter for state
and observation equations with constant coefficients. Suppose that the state
process X; is a d-dimensional Gaussian process satisfying the (narrow-sense)
linear stochastic differential equation

where A is a dx d matrix, B a dx m matrix and W = {W;, t > 0} an m-
dimensional standard Wiener process. To ensure that the solution X; of (6.1)
is Gaussian, the initial value X, should be a Gaussian random variable. Then
the mean and covariance matrices of X; satisfy ordinary differential equations;
see (4.6.9) and (4.6.10). Suppose also that the observed process Y; is an e-
dimensional process, where 1 < e < d, and is related to X; by the equation

(6.2) dY; = HX,dt + T dW;

with Yy = 0, where H is a d x e matrix, I’ an exn matrix and W* = {W/, t > 0}
an n-dimensional standard Wiener process which is independent of the Wiener
process W. Finally, for each ¢ > 0, let A; be the o-algebra generated by X,
Y, and W, for 0 < s <t and ); the o-algebra generated by the observations
Y, for 0 < s <t, so Yt C A:. The Kalman-Bucy filter uses the conditional
expectation

(6.3) X = E(X:| )
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as its estimate of the state X, this being the best mean-square estimate of X,
with

(6.4) E (le - frglz) <E (IXt - Zzl’)

for all e-dimensional );-measurable processes Z;. This estimate X is a V-
measurable, and hence 4;-measurable, Gaussian process with the same mean
as the state process X;, but with a different covariance matrix. In fact, the
error covariance matrix

(6.5) S =E ((X, - %) (x.- X,)T)

satisfies the matrix Riccati equation

(6.6) ‘;—f = AS+SAT+BBT —SHT ('TT) ' HS

with the initial value S(0) = E(XoX, ); this differs from the linear equation

(4.8.10) for the second moment P(t) = E(X.X,) by the quadratic correction
term. In addition, the estimate X; satisfies the stochastic differential equation

(67) dX;=(a-SHT(CTT)™'H) X.dt+SHT (TTT)™" dv,,

where the observation process Y; appears instead of a Wiener process. The
stochastic integral with respect to Y; here is defined in a similar way to the Ito
integral. The derivation of equations (6.6) and (6.7) is based on the fact that
the best mean-square estimate of an element of a Hilbert space H with respect
to a subspace § of H is its orthogonal projection onto S. In this case the
appropriate Hilbert space H consists of the mean-square integrable processes f
= {fs, 0 < s <t} adapted to the family of o-algebras {A,, 0 < s < t} and the
subspace S consists of those processes adapted to the observation o-algebras
{Vs, 0 < s <t }. The inner product here is

(f,g)=E(/o'f,Tgsds),

with f and g orthogonal if (f,g) = 0. The estimate X; and the error X — X,
are orthogonal in this sense, and also in the stronger pointwise sense that

E ((X, - )Z,)T f(,) =0

for each ¢t > 0. We note that the Riccati equation (6.6) must be solved numer-
ically, but it only involves the known coefficients of the state and observation
equations (6.1) and (6.2), so this can be done off-line. The coefficients of the
estimate equation (6.7) are then known, so this equation can be solved on-line
as the observations become available; generally this must be done numerically
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too. Finally, it has been shown that the Kalman-Bucy filter is robust in the
sense that the estimate changes only slightly with slight changes in the coef-
ficients and the nature of the noise processes. This is particularly important
in practice since the actual noises will often be broad-band approximations of
Gaussian white noise.

Exercise 6.6.1  Solve the Riccati equation (6.6) for the scalar case d = e =
m=n=1.

Exercise 6.6.2  Show that the Kalman-Bucy filter in the scalar case with X;
= X, where E(Xo) = 0 and E(XE) = o2, that is with

dXt = 0, dYg = X¢ dt + dW;

and Yy = 0, gives the estimate
2

X Y:.

_
T 1+40%

In using the Kalman-Bucy filter we are essentially determining the condi-
tional probability distribution of the state X; in the estimate X:. This obser-
vation has been used as a starting point for investigating nonlinear filtering
problems. To begin, we suppose that the state process X = {X;,t > 0} is a

continuous time Markov chain on the finite state space {1, 2,..,N } with its
N-dimensional probability vectors p(t), with components p*(t) = P(X; = 1)
fori =1, 2, ..., N, satisfying a vector ordinary differential equation

dp
6. — = A(t
(63) P = A

where the A(t) are the time-dependent intensity matrices of the Markov chain
at time t; see Example 1.6.8. Further, we suppose that the observations Y;
represent an e-dimensional process satisfying

(6.9) dY, = h(X})dt + dW;

with Yo = 0, where W* = {W}, ¢ > 0} is an e-dimensional Wiener process
which is independent of X. As before we denote the o-algebra generated by
the observations Y, for 0 < s < ¢ by J; and in addition denote the N x N
diagonal matrix with ¢ith component hi(¢) by Hx for k = 1,2, ..., N. Then
the conditional probabilities of X; given ), are

. . N -
(6.10) Ft) = P(X, = i) = @ / 3 Qi
j:l

fori=1,2,..., N, which follows from the Fujisaki-Kallianpur-Kunita formula.
Here the N-dimensional process Q: = (Q}, @7, ..., @N) satisfies the linear
stochastic differential equation, called the Zaka: equation,
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N
(6.11) dQ: = A()Qdt + 3 Hy Q dV}

k=1

with respect to the observation process Y;. The appropriate initial condition
here is Qo = p(0).

Exercise 6.6.3  Write down the SDE (6.11) for 1-dimensional observations
Y: of random telegraphic noise with h(x1) = 1 in equation (6.9).

An analogous result holds when the state process X; is a nondegenerate
diffusion process satisfying an Ito stochastic differential equation. For simplicity
we suppose that the drift and diffusion matrix are independent of time and are
sufficiently smooth. Then the probability densities p(t,z) satisfy the Fokker-
Planck equation (2.4.5), which we write in operator form as

dp
6.12 — =Lp.
(6.12) Y 2
In addition suppose that the e-dimensional observation process satisfies an
equation of similar form to (6.9), except now the domain of h is ®¢ for an
d-dimensional diffusion process X;. Then the conditional probability densities

of X; given ); are
(6.13) p0.2)= Q@) [ [ Qo
R

where the unnormalized densities Q;(z) satisfy the stockastic partial differential
equation, called the Wong-Zakai equation,

(6.14) dQ:(z) = LQu(z) dt + h(z) Q:(z) dYr,

with respect to the observation process Y; where Qo(z) = p(0, z).

For both the Markov chain and diffusion state processes the conditional
probabilities provide information about an estimate of the state in terms of the
observations, but unlike the Kalman-Bucy filter do not give a simple sample
path representation of the estimate. In the Markov chain case the unnormal-
ized conditional probabilities satisfy an Ito type stochastic differential equation
(6.11) for which the numerical methods discussed in this book can be applied.
See in particular Section 3 of Chapter 13. Appropriate numerical methods for
stochastic partial differential equations like (6.14) are yet to be developed. One
possible method would be to approximate the diffusion process by a Markov
chain and then to solve the corresponding ordinary stochastic differential equa-
tion (6.11).

Another approach is based on the Kallianpur-Striebel formula. This refers
to the general nonlinear filtering problem with both the state process X = {X,
t € [0,T]} and the observation process Y = {Y;, t € [0, T]} satisfying nonlinear
stochastic differential equations, which we write in integral form as



252 CHAPTER 6. MODELLING WITH SDES

(6.15) X, Xo + /ot a(X,) ds+ /t b(X,) dW},
0

Y,

t
/ h(X,) ds + W2
0

for t € [0,T). Here the given probability space is (2, A, P), W = (W!, W?)
= {(W¢, W2), t € [0,T)} is a 2-dimensional standard Wiener process with
respect to a family of nondecreasing sub-o-algebras {A;, ¢ € [0,7]} and the
initial state X is Ag-measurable. As before we denote the o-algebra generated
by the observations Y, for 0 < s <t by ). Using the Girsanov transformation
(4.8.17) we introduce a new probability measure P= LTIP with the Radon-
Nikodym derivative

(6.16) L = exp (—% /: h%(X,) ds + /(: h(X,) dY,)

for t € [0, T]} The observation process Y is then a Wiener process with respect
to P and is independent of X under P. Furthermore, for each sufficiently
smooth function f the Kallianpur-Striebel formula for the nonlinear filter

E(f(X,) L¢ | Y1)
E(Le| D)

)

(6.17) E(f (Xe) | 0) =

holds for all ¢ € [0,7]}, where E denotes the expectation with respect to the
probability measure P.



Chapter 7

Applications of Stochastic
Differential Equations

This chapter consists of a selection of examples from the literature of applica-
tions of stochastic differential equations. These are taken from a wide variety of
disciplines with the aim of stimulating the readers’ interest to apply stochastic
differential equations in their own particular fields of interest and of providing
an indication of how others have used models described by stochastic differen-
tial equations. Here we simply describe the equations and refer readers to the
original papers for the justification and analysis of the models.

7.1 Population Dynamics,
Protein Kinetics and Genetics

Population Dynamics The simplest deterministic model of population
growth is the exponential equation # = az where a is the Malthusian growth
coeflicient, which is usually a positive constant, but may vary in sign and
magnitude with time ¢ to cater for seasonal variations. The vagaries of the
environment can be modelled by allowing a to vary randomly as a + a§; for
a zero mean process £. We saw in Section 1 of Chapter 6 that when &, is a
Gaussian white noise process we obtain a linear stochastic differential equation,
either an Ito equation or a Stratonovich equation depending on which inter-
pretation we choose. Both the deterministic and stochastic models here admit
unbounded exponential growth, which is untenable in an environment of finite
resources. Under such circumstances a finite supportable carrying capacity K
is appropriate, with the population decreasing whenever it exceeds this value.
We can incorporate this feature easily into the deterministic model by replac-
ing the growth constant a by the linear factor a(K — z). Then we obtain the
linear-quadratic Verhulst equation

(1.1) z =a(K —z)z,
which is often written as
(1.2) &=\ —z?

with aK replaced by A and az by z.

On randomizing the parameter A in (1.2) to A + ¢§;, we obtain a stochastic
differential equation
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(1.3) dX: = (AXy — X}) dt + o X, dW;

using the Ito interpretation, which can be solved explicitly by the reduction
method in Section 3 of Chapter 4; for the explicit solution see equation (4.4.51).

Some caution is needed in randomizing the parameter A, or more precisely
the original parameters a and K in (1.1), in this fashion. Since negative as
well as positive values make sense for a growth rate, there are no conceptual
difficulties in randomizing the growth parameter a as above. In contrast, by
its very definition the carrying capacity K must be positive, so randomizing it
as K + o&; for white noise & will lead to unrealistic stochastic models. One
way around this is to begin with Schoener’s deterministic equation

(1.4) i =Rz (E(T — Az) — C — I'z)

instead of the simpler looking Verhulst equation (1.1), to which it reduces with
parameters a and K defined by

ET-C
a=R(EA+T), K= FATT
We shall not elaborate here on the meaning of the parameters in (1.4) other
than to remark that some may naturally take both positive and negative values
and thus be meaningfully randomized as above with white noise fluctuations.

Apart from contrived situations such as laboratory experiments, single
species population dynamics models are usually unrealistic since in nature most
species coexist with others and are affected by their presence in one way or an-
other. Such interactions may be benevolent, neutral or malevolent, as in sym-
biotic, predator-prey or competitive relationships, respectively. These can all
be incorporated in population dynamics models with terms coupling together
separate single species models. A frequently studied deterministic model of
multi-species interaction is the Volterra-Lotka system

d
(1.5) =2z |a' + Zb"’jz‘j
i=1
for i =1, 2, ..., din the case of d different species. Randomizing the growth

parameters a’ as @' + o*¢} leads to a system of stochastic differential equations,
which we shall interpret as Ito equations with independent Wiener processes,

d
(1.6) dxj=X; |a' + ) ¥ X] | dt + o' X] dW;
j=1
for i =1, 2, ..., d More generally, we might obtain noise terms of the form

Z_?=1 o (X} X2 ..., X3)dW] fori=1,2, ..., dif, for example, the coupling
parameters are also randomized. Explicit solutions are not known for equations
(1.6), so they must be solved numerically or a qualitative investigation made
of the boundedness and stability of their solutions.
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Protein Kinetics Stochastic counterparts of many ordinary differential
equations modelling chemical kinetics, such as the Brusselator equations, can
be derived by randomizing coefficients. For example, the kinetics of the pro-
portion z of one of two possible forms of certain proteins can be modelled by
an ordinary differential equation of the form

(1.7) z=a—z+2z(1 -2z),

where 0 < z < 1 and the other form has proportion y = 1 — z. For random
fluctuations of the interaction coefficient A of the form A + &€ with white
noise &;, the appropriate stochastic version of (1.7) is given by the Stratonovich
stochastic differential equation

(18)  dX;=(a—Xe+AXe (1= Xy)) dt + 0X, (1— X;) 0 dW,.

The solutions of (1.8) are not known explicitly, but remain in the interval [0, 1],
w.p.1, since at both endpoints the diffusion coefficient vanishes and the drift is
directed into the interval for positive values of the a, which are necessary for
(1.7) to be meaningful.

Genetics The Ito equation equivalent to (1.8),

(19) dXt =G(X¢) dt-’rO'Xt(l —Xg) th
where

a(z) = (a —z+Az(l-z)+ %az:c(l —-z)(1- 2:1:)) ,

also has a genetical application, with X; representing the proportion at time ¢
of one of two possible alleles of a certain gene. A discrete-time Markov process
can be constructed to model the changes from generation to generation in the
allele proportions due to natural selection, which favours the allele most suited
to the current state of a randomly fluctuating environment, and to mutations
which, in this case, transform one allele form into the other. Essentially, this
discrete-time Markov process converges to a diffusion process X; satisfying the
equation (1.9) as the total number of alleles becomes arbitrarily large. Similar
arguments have been used to derive a system of Ito equations from Kimura’s
discrete- time Markov model of the distributional dynamics of such an allele
amongst d different geographical sites. For example, Shiga obtained the system
of equations

(1.10) dX; =d' (X},...,X?) dt+,/%xg‘ (1- Xj§) awy,

where

d
a(z',...,2% = [ v' = (v + o) ' +s'e (1 —m) + Z mi* (27 — 2*)
i,j=1

fori=1,2,...,d. Here W}, W2, ..., W? are independent Wiener processes,
s; the relative fitness of the specified gene in the ith region, u* and v* the
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mutation rates between the two alleles in the ith region, and m’* the relative
migration rate from the jth to the ith region.

7.2 Experimental Psychology
and Neuronal Activity

Experimental Psychology The coordination of human movement, partic-
ularly of periodically repeated movement, has been extensively investigated by
experimental psychologists with the objective of gaining a deeper understand-
ing of neurological control mechanisms. The neurological system is without
doubt extremely complicated, yet in some situations a single characteristic ap-
pears to dominate and a satisfactory phenomological model can be constructed
to describe its dynamics. One such example is the following experiment car-
ried out by Kelso. A subject sits at a table with his wrists fixed vertically
on the table and moves the index finger on each hand periodically to the left
and right. Depending on the frequency of this movement and on whether it
is chosen freely by the subject or synchronized with a metronome, just one
of two stable steady states is observed: a symmetric steady state, in which
the two index fingers move inwards and outwards together, and an asymmetric
steady state in which one moves inwards while the other moves outwards. The
dominant characteristic here is the phase difference ¢ of the two fingers, with
the symmetric state corresponding to ¢ = 0 and the asymmetric one ¢ = 7 (
or —m, since ¢ takes values modulo 2x). It was always found that the asym-
metric state suddenly gives way to the symmetric state when the frequency of
oscillations exceeds a certain critical value. Moreover, the ratio of this critical
frequency to the frequency freely chosen by the subject was the same for all
subjects.
Haken and his coworkers proposed the ordinary differential equation

(2.1) é = —asin ¢ — 2bsin 24

as a deterministic model of the phase dynamics, this being the simplest pe-
riodic one with steady states and stability characteristics consistent with the
experimental observations. Here a and b are positive parameters that must
be determined from experimental data. In order to describe fluctuations in
this data, Schoner included an additive noise term o§; in (2.1), obtaining a
stochastic differential equation

(2.2) dX; = —(asin X; + 2bsin 2X,) dt + o dW,,

with X interpreted modulo 27. This form of noise is meant to model noisy
fluctuations in a very large number of weakly coupled neuronal cells.

While it does not make the equation any easier to solve, we can express
the required 2m-periodicity of X, directly by writing (2.2) as a Stratonovich
stochastic differential equation on the unit circle, namely
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dx} (a+4bX}) (X2)? dt — 0 X2 0 dW,

dX? = —(a+4bX}) X} XZdt+oX] odWy,
where X‘l = cos X; and th = sin X;.

Neuronal Activity Many stochastic models have been proposed to de-
scribe the spontaneous firing activity of a single neuron. These are usually
based on jump processes and allow arbitrarily large hyperpolarization values
for the membrane potential. Attempts have been made to avoid the latter
difficulty by requiring the depolarization to be state dependent. In addition,
diffusion approximations are often sought in order to simplify the subsequent
mathematical analysis. A model incorporating these features has been derived
by Kallianpur. It involves the Ito stochastic differential equation for the mem-
brane potential

(2.3) X, = (—%X, +a (Ve — X))+ B (Xi— v,)> dt

+\/70% (Ve — Xo)? + eo? (X, — Vi)? dW,

with Vi < X, < Vg, for inhibitory and excitatory membrane potentials V; <
Ve. Here W = {W;, t > 0} is a standard Wiener process and the constants
a, 3, v and 7 are positive. A related model due to Lansky and Lanska, which
can be obtained from (2.3) essentially by setting ¥ = 0, has been analysed in
detail in a paper by Giorno, Lansky, Nobile and Ricciardi.

7.3 Investment Finance and Option Pricing

Investment Finance Given the apparent random fluctuations of share
prices on the stock exchange, it seems natural to use stochastic differential
equations in models of share price dynamics or, more generally, in models of
investment finance. One of the first to do this was Merton, whose simple model
contains the basic ideas that have been used in recent, more sophisticated mod-
els. Merton considered an investor who chooses between two different types of
investment, one risky and the other safe. The investor must implement an
investment strategy which will maximize some utility function, such as his net
wealth or cash flow, while avoiding bankruptcy. Merton supposed that the
price p, of the safe investment increased steadily according to the exponential
growth ordinary diffferential equation

3.1) Ps = ap,

for some constant rate a > 0. In addition, he supposed that the price p, of the
risky investment satisfied a similar equation, but including noisy fluctuations
with intensity proportional to the price. Thus
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(3'2) pr = bpr + Bpr &,

where &; is a Gaussian white noise process, which he interpreted as an Ito
stochastic differential equation

(3.3) dP! = bP! dt + BP] dW,

where {W;, t > 0} is a standard Wiener process. Here b and 8 are positive
constants and a < b since the risky investment is, potentially at least, more
profitable than the safe one. At each instant of time the investor must select
the fraction f of his wealth that he will put into the risky investment, with the
remaining fraction 1 — f going into the safe one. If his current consumption
rate is ¢ > 0, then it follows from (3.1) and (3.3) that his wealth X, satisfies
the stochastic differential equation

dXt = f (bXt dt + ﬂXg th) + (1 - f)an dt — Cdt,
which can be rewritten as the Ito stochastic differential equation

(3.4) dX, = ({(1 - fla + b} Xe — ) dt + fBX, dW,.

When the investor has perfect information about his current wealth, Markovian
feedback controls of the form u(t, X;) = (f(t,X:), ¢(t, X:)) provide a natural
way for choosing his current investment mixture and consumption rate. If X;' ©
is the corresponding solution of (3.4) he may want to choose u(-) to maximize
the expected value of some utility function U at time T'. This gives rise to an

optimal stochastic control problem with profit functional
J (s, zu() = E (U (x30) | x20 = 2)

which is to be maximized. The problem is complicated by the presence of a
nonnegative consumption rate in (3.4), which may result in bankruptcy at a
random first exit time

T(s,z;u(-);w) = inf{t >s: X:‘(')(w) =0 I X0 = x} .

Option Pricing Suppose that the price of a risky asset, for example a stock
or an exchange rate, evolves according to the Ito stochastic differential equation

t
(3.5) X,=X0+/ b(s, X,) dW,
0

for t € [0,7], where W is a Wiener process with respect to an underlying
probability measure P which can be interpeted as the probability measure of
the risk-neutral world.

For simplicity we shall consider only options on this single risky asset, as-
suming that there are no dividends and that the interest rate is zero. A Euro-
pean call option with striking price ¢, for example, gives the right to buy the
stock at time T at the fixed price c. The resulting payoff is then given by
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Xr—¢c : Xp>c
0 : Xr<e

(3.6) f(Xr)=(Xr-c)t = {

Suppose that we apply a dynamical portfolio strategy or hedging strategy

(¢, M)efo,1]

where at time ¢ € [0,7] we hold the amount 7, in a riskless asset of constant
value, say 1, and the amount (; in the risky asset. Then the value V; of the
portfolio at time ¢ is

(3.7) Vi=G X+

An important problem is to determine the fair price of the option. It follows
from the well known formula of Black and Scholes that

(3.8) Vo= E(f (Xr)).

The corresponding self-financing hedging strategy, in quite general situations,
leads to a perfect replication of the claim, that is

(3.9) Vr = f(Xr).

On the other hand, if there is some intrinsic risk, then the situation is more
complicated. This case has been considered by Follmer, Sondermann and
Schweizer.

7.4 Turbulent Diffusion and Radio-Astronomy

Turbulent Diffusion Stochastic differential equations have long been used
to model turbulent diffusion and related phenomena, dating back to Langevin’s
equations for Brownian motion. Let X; € ®3 represent the position of a fluid
particle at time t and V; its velocity. As a simple model for the Lagrangian
dynamics of such a particle, Obukhov proposed the following 6-dimensional
system of stochastic differential equations:

(4.1) dX; =V, dt, dV; = odWy,

where o is a scalar diffusion coefficient and W; is a 3-dimensional standard
Wiener process. To account for weak frictional forces acting on the particle, he
replaced the equations by

where T is a rather large relaxation time for the process V;, the components

of which are now Ornstein-Uhlenbeck processes. Variations of equations (4.1)
and (4.2) have since been considered, for example with coloured noise instead
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of white noise. In some instances Poisson processes have also been used as the
driving process.

The spectral density of atmospheric turbulent fluctuations contains a wide
gap in the vicinity of the frequency 1 per hour, that is of period 1 hour. The
large-scale synoptic fluctuations V,(l) have a period much larger than 1 hour,
whereas the micro-scale fluctuations Vt(z) have a much smaller period and are
superimposed on the synoptic fluctuations, but are independent of them. At-
mospheric scientists have thus used two different relaxation times 77 and T2 <
T, for these two types of fluctuations. Consequently, two coupled systems of
stochastic differential equations are needed for a statistical model of turbulent
diffusion with two such time-scales. A typical example, due to Bywater and
Chung in a slightly different context, has the form

1 W
av® = (_ a v - p (v - v,"’)) dt + o1 dW

1 W
av® = (_—T2 v 48 (v - v,(’))) dt + o3 W

where Wt(l) and W,(z) are two independent 3-dimensional standard Wiener
processes.

Radio-Astronomy In radio-astronomy signals from a star are analysed to

obtain estimates of certain characteristic parameters of the star. According
to Le Gland such a signal can be represented as a complex-valued stochastic
process

(4.3) ne =aexp(r(b+ X)) +r&:

where 1 = /=1, a is the signal amplitude and b the mean phase, with X; a real-
valued zero-mean process representing the effects of atmospheric turbulence on
the signal. In addition, & is a complex-valued Gaussian white noise process
modelling measurement errors and r is a nonzero number or an invertible matrix
for vector valued signals. For a given process X = {X;, t > 0}, equation (4.3)
can be written as a complex-valued stochastic differential equation

(44) dY; =aexp(i (b+ Xy)) dt + rdW,
where {W;, t > 0} is a complex-valued Wiener process, that is W; = W} +

1 W2 for independent Wiener processes {W;}, ¢t > 0} and {W?, t > 0}. With
Y: = Y! + 1Y, equation (4.4) can be written as two real-valued equations

(4.5) dY! = a cos(b+ X;) dt + rdW}
and
(4.6) dY? = asin(b+ X;) dt + rdW2.

Le Gland used an Ornstein-Uhlenbeck process X, satisfying the stochastic dif-
ferential equation
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(4.7 dX,=—BX,dt + o \/28dW?,

for certain parameters # and o, to model the atmospheric turbulence. Here
{W3, t > 0} is another Wiener process which is independent of those in (4.5)
and (4.6).

Given the model consisting of equations (4.5)—(4.7) and the observed signal
{Y:, t > 0}, the problem confronting the astronomer is to determine estimates
of the characteristic parameters a and b of the star. In addition, appropriate
values of the parameters 3, & and r are required and must either be provided
from other sources or also estimated. Assuming that these latter parameters
are known, one possible method of estimating a and b is to consider them
as time-independent processes satisfying the degenerate stochastic differential
equations

dllt = 0, dbt =0

and then to use a nonlinear filter to determine estimates a; and I;, for them,
subject to the nonlinear observation equations (4.5) and (4.6)..

7.5 Helicopter Rotor
and Satellite Orbit Stability

Helicopter Rotor Stability The possible destabilization of a helicopter
by turbulence in the vicinity of a rotating rotor blade is a matter of obvious
concern. To investigate this problem Pardoux, Pignol and Talay proposed a
model for the dynamics of a rotor blade with two degrees of freedom, in which
the velocity of the helicopter, the geometric characteristics of the rotor blade
and the statistical characteristics of the turbulence around the blade appeared
as parameters. This resulted in a 4-dimensional system of differential equations.
As a first approximation they considered a linear deterministic system of the
form

z=A(t)z + f(t)

where the matrices A(t) and the vectors f(t) are periodic functions with the
period of rotation of the rotor blade. To this they added noise terms, either
coloured or white. In the latter case they obtained the linear Stratonovich
stochastic differential equation

(5.1) dX, = (A()Xe + F(2)) dt + (B(t)X: + g(t)) o (t) 0 dW,.

Here W, is a 1-dimensional Wiener process and o(t) is the intensity of the
noise, which, like the matrices B(t) and the vectors g(t), is also periodic with
the same period as that of the rotor blades.

The appropriate type of stability here is that of a unique periodic in law
solution X; such that

lim |X; - X;| =0, wp.l,
t—o00
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for any other solution X, starting at an arbitrary deterministic initial value.
This stability is also characterized by the negativeness of all of the correspond-
ing Lyapunov exponents of the solution X;. These have been evaluated by
Talay using a stochastic numerical procedure (see Section 3 of Chapter 17).

Pardoux and Pignol also considered the more realistic case of coloured noise,
in particular noise of the form £¢(t) = e~1/2 Z(t/e) for € > 0 sufficiently small,
where Z(t) is a stationary Ornstein-Uhlenbeck process. For ¢ — 0, Pardoux
showed that the top Lyapunov exponent of the counterpart of system (5.1) with
this coloured noise converges to that of the Stratonovich stochastic differential
equation (5.1), which suggests that the behaviour of the model is robust to
changes in the type of noise.

Satellite Orbital Stability The rapid fluctuations on the earth’s atmo-
spheric density and other disturbances in the upper atmosphere must be taken
into account when modelling the dynamics of satellites. Usually these are incor-
porated into deterministic models based on Newtonian mechanics in the form
of random forcing or randomized coefficients. One such model that arose from
the problem of stabilizing a satellite in a circular orbit is the following due to
Sagirow:

(5.2) E+b(1+aé)z+(1+a&)sinz—csin2z=0

where z is the radial perturbation about the given orbit, £; is a Gaussian white
noise and a, b and c are constants, with b and ¢ positive. With X, = (X},
X?) = (z,z), this can be written as a 2-dimensional Ito stochastic differential
equation

Xi X2
. = dt
(5-3) d( X? ) ( —bX? —sin X} — ¢ sin 2X}

0
d
+( —ab X? — b sin X} ) W

where {W;, t > 0} is a standard Wiener process. Alternatively, it may be
argued that the Gaussian white noise is only an approximation of a real noise,
so (5.3) should be written as a Stratonovich stochastic differential equation.
The choice of interpretation will, for instance, have an effect on the outcome
of a stability analysis.

Satellite Attitude Dynamics Another model, which has been investigated
by Balakrishnan, is for the attitude dynamics of a satellite. The basic equations
are the kinematic (Euler) attitude motion equations for a rigid body subject
to random torques. These are the 3-dimensional first order system

(5.4) Mz +z®Mz 4+ Kz = D¢

where z is the 3-dimensional state (attitude) vector, M, K and D 3x 3 real
symmetric positive definite matrices, £; a 3-dimensional vector Gaussian white
noise process and ® the vector cross product. Here M is the moment of inertia
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matrix, K a friction matrix and D the noise intensity correlation matrix. This
can be written as a 3-dimensional vector Ito stochastic differential equation

(5.5) dX; = f(X:)dt + M~ D dW,
where {W;, t > 0} is a 3-dimensional standard Wiener process and
f(z)=-M"'Kz— M 'z@Mz.

The cross product term here is quadratic in the state variables, so this drift
vector does not satisfy a global Lipschitz condition or a global growth bound
and the conventional existence and uniqueness theorems such as Theorem 4.5.3
do not apply. However the dot product

z7 - z®@Mz =0
holds for all z € R3, so
T Mf(z) = —z" Kz < =) |z|?

for some A > 0 and this ensures the global existence of strong solutions of (5.5).
This example shows that models which do not satisfy the commonly assumed
regularity properties may still have well behaved solutions on account of special
structural features of the model.

7.6 Biological Waste Treatment,
Hydrology and Indoor Air Quality

Biological Waste Treatment The continuous flow cultivation of micro-
organisms for the biological treatment of urban waste water has attracted
widespread attention. Most of the mathematical models of microbial growth
in current usage trace back to a model of Monod for single strain bacterial
growth in a single substrate. Harris proposed a model of an anaerobic digester
of sewage sludge based on a perfect mixing model of a continuously stirred tank
reactor with noisy fluctuations in the concentrations and feedrates, and with
flow equalization prior to the reaction being used to stabilize the process. He
considered five state variables (X!, X2, X3, X4 X®) with X! the equalization
tank volume, X2 the incoming sludge flow rate, X3 the incoming substrate
(pollutant) concentration, X* the substrate concentration leaving the equal-
ization tank for the reactor tank, and X° the substrate concentration leaving
the reactor tank.

To account for random fluctuations in the influent flow rate and pollutant
concentration due to rainfall and industrial and domestic waste discharge, Har-
ris used the pair of Ito stochastic differential equations

X? X?
(61) de = (Cll +1- ,B] '}31-) dt + 271 }'T dW‘I
t t



264 CHAPTER 7. APPLICATIONS OF SDES

g+ 1— B2 X2 X3
(6.2) dx? = (o2 X,lﬂz ')dt+\/272}:TdW,2

to model the turbulent flow and concentration pattern. Here the «;, £; and 7;
are positive parameters characterizing the noisy fluctuations. Then, using mass
balance for the equalization tank, he obtained a pair of ordinary differential
equations for the equalization tank volume and the substrate concentration
leaving the equalization tank:

(6.3) dx! = (-"—lﬂf—l _X,2> dt
X2
(6.4) ax} = (xP-x{) S

t

Finally, the mass balance for the reactor tank gave an ordinary differential
equation for the substrate concentration leaving the reactor tank:

(6.5) dX; = (a+b (X} - X7)) dt

where a and b are factors depending on the growth rate of the micro-organisms,
the yield constant and the noise parameters.

The five equations (6.1)—(6.5) form a nonlinear 5-dimensional vector
stochastic differential equation with no noise terms appearing explicitly in three
of the five component equations, so the corresponding rows in the diffusion ma-
trix have zero entries. Harris presented a numerical method for this system,
and used it to plot the time evolution of the expected gain in concentration of
the biological oxygen demanding states, that is E(X?/X3) against time ¢ for
various values of inputs and parameters.

Hydrology The outflow = from a lake or reservoir depends on the precipi-
tation P over its catchment area, the evaporation from the water surface, the
seepage flow and other factors which can be combined and represented ab-
stractly by a parameter ®. Hydrologists have modelled the outflow from a
single reservoir by a first order ordinary differential equation

(6.6) &= F(z)
where the function on the right is given by
(6.7) F(z) = APz* - AP®(1 - ¢(x))z*

—AE ¢(z)z* — AzP — Bz".

The last term in (6.7) is the seepage flow and ¥(z) = C + Dz® is determined
by the ratio of the surface areas of the catchment region and the reservoir. The
constants A, B, C and D are nonnegative, whereas the indices «, £, ¥ and é
may also be negative.

Since the precipitation P, evaporation E and catchment abstractions &
are subject to fluctuations from many sources, it is reasonable to consider
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them to be random variables. Unny and Karmeshu argued that they could be
approximated by independent Gaussian white noise fluctuations about positive
mean values, namely

P+o1€}, E+4096% and ®+o0383.

They substituted these into (4.2), using P® + Po3é3 + @0y &} for the product
of P + 0, &} and ® 4033 in the second term, and obtained the Stratonovich
stochastic differential equation

(6.8) dX: = F(X)dt+o1(1 -+ APYP(X)(X:)) 0 dW
—02A%(X;) 0 AW
—03AP (1 — ¢(X,)) (X:)* 0 dW?

as a stochastic counterpart of (6.6). Here W}, W2 and W3 are independent
standard Wiener processes. Unny and Karmeshu simulated numerically some
sample paths of various solutions of (6.8). They also considered a cascade of
lakes or reservoirs, such as the Great Lakes of North America, with the output
of one being an additional input into the next. This resulted in a system of
Stratonovich equations of the form (6.8) with additional coupling terms.

Air Quality Air conditioning units are used not only to regulate the tem-
perature within a room, but also to filter the air to remove pollutants. Tra-
ditionally determinsitic models, based on mass and heat balances, have been
used to help calibrate such units. Restricting attention here to the air quality
in a single room, an established deterministic model for the concentration of a
pollutant such as CO; is

(6.9) vC' = —k(®+fe'+¢)C+S-R
+k (¢°(1 = 1°) + ¢*)C°

where C' is the indoor concentration and C° the outdoor concentration; g is the
volumetric flow rate for the make-up air ¢°, the recirculation ¢!, the infiltration
¢, the exfiltration ¢3, and the exhaust ¢*; f is the filter efficiency for the make-
up f° and the recirculation f! air; v is the volume of the room; S is the indoor
source emission rate; R is the indoor sink removal rate; and k is a factor which
accounts for the inefficiency of the mixing.

In reality, many of the above parameters cannot be predicted with certainty
due to random fluctuations, which can be quite large. To obtain a more real-
istic model, Haghighat, Fazio and Unny replaced S, C°, ¢° and ¢? by random
fluctuations about deterministic values S, C°, ¢° and ¢* (which may vary in
time), that is by

Si=5+&, O =C"+¢0,

=P+, FZ=g+¢€",
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where 551), 52) , ESa) and ft(“) are noise terms. They substituted these into (6.9),
neglecting the product 552)5,(3), to obtain

(6.10) vdC} = g(C*,t)dt + H(C',t) d¢,

where & = (6,(1), Esz) ,(3), {54)), g is the scalar function
g(C't) = —k(@+f¢+3)C'+5-R
+k(3° (1= %) +*)C°,
and H is the (row) vector function with

1
E@Q-5)+3?)
k(@ (1- f°) - C¥) €°
k(C° - CY)

H(Ci,t)T =

Using independent Wiener processes for the noise terms, they interpreted (6.10)
as an Ito stochastic differential equation. They also considered coupled systems
of such equations to model the pollutant concentrations in several different
rooms.

Haghighat, Chandrashekar and Unny proposed a model, with a similar
mathematical structure, of the thermal variations within a building subject
to external temperature fluctuations.

7.7 Seismology and Structural Mechanics

Seismology The vertical motion of the ground level during an earthquake,
particularly during the period of strong movement, has been extensively mod-
elled by Ito or Ito-like stochastic differential equations. For example, Bolotin
assumed that the acceleration %(t) of the ground level 2(t) at time ¢ has the
form

(7.1) () = I(t) &

for some random process §; with a deterministic intensity function /. In par-
ticular, for Gaussian white noise he suggested that I(t) = hte~** or

(7.2) I(t) = e~ — e~ P,

where 0 < @ < 8 and h > 0 are known constants, are appropriate representa-
tions of the noise intensity. In this case (7.1) can be written as a 2-dimensional
vector Ito stochastic differential equation

(7.3) d(i::):(zo‘i’)dt-k((l))l(t)dwt
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where Z}! = z(t) is the vertical displacement, ZZ = #(t) the velocity in the
vertical direction and {W, t > 0} a standard Wiener process.

A variation of (7.1) was proposed by Shinozuka and Sato, with the Gaussian
white noise passing through a linear filter with impulse response h(t) after the
application of an intensity function I(t). This resulted in an integro-differential
relationship

(7.4) i) = /0 h(t — 5)I(s) €, ds

instead of (7.1). A typical choice here for the intensity function I(t) is (7.2)
and for the impulse response

sin (w 1—62t)
wy/1— §2

where § and w are known constants. Equation (7.4) can then be written as a 2-
dimensional vector stochastic differential equation like (7.3), but with I(t) dW,
replaced by dY; for

h(t) - e—&wt

Y, = /t h(t — 5)I(s) dW,.

In another variation of (7.1) Kozin replaced the acceleration by a time depen-
dent linear combination of the acceleration and its derivatives. For example,
with a(t) = Z(t) he considered equations of the form

(7.5) a(t) + c1(t)a(t) + co(t)a(t) = I(t) &

where ¢ (1) = ¢10 and co(t) = coo + co1t + co2t? + coat® for known coefficients
c10, €00, Co1, coz and co3. For Gaussian white noise (7.5) can be written as a 2-
dimensional vector Ito equation in A} = a(t) and A? = a(t) or a 4-dimensional
equation in Z! = z(t), Z2 = #(t), 2 = #(t) = a(t) and Z} = z0®)(t) = a(¢),
the latter being

z! 7} 0
72 72 0

. = dt I(t) dW,
z} —e1(t) 24 — cot)Z3 1

where {W;, t > 0} is once again a standard Wiener process.

An important use of these models of earthquake dynamics is as excitation
input into a system modelling the dynamics of a structure such as a building
during an earthquake. Typically, a forced nonlinear oscillator of the form

(7.7) i+ g(z,2)t +wiz = —3(t)

is used to describe the dynamics of the structure, where #(t) is the vertical
acceleration of the ground level obtained from (7.1), (7.4) or (7.5). Equation
(7.7) can be written as a 2-dimensional Ito-like stochastic differential equation
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X} X2 ) 0\ .,
. = dt —
(78) "’(xf) (—wﬂxs—g(xs,xf)xz t (1 42

where Z? is the speed component of the earthquake model, for example (7.1)
or (7.6).

Structural Mechanics An Euler-Bernoulli beam under axial loading sat-
isfies a fourth order nonlinear partial integro-differential equation under the
Kirchhoff assumption that the axial extension depends only on time ¢ and not
on the distance z along the beam. An axial forcing P(t) produces an end
displacement u(t). If all but the first spatial mode are disregarded, it follows
that the corresponding time-dependent coefficient satisfies the second order
nonlinear ordinary differential equation

(7.9) T+ 2Dy T +w} (1 + eu(t)) T+ yT3 = 0

where w; is the first natural frequency of the beam. Random fluctuations in the
external forcing P(t), due for example to wind gusts or earth vibrations, result
in a randomly fluctuating end displacement term u(t). Writing this process
as Uy = Up + o&; for a white noise £;, Wedig derived a vector Stratonovich
stochastic differential equation

T} T?
d( ‘2) = ¢ s | dt
T, ~2Duw TP — (w} +€Uo) T} +7 (T1)

0
d
+( cwio T} ) W

where (T, T?) = (T, T) and W, is a scalar standard Wiener process. He
investigated the effect of changes in the parameters on the stability of the null
solution of (7.9). ‘

Similar types of models have been constructed for other kinds of mechanical
problems when randomly fluctuating parameters or input forces are included
in an originally deterministic model for greater realism. This may be done
directly in terms of ordinary differential equations or may, as above, involve
the approximation of more complicated equations by ordinary differential equa-
tions. Wedig also considered a similar system of the latter type to model the
effects of a rough surface on the flow of a fluid through a canal. As an ex-
ample of the former, Hennig, Grunwald and Platen have developed a model of
the flow-induced oscillations in a pressurized water reactor control mechanism
consisting of two coupled rods.
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7.8 Fatigue Cracking, Optical Bistability
and Nemantic Liquid Crystals

Fatigue Cracking It has been recognized that fatigue failures in solid ma-
terials such as aluminum or steel result from the nucleation and propagation
of cracks. During their course of propagation the cracks encounter various
types of metallurgical structures and imperfections, so in general their rate of
propagation varies with time. Crack growth experiments usually show marked
statistical variation, suggesting that randomness is a characteristic feature of
crack growth. Both laboratory experiments on the fatigue life of test samples
and observations of damage to real structures indicate that fatigue damage,
which is usually measured by the length L of the dominant crack, is affected
by such factors as imposed stress, the properties of the material and environ-
mental conditions. Various parameters have been used to describe the effects
of random loading on crack growth, in particular the stress intensity range S,
the stress ratio @) and frequency p. Let m be the average of external influences
such as temperature, D the intensity of the noise, and ¢ and p material pa-
rameters. Sobczyk proposed the following Stratonovich stochastic differential
equation for the time evolution of the length L; of the dominant crack in the
material:

(8.1) dLy = m f (L) dt + f (L,)P o dW,

where p > 0, f = mcg(Q)S? for some function g of the stress ratio @, and
{W;, t > 0} is a standard Wiener process. The exponent p is determined
from experimental data. When p = 1 equation (8.1) is linear and its solutions
exist for all time ¢ > 0. Often materials are found to have values of p >
1, in which case (8.1) is a nonlinear stochastic differential equation and its
solutions may explode in finite time. This explosion time 7 is generally a
random time depending on the particular sample path and corresponds to the
time of ultimate damage or fatigue failure in the material.

Optical Bistability A single state variable, the total cavity field amplitude
z, has been found adequate to model the absorption of a single-mode laser beam
injected into a Fabry-Perot cavity filled with, say, sodium vapour. Assuming
that the gas atoms with two levels are driven incoherently by optical pumping
and coherently by the injected laser beam, the frequency of which coincides
exactly with the resonance frequency of the atoms, Gragg derived the ordinary
differential equation
(8.2) z=a—z—2c

z
1+ z2

for the field amplitude, after adiabatically eliminating its phase. Here a is
the amplitude of the injected laser beam and c is the cooperativity parameter,
which is proportional to the negative of the population inversion of the atoms,
so ¢ > 0 corresponds to absorption and ¢ < 0 to stimulated emission. Both a
and ¢ can fluctuate randomly, with the latter being more interesting because
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it appears multiplicatively in equation (8.2). In particular, Gragg considered
Gaussian white noise fluctuations ¢; = ¢ + o¢; in the cooperativity parameter,
about a positive mean c, and obtained the Stratonovich stochastic differential
equation

X X

(8.3) dX,=<a—x,—2cl+;(3) dt—2a-l+;(tzodW,.

He converted this into the equivalent Ito stochastic differential equation and
solved the corresponding Fokker-Planck equation for the stationary probabil-
ity density. This has extrema close to the steady states of the deterministic
equation (8.2) for sufficiently small noise intensity. For 0 < ¢ < 4 and large
noise intensity there are two additional maxima not present in the original
deterministic model, thus corresponding to a noise induced optical bistability.

Nemantic Liquid Crystal A nemantic liquid crystal is a liquid consisting
of elongated molecules which, on average, align themselves in a preferred direc-
tion. For example, when the liquid is enclosed between two parallel glass plates
this direction is prescribed by the plates. In contrast, with a solid crystal the
position of the molecules is not fixed, but can fluctuate in response to, say, an
imposed magnetic field. If # denotes the angle of maximum deformation of the
first mode from the preferred direction, it can be shown that

8.4 6=—ab+bH? o— L ,
2

for certain positive constants a and b, where H is the amplitude of the magnetic
field.

Horsthemke and Lefever have considered the effect of random fluctuations in
the magnetic field. Since H appears quadratically in (8.4) rather than linearly,
they argued that it is inappropriate to simply replace H2 by H? + ¢¢, with
Gaussian white noise in (8.4). Instead they proposed that H should be replaced
by H + o€ for a stationary Ornstein-Uhlenbeck process §; and they then used
a method based on the expansion of solutions of a Fokker-Planck like equation
to derive the Stratonovich stochastic differential equation

(8.5) e, = (—a®, +b (H2 + -;-02) (e, - %@?)) dt

+b,/% 02 + 4H20? (@t - %e?) o dW;,

where W = {W;, t > 0} is a scalar standard Wiener process. The parameters
H and o appear here quite differently than they would have if H? had been
randomized in a linear manner. In particular, the parameter values in (8.5) are
increased by the nonlinear randomization.

Other models arising from the randomization of parameters which occur
nonlinearly in a preliminary deterministic model can also be found in the book
by Horshemke and Lefever.
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7.9 Blood Clotting Dynamics
and Cellular Energetics

Blood Clotting Dynamics The repair of small blood vessels and the patho-
logical growth of internal blood clots involve the formation of platelet ag-
gregates adhering to portions of the vessel wall. Fogelson has proposed a
microsopic model in which blood is represented by a suspension of discrete
massless platelets in a viscous incompressible fluid. The platelets are initially
noncohesive; however, if stimulated by an above-threshhold concentration of
the chemical adenosine di phosphate (ADP) or by contact with the adhesive
injured proportion of the vessel wall, they become cohesive and secrete more
ADP into the fluid. Cohesion between the platelets and adhesion of a platelet
to the injured wall are modelled by creating elastic links, whereas repulsive
forces are used to prevent a platelet from coming too close to another platelet
or to the wall. These forces effect the fluid only in the neighbourhood of an
aggregate. The platelets and the secreted ADP both move by fluid advection
and diffusion.

In particular, Fogelson considered a steady 2-dimensional flow with negligi-
ble inertial effects, so the velocity u satisfies the Stokes’ equations

9.1) Au—Vp+ f=0, V-u=0

where p is the pressure and f the force density due to the interactions between
the platelets. He denoted by X,(k) the 2-dimensional position of the kth platelet
at time ¢ and assumed that its velocity was the superposition of advection of
the blood flow and a random effect resulting from the local stirring in the blood
induced by the tumbling and colliding of the platelets amongst and with the
much larger red blood cells. He thus obtained the 2-dimensional stochastic
differential equation

(9.2) dxX® = u (x,(")) dt + o dW,,

where W; is a standard 2-dimensional Wiener process and o is the diffusion co-
efficient of the platelets. The number of platelets, and hence of such stochastic
differential equations is extremely large and could vary in time in a neighbour-
hood of an injury. The reader is referred to Fogelson’s paper for the remaining
details of the model. He had to solve the Stokes’ equations (9.1) numerically
to determine the velocity u and then used the numerical values in each of the
stochastic differential equations (9.2).

Cellular Energetics Cellular energetics is a complex combination of
catabolism and anabolism, the breaking down of certain molecules and the
synthesis of others. The chemical adenosine tri phosphate (ATP) plays a cen-
tral role in the transfer of the energy released by catabolism to the anabolic
sites within a cell. A typical catabolic reaction is the aerobic breakdown of
carbohydrates via glycolysis, the Krebs cycle and, ultimately, oxidative phos-
phorylation. The irreversible ATP-utilizing anabolic reactions are subject to
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natural random fluctuations in the living cell. Their efficiency, and that of ox-
idative phosphorylation, is known to be maintained by the buffering ability of
the adenylate kinase reaction, a reversible reaction between the three adenine
nucleotides ATP, ADP and AMP (adenosine mono phosphate). However, with
current experimental techniques it is not possible to determine the instanta-
neous intracellular variations in these efficiencies. To gain some insight into
what may be happening, Veuthey and Stucki proposed a system of stochastic
differential equations modelling these reactions, which they then investigated
by means of numerical simulations.

Veuthey and Stucki used rate laws to obtain the system of differential equa-
tions

(9-3) T = Jo+J1+Ja
D = —J,—J1—2J,
M = J,

for the concentrations 7', D and M of ATP, ADP and AMP, respectively. Here
the phenomenological linear relation

(9.4) Jo=Lp Xp+ Lpo X,
is the rate of ATP production and
Jo=Lpo Xp + Lo X,

is the rate of oxygen consumption, with L,, Ly, and L, the phenomenological
Onsager coefficients summarizing the overall kinetic properties of the process.
X, is the redox potential of the oxidizable substrate and X, is the phosphate
potential which has the form

(9.5) X,=-a—pln (%)

for positive parameters « and S. In addition, J, = L1 X, is the load flow of
the energy conversion, with the load conductance L, summarizing all of the
irreversible ATP-utilizing reactions in the cell. Finally, the adenylate kinase
reaction is represented by the relationship J, = L,X,, with L, a constant
proportional to the activity of the adenylate kinase and X, the adenylate kinase
potential which has the form

(9.6) Xo=—y—61n (TM)

D2

for positive parameters ¥ and §.

For oxidative phosphorylation to occur it is necessary that L; be matched
to L, according to Li/L, = /1 —¢2, where ¢ is the degree of coupling of
oxidative phosphorylation and is a dimensionless, normalized measure of the
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cross-coupling ratio Ly,/\/LpL,. The model is completed by assuming that
L, is subject to real noise fluctuations about a mean L;, that is

(9.7) Ly=L,+p

where p; is an Ornstein-Uhlenbeck process satisfying the stochastic differential
equation

(9-8) dpy =7 pr + o dW,.

Equations (9.2)—(9.8) can be rewritten as a 4-dimensional vector stochastic
differential equation in T', D, M and p.

7.10 Josephson Junctions, Communications
and Stochastic Annealing

Josephson Tunneling Junctions A Josephson tunneling junction consists
of two superconductors separated by a thin oxide layer. When the ratio of
the amplitudes of the wave functions of the Cooper pairs of electrons in the
two superconductors remains constant, their phase difference ¢ satisfies the
Josephson equation

(10.1) é= 2 v,

h

where e is the unit electron charge, 2#x#h is Planck’s constant and V is the
potential difference across the oxide layer. If the external resistance is very
large, the total current I is constant and consists of a noisy current due to
the resistance R across the oxide layer, a current due to the capacitance C of
the junction and a current due to the tunneling of Cooper pairs through the
junction with maximum amplitude I,,,4;, the maximum Josephson current.
Thus, Iis given by

(10.2) I= % — G+ CV 4 I, sing,

where (; is Gaussian white noise with intensity 2kT/R, with k being Boltz-
mann’s constant and T the absolute temperature. We can combine (10.1) and
(10.2) to obtain a second order differential equation with additive noise for the
phase difference ¢

h - R 1. .
(10.3) %C¢+'2—6721—2¢+Im“sm¢—1+ﬁ,
which we interpret as a 2-dimensional vector stochastic differential equation
with additive noise. Of primary interest here is the relationship between current

I and the mean voltage E(V) = hE($)/2e.
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Communications Noise also plays a central role in modern communication
theory. An example is in the stable tuning of radio and television sets, which
is achieved with a device called a phase-locked loop or PLL. A PLL ties the
phase of an oscillator signal to that of a reference signal. Ideally the phases are
locked together, but noisy fluctuations in, say, the input voltage often cause
the phases to slip.

For a basic PLL device containing a linear filter it can be assumed that the
phase difference ¢ of the input and reference signals satisfies a second order
differential equation with additive white noise ¢; of the form

(10.4) a$+$+absin¢=w—wo—act,

which, in turn, can be written as a 2-dimensional vector Ito stochastic differ-
ential equation. Here a = RC, the series effect of a resistor and capacitor in
the linear filter of the PLL, b is related to the product of the amplitudes of the
two signals and a is the intensity of the white noise. An important task, then,
is to use (10.4) to predict the relationship between the mean rate of change of
the phase difference E(¢) and the detuning w — wg. The cycle slip rate per
second, that is the average number of times per second that the phases differ
by 2x, provides a measure of quality of a PLL.

Stochastic Annealing The global minimum of a function V : #¢ — R can
often be located from the asymptotic behaviour of the solutions of the gradient
ordinary differential equation

(10.5) & =-VV(z)

for which it is a steady state. This method is known as the simulated annealing
procedure. It has, however, the serious shortcoming that a computed solution
of (10.5) may become trapped at a local minimum of V' rather than converge
to the desired, global minimum X. One way to circumvent this difficulty is
to consider the solutions of the related stochastic differential equation with
additive noise

(10.6) dX; = -VV(X;)dt + o(t) dW,,

where {W;, t > 0} is an d-dimensional standard Wiener process, for an appro-
priate choice of scalar diffusion coefficient o(t). Suppose that VV is uniformly
Lipschitz and satisfies the growth bound

IVV(2)I? < K (1+]zf?)

for some constant K > 0 and all z € R¢. Then, for o(t) = ¢/\/log(t + 2) with
¢ > 0, it can be shown that the distribution of X; converges to the limit of the
Gibbs densities proportional to exp(—V(z)/T)) as the “absolute temperature”
T = o(t)? — 0 for t — oo, which is concentrated at the global minimum X of
V. Other choices of o(t) may lead to convergence to a nonglobal local minimum
with higher probability than to X. In fact, the stronger result

(10.7) 7 < E(|X: - X" 10gt)
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can be established for some v > 0 and all ¢ sufficiently large. This provides a
lower bound for the rate of mean-square convergence of X; to X. An upper
bound in (10.7) also holds when V has no local minima other than X. This
procedure of using the solutions X, of (10.6) to locate X is called stochastic an-
nealing. Generally, a numerical method is needed to solve stochastic differential
equation (10.6).



Chapter 8

Time Discrete Approximation of
Deterministic Differential Equations

In this chapter we summarize the basic concepts and assertions of the nu-
merical analysis of initial value problems for deterministic ordinary differential
equations. The material is presented so as to facilitate generalizations to the
stochastic setting and to highlight the differences between the deterministic
and stochastic cases.

8.1 Introduction

In general it is not possible to find explicitly the solution z = z(¢;to, zo) of an
initial value problem (IVP)
(L) i=Z=altz), o) =z
for the deterministic differential equations that occur in many scientific and
technological models. Even when such a solution can be found, it may be
only in implicit form or too complicated to visualize and evaluate numerically.
Necessity has thus lead to the development of methods for calculating numerical
approximations to the solutions of such initial value problems. The most widely
applicable and commonly used of these are the time discrete approrimation
or difference methods, in which the continuous time differential equation is
replaced by a discrete- time difference equation generating values y1, ¥z, ...,
Yn, ... to approximate z(t;;19, Zo), z(t2;t0,%0), - .., (ts;t0, o), ... at given
discretization times fyp < t; < t3 < --- < t, < ---. These approximations
should be quite accurate, one hopes, if the time increments A, = t,,4; — ¢, for
n=0,1,2, ... are sufficiently small. As a background for the development of
discretization methods for stochastic differential equations, in this chapter we
shall review the basic difference methods used for ordinary differential equations
and consider some related issues such as their convergence and stability.

The simplest difference method for the IVP (1.1) is the Euler method

(12) Yn+1 = Yn + a(tﬂ’yn) An

for a given time discretization to < t; <ty < --- < t, < --- with increments A,,
=tp41—t, where n =0, 1, 2, .. .. Once the initial value yo has been specified,
usually yo = zo, the approximations y1, y2, ..., ¥n, - .. can be calculated by

recursively applying formula (1.2). We can derive (1.2) by freezing the right
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hand side of the differential equation over the time interval t, <t < t,4; at
the value a(tn,yn) and then integrating to obtain the tangent to the solution
z(t;tn,yn) of the differential equation with the initial value z(¢,) = y,. The
difference

(1.3) loy1 = z(tn+1;tm yn) — Yn+1,

which is generally not zero, is called the local discretization error for the nth
time step. This is usually not the same as the global discretization error

(1.4) ent1 = Z(tn415%0,20) — Ynt1

for the same time step, which is the error with respect to the sought solution of
the original IVP (1.1). Nevertheless, we can use the local discretization error
to estimate the global discretization error. It must be emphasized that (1.3)
and (1.4) assume that we can perform all arithmetic calculations exactly. In
practice, both we and digital computers are restricted to a finite number of
decimal places when doing calculations and roundoff all excess decimal places,
thus introducing roundoff error. We shall denote it by r,4; for the nth time
step.

The key to estimating the size of discretization errors is the Taylor formula
with remainder, which for a twice continuously differentiable function z = z(t)
is

(1.5) 2(tns1) = 2(tn) + #(tn) An + % 3(6,) A%

for some 0, satisfying t, < 0, < tny1. For z(t) = z(¢;t,,yn), the solution of
the differential equation with z(¢,) = y,, we thus have

(16) 2(tng1) = 2(tn) + altn, 2(tn)) An + 51-!5(9,,) A2,

Since z(tn) = yn here, on subtracting (1.5) from (1.6) we find that the local
discretization error (1.3) has the form

1.
In41 = 5 #(0n) Al

If we knew that |Z(¢)| < M for all ¢ in some interval [tg, T] of interest, then we
would have the estimate

1
(1.7) lasal < o M &%,

for any discretization time subinterval [t,, t,4+1] with ¢ < t, < tn4y1 <T. We
can obtain such a bound on # using the fact that
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. . d
r=—2 = E a(ty z(t))
Oa da dz
= o, (t2(0) + - (=)=

da da
= 51 2(0) + 5ot 2(1) alt,2(0).

If a, %:— and €2 are continuous and if we knew that all solutions z(t) under

consideration remained in some closed and bounded set C for all t; <t < T,
we could use

M = max

I

Jda
E{(t’z)

+ max Ig—%(t,z) a(t,z)

where the maxima are taken over (t,z) € [to,T]x C, in the inequality (1.7).
This particular value of M will usually give a gross overestimate, but from (1.7)
we can see that the local discretization error for the Euler method (1.2) is of
order AZ.

To estimate the global discretization error we shall assume, for simplicity,
that a = a(t, z) satisfies a uniform Lipschitz condition

la(t,z) — a(t,y)| < K |z — y|

and that the time discretization involves equidistant time instants t, = to+nA
for n = 0, 1, 2, .... Applying the Taylor formula (1.5) to the solution z(t)
= z(t;t0,2z0) we have (1.6) with A, = A, but now z(t,) # yn in general.
Subtracting (1.2) then gives

(18)  ent = en+{atn, 2(tn)) = altn,un)} A+ 3 E(00) A7

and, using the Lipschitz condition on a and a bound on Z, thus

' 1
lent1] < len| + K |en| A+§MA2.

We can then show by induction that the difference inequality
1
(1.9) lent1] < (1+ K A) |e,,|+-2—MA2

with eg = 29 — yo = 0 implies that

1 <(1+KA)"—1

1 M
< 2 .1 aka
|Cn+1l 2 (1 ) 1 ) MA* < 2 (C - 1) — A,

since (1 + KA)® < e"X4. Hence the global discretization error for the Euler
method (1.2) satisfies

(eK(T—to)_l) %/[-A

(IR

(1.10) lent1] <
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Figure 8.1.1 Results of PC-Exercise 8.1.1.

-

for discretization times t,, = tg + nA < T'. It is obviously one power of A less
than the local discretization error.

PC-Exercise 8.1.1  Apply the Euler method (1.2) to the IVP

d

d—’;’ =-5z, z(0)=1,
with time steps of equal length A = 2~3 and 25 over the time interval 0 < t
< 1. Plot the results and the ezact solution z(t) = e~5* against t.

In Figure 8.1.1 the upper curve corresponds to the exact solution and the
lower and middle ones to the Euler method with step sizes A = 273 and 279,
respectively. We see that the global discretization error is smaller for the smaller
step size.

In the next PC-Exercise we shall look more closely at the dependence of
the global truncation error on the step size. For this we recall that a function
f(A) = AAY becomes linear in logarithmic coordinates, that is

log, f(A) = log, A+ 7 log, A

for logarithms to the base a # 1. In comparative studies we shall take time
steps of the form A =a " forn =1, 2, ... and a > 1. We shall usually halve
the time step successively, in which case logarithms to the base a = 2 will be
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Figure 8.1.2 log, f(A) versus log, A. Ld¢Delta)

appropriate. In Figure 8.1.2 we plot the values of log, f(A) against log, A for
the two functions f(A) = A and f(A) = A?withA=2""forn=0,1,...,6.

PC-Exercise 8.1.2  For the IVP in PC-Ezercise 8.1.1 calculate the global
discretization error at timet = 1 for the Euler method with time steps of equal
length A = 1,271,272, ..., 2713 rounding off to 5 significant digits. Plot the
logarithm to the base 2 of these errors against log, A and determine the slope
of the resulting curve.

From Figure 8.1.3 we see that the calculated global discretization error é,4+1
for the Euler method is proportional to the step size A for A < 273, provided
A is not too small. For A < 271! the error é,4; begins to increase here as A
is further decreased. This does not contradict (1.10), but occurs because é,41
also includes the roundoff error. To estimate €,4; we must add the roundoff
error ry, to the right hand side of (1.9). For |r,| < R for each n we then obtain

the estimate
; 1 (xT-10) 1 M
nsal < 3 (e 1) katx?®

instead of (1.10). For very small A the reciprocal term dominates the bound.
While it represents the worst case scenario, this bound is still indicative of the
cummulative effect of roundoff error, since for smaller A more calculations are
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Figure 8.1.3 Results of PC-Exercise 8.1.2.

required to reach the given end time. We shall look more closely at randomly
distributed roundoff errors in Section 4.

The presence of roundoff error means there is a minimum step size A,,;, for
each initial value problem, below which we cannot improve the accuracy of the
approximations calculated by means of the Euler method. To obtain a more
accurate approximation we need to use another method with a higher order
discretization error. The Taylor expansion provides a systematic framework
for developing and investigating such schemes. For the rest of this section we
shall, however, continue with a more heuristic approach.

For the Euler method we simply froze the right hand side of the differential
equation at the value a(t,,y,) at the beginning of each discretization subin-
terval ¢, < t < t,41. We should obtain a more accurate approximation if we
included more information from elsewhere in the subinterval. For instance, we
could use the average of the values at both end points, in which case we have
the trapezoidal method

1
(1'11) Yn+1 = Yn + 5 {a(tn:yn) + a(tn+1,yn+1)} Ay,

This is called an implicit scheme because the unknown quantity y,4; appears
in both sides of (1.11) and, in general, cannot be isolated algebraically. To
circumvent this difficulty we could use the Euler method (1.2) to approximate
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Figure 8.1.4 Results of PC-Exercise 8.1.3.

the yn41 term on the right hand side of (1.11). Then we obtain the modified
trapezoidal method

gn+l = yn+a(truyn)An

1 _
Ynt+1 = Yn + 5 {a(tn)yn) + a(tn+1;yn+1)} A,,

or
1
(112) Yn+1 = Yn + 5 {a(tny yn) +a (tn-{-l) Yn + a(tn,yﬂ) An)} Any

which is also known as the improved Euler or Heun method. It is a simple
example of a predictor-corrector method with the predictor y, 4 inserted into
the corrector equation to give the next iterate y,41.

Both the trapezoidal and the modified trapezoidal methods have local dis-
cretization errors of third order in A,,. This can be verified by comparing the
Taylor formula with third order remainder of the solution z(¢;1o,zo) of the
differential equation and (1.11) or (1.12) with a(¢n41,¥n+1) or a(tn41,Un+1)
expanded about (,,y,). The global discretization error for both methods is
of second order in A = max,, A,, which is again one order less than the local
discretization error.

PC-Exercise 8.1.3  Repeat PC-Ezercise 8.1.2 with the usual arithmetic of
the PC for the modified trapezoidal method (1.12). Compare the results with
those for the Euler method.
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Figure 8.1.4 indicates that the global truncation error for the modified
trapezoidal method is proportional to A? for A < 273, whereas that of the
Euler method is proportional to A.

Exercise 8.1.4 Show that the local discretization errors of the trapezoidal
and modified trapezoidal methods are of third order in A,,.

Even higher order difference methods can be derived by using more accurate
approximations of the right hand side of the differential equation over each
discretization subinterval ¢, < t < t,41. These are called one-step methods if
they involve only the values y, and y, 41 in addition, of course, to ¢, and A,,.
Explicit one-step methods are usually written in the general form

(1'13) Yntl = Yn + ‘I’(tm yn,An) An,

for some function ¥ = ¥(¢,z,A), which is called the increment function. We
say that it is a pth order method if its global discretization error is bounded
by the pth power of A = max, A,. If the functions @ and ¥ are sufficiently
smooth it can be shown that a (p+1)th order local discretization error implies a
pth order global discretization error; see Theorem 8.3.2 in the next section. For
example, the Euler method (1.2) is a 1st order one-step scheme with ¥(¢, z, A)
= a(t, z) and the Heun method (1.12) is a 2nd order one-step scheme with

Y(t,z,A) = % {a(t,z) +a(t+ A,z +a(t,z)A)}.

The function ¥ cannot be chosen completely arbitrarily. For instance, it should
be consisient with the differential equation, that is satisfy

k% Y(t, z,A) =a(t,z),

if the values calculated from (1.13) are to converge to the desired solution of
the differential equation. The Euler method is obviously consistent and the
Heun method is consistent when a(t, ) is continuous in both variables.

Some difference methods achieve higher accuracy by using information from
previous discretization subintervals when calculating yp41 0ont, <t <tp,41. In
these multi-step methods y,4; depends on the previous k values y,,, y,_1, ...,
Yn—k for some k > 1. An example involving equal time steps A is the 3-step
Adams-Bashford method

1
(1~14) Ynt1 =Yn + '1_2 {23 a(tmyn) - 16 a(tn—lyyn—l) + 5a(tn—2ayn—2)} A,

which turns out to have third order global discretization error. It is derived
by replacing the right hand side of the differential equation on the time in-
terval t, < t < t,41 by the unique cubic polynomial passing through the
points (¢n,a(tn,yn)), (tn-1,8(tn-1,yn-1)) and (tn-2,a(tn-2,yn-2)). Notice
that these are the only points where the function a has to be evaluated. Since
the evaluations from the previous steps can be saved for use in the current step,
this method essentially requires only the value of a(t,,yn) to be calculated in
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the nth step, once the procedure has been started. In order to start it we must
specify the first 3 values yg, y1 and y2, which is usually done be calculating y;
and y, with a one-step method starting at yp.

PC-Exercise 8.1.5 Repeat PC-Ezercise 8.1.3 using the 3-step Adams-
Bashford method (1.14) with the Heun method (1.12) as its starting routine.

Exercise 8.1.6  Show that the 3-step Adams-Bashford method (1.14) has
fourth order local discretization error.

Finally, we note that we can sometimes obtain higher order accuracy from
a one-step scheme by the method of extrapolation. For example, suppose we
use the Euler scheme (1.2) with N equal time steps A = T'/N on the interval
0 <t <T.If z(T) is the true value at time T and yn(A) the corresponding
value from the Euler scheme, then we have

(1.15) un(A) = =(T) + o(T) A + 0(A?),

where we have written the global truncation error as e(T)A + O(A?). If,
instead, we use the Euler scheme with 2N time steps of equal length A /2, then
we have

(1.16) v (38) = o(T) + 3e(T) A+ 0(Y).
We can eliminate e(7) from (1.15) and (1.16) to obtain

2(T) = 2w (% A) ~ uv(A) +0(A?).
Thus we have a second order approximation

(117) Zn(A) = 2yan (% A) — yn(A)

for z(t) from the first order Euler scheme. Of course, this requires our re-
peating the Euler scheme calculations for half the original time step, but for
complicated differential equations it may involve fewer and simpler calculations
than a second order one-step scheme. This method is known as Richardson or
Romberg extrapolation. It can also be applied to more general one-step schemes
and to multi-step schemes.

PC-Exercise 8.1.7  Compare the error of the Euler and Richardson extrap-
olation approzimations of (1) for the solution of the initial value problem

% = -z, z(0)=1
for equal time steps A = 273, 274 2710 Plot log, of the errors against
log, A.
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Figure 8.1.5 Results of PC-Exercise 8.1.7.

8.2 Taylor Approximations
and Higher Order Methods

A one-step difference method with global discretization error of order p is read-
ily suggested locally by the Taylor formula with (p + 1)th order remainder

dz 1 dPz
(2.1) Z(th41) = z(tn) + E(t") An+--+ —' 2 (ta) &2,
1 drtlx
—_ = +1
+(p+ 1)! dertt (0) ALT,
where t, < 0, < 1,4y and A, =t,4y —t,, forany p=1,2,3,.... We can
apply this formula to a solution z(t) of the differential equation
dz
2.2 =
(2:2) T =af(t, z)

if the function a = a(t,z) and its partial derivatives of orders up to and in-
cluding p are continuous as this assures that z(t) is p + 1 times continuously
differentiable. Indeed, from (2.2) and the chain rule, by repeatedly differenti-
ating a(t, z(t)) we have
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dz d2.’L‘

_CE=a’ ‘dt—zzat-i'a:;a’
d3z 2 2
'a-é- = Q¢ +2(1tg;a+azza +ata$+aral

and so on, where we have used subscripts to indicate partial derivatives. Eval-
uating these expressions at (t,,y,) for the solution z(t) = z(t;t,,y,) of (2.2)
and omitting the remainder term in (2.1) we obtain a one-step method for
Yn+1, which we shall call the pth order truncated Taylor method. This method
obviously has local discretization error of order p+ 1 and can be shown to have
global discretization error of order p. The 1st order truncated Taylor method
is just the Euler method (1.2), the 2nd order truncated Taylor method is

1
(23) Ynt4l = Yn + a(tn, yn) A, + '2—' {at(tﬂ1 yn) + az(tn; yn)a(trn yn)} Azn,

and the 3rd order truncated Taylor method
1 2
(24) Yynt1 = Yn+alAn+ 5 {a: + az a} A
1
+§ {au +2aa+ azga’ +a;a, + ai a} A?,,

where a and its partial derivatives are evaluated at (5, yn).

PC-Exercise 8.2.1  Use the 2nd order truncated Taylor method (2.3) with
equal length time steps A = 2-3, ..., 271° to calculate approzimations to the
solution z(t) = 2/(1 + e~"") of the initial value problem

dz
-c—l?_t:c(2—:c), z(0) =1

over the interval 0 < t < 0.5. Repeat the calculations using the 3rd order
truncated Taylor method (2.4). Plot log, of the global discretization errors at
time t = 0.5 against log, A.

In Figure 8.2.1 the upper curve with slope 2 corresponds to the 2nd order
truncated Taylor method and the lower one with slope 3 to the 3rd order
truncated Taylor method.

The coefficients in higher order truncated Taylor methods soon become un-
wieldy and error prone to determine for all but the simplest differential equa-
tions. Moreover, considerable computational effort is needed for the evaluation
of these coefficients, so these methods are not particularly efficient. They are
almost never used in practice, except to provide a reference point for the devel-
opment and analysis of other, more efficient higher order difference schemes.
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Figure 8.2.1 Results of PC-Exercise 8.2.1.

One way of simplifying the coefficients in a truncated Taylor method is to
replace the partial derivatives by their forward difference quotients, for example
replacing a;(tn,yn) and az(t,,yn) by

a(tn-}-l, yn) - a(tm yn) and a(tn ) yn+1) — a(tm yn)
An Yn+1 — Yn

respectively. This will lead to an implicit scheme because y,4; appears on both
sides of the recursion formula and, generally, cannot be solved for algebraically.
As in the trapezoidal method (1.11) we could use the Euler method (1.2), say,
to predict a value of yn41 to use in the terms on the right hand side of the
formula, thus obtaining an explicit method. For the 2nd order truncated Taylor
method this results first in the trapezoidal method (1.11) and then in the Heun
method (1.12). The higher order coefficients will usually be considerably more
complicated, but are at least derivative free.
The standard procedure with most one-step methods

(2'5) Ynt+l = Yn + \I’(tn;yn, An) A,

is first to derive the function ¥ = W¥(¢,z,A) by an heuristic argument and
then to compare the method with a truncated Taylor method or expansion to
determine the order of its discretization error. The Runge-Kutta methods are
typical of this approach. For what will turn out to be the 2nd order methods
of this type, ¥ is chosen with the form
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(2.6) Y(t,z,A) = aa(t,z)+PBat+vA,z+7va(t,z)A),

for certain constants a, # and v, which represents an weighted averaging of the
right hand side of the differential equation (2.2) over two points. Expanding
the second term about (t,z), we obtain

¥ = (e+B)a+vB(ar+aza)A

1
+§ 72ﬂ (att +2ai1z 0+ azz a2) A?
+ higher order terms,

where a and its partial derivatives are all evaluated at (¢, z). Hence, subtracting
(2.5) with this expansion for ¥ evaluated at (t,,yn,A,) from the 3rd order
truncated Taylor method (2.4) we get

(-a-padn + (5-78)(@+aa) &,

1 /1
+ 3 (5 - ')'2,3) (ast + 201 a + a5z a®) A3

+ % (at az + az a) A"f, + higher order terms,

where everything is now evaluated at (t,,yn). The first two terms here drop
out if we choose the weighting parameters a, 8 and v so that

1
(2.7) a+p =1, 7,3:-2-.

In general it will not be possible to eliminate both of the A3 terms by a judicious
choice of parameters # and v because the second of these terms need not vanish
identically. The parameter constraints (2.7) assure that a difference method
with ¥ given by (2.6) will have local discretization error of order 3 and hence
global discretization error of order 2. Since one of the parameters in (2.7)
can be chosen arbitrarily, this gives an infinite number of 2nd order difference
schemes. Note that the first constraint in (2.7) assures that all of these methods
are consistent, as defined in Section 1. The choice a = 8 = 1/2, ¥ = 1 gives the
Heun method (1.12), which is also called the 2nd order Runge-Kutta method.

We can use an analogous derivation for the 4th order Runge-Kutta method,
starting with a weighted average over four points to approximate the right hand
side of the differential equation. Now the comparison is made with the 5th order
truncated Taylor method. The classical 4th order Runge-Kutla method is an
explicit method given by

(28) o =t + 5 (KD 428D 126D 149} A,

where
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k,(,l) = a(tn,¥n),
@ _ 1 1.
ky = a tn+§Amyn+'2'kn A, ),

k$|3) = a (tn + %An, Yn + %kslz) An) )

Y = 4 (t,.+1, yn + kD A,,) .

When a = a(t), a function of ¢ only, the increment y,4+1 — y, in (2.8) is just a
Simpson rule approximation of the definite integral

tn+1
/ a(t) dt.
tn

PC-Exercise 8.2.2  Repeat PC-Ezercise 8.2.1 using the 4th order Runge-
Kutta method (2.8) with equal length time steps A = 272, ..., 277

Even higher order Runge-Kutta schemes have been derived. It turns out that
the number of evaluations of the function a needed for a pth order Runge-Kutta
method is pfor2 < p<4,p+1for5 < p<7andp+2for p> 8. The4th
order Runge-Kutta methods are the most commonly used, representing a good
compromise between accuracy and computational effort.

Often multi-step methods do not require as many evaluations of the function
a per time step as one-step methods of the same order. An example is the 3-
step Adams-Bashford method (1.14), which, essentially, requires the function
a to be evaluated only at a single point, namely (¢,,yn), for each iteration
once the recursion procedure has been got going. This contrasts with the two
evaluations per iteration needed by the Heun method (1.12), which is also a
second order method. These considerations were of some importance before
digital computers came into widespread usage and the calculations had to be
done manually. They must still be borne in mind today, particularly for lengthy
calculations, both for efficiency and to reduce roundoff error. Most explicit
multi-step methods express y,+; as a linear combination of the values y; and
a(t;,y;) at the previous k discretization times, where k is fixed and denotes the
number of steps of the method. In implicit methods the term a(t,41,Yn+1) also
appears. For time steps of equal length A we write such multi-step methods in
the general form

k k
(2.9) Uns1 = D @i Uns1oj + I Bja(tns1oj, Uns1-j) A,

j=1 j=0

where the o; and f; are given constants, with fp = 0 for an explicit scheme
and By # 0 for an implicit scheme. Most of these methods are derived by re-
placing the right hand side of the differential equation over ¢, <t < t,4; by a
polynomial passing through the points (¢}, a(¢;, y;)) under consideration. Their
local discretization error can be determined by comparison with truncated Tay-
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lor methods. The global discretization error also depends on the order of the
starting routine, which should be, preferably, at least the same as that of the
multi-step method itself.

Examples of multi-step methods are the midpoint method

(2.10) Yn+1 = Yn—1+2a(tn,yn) A,
the Milne method

4
3
and the Adaems-Moulton method

(211)  Yn41 = ¥n-3+ 7 {20(ta,un) — a(ta-1,¥n-1) + 2a(tn_2,%n-2) } A

1
(2'12) Ynt1 = Yn + E {SG(tn.H, yn-H) + Sa(tm yn) - a(tn—l ) yn—l)} A.

The first two of these are explicit methods and the third is implicit. They have
local discretization errors of orders 3, 5 and 4, respectively.

Note that an arbitrary choice of coefficients a; and §; in (2.9) may result
in an inconsistent method. Also, even if the coefficients are determined by
an interpolating polynomial, a multi-step method may have some undesirable
properties, such as being susceptible to numerical instabilities.

PC-Exercise 8.2.3  Calculate the discretization errors in using the Euler
method (1.2) and the midpoint method (2.10) started with the Euler method to
approzimate the solution z(t) = 2e~3 + % of the initial value problem

d

7: =-3z+1, z(0)=1

over the interval 0 < t < 1. Use time steps of equal length A = 0.1 and plot
on x versus il azes.

The trapezoidal method (1.11) and the Adams-Moulton method (2.12) are
examples of implicit difference methods. These are often more stable than their
explicit counterparts. A root finding method such as the Newton method could
be used at each step to calculate an approximation of the unknown value y, 4+;.
Another approach is to use an explicit method to predict an approximation
y2 +1 t0 Yny1, which is then inserted into the right hand side of the implicit
method to calculate another approximation y} +1- This correction procedure
can then be repeated ! > 0 times to produce a final approximation yﬁ,ﬂll. The
resulting method is called a predictor-corrector method. A very simple example
with { = 0 is the Heun or modified trapezoidal method (1.12), which uses the
Euler method as its predictor. Besides providing the desired approximate value
at each time step, a predictor- corrector method also gives an easy indication of
the local dicretization error. This could be useful in choosing an appropriate,
possibly varying, step size.
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Figure 8.2.2 Results of PC-Exercise 8.2.3.

8.3 Consistency, Convergence and Stability

We usually not know the exact solution of an initial value problem that we are
trying to approximate by a finite difference method. Then, to assure that an
approximation will be reasonably accurate, we have to be able to keep the un-
known discretization and roundoff errors under control and sufficiently small.
We can use certain a priori information about the difference method, that is
information obtainable without explicit knowledge of the exact solution, to tell
us whether this is possible. In particular, we can check if the method is consis-
tent with the differential equation, if the estimates of the global discretization
error converge to zero with the maximum time step, and if the method is stable,
that is if propagated errors remain bounded.
We shall assume for any differential equation

dz
31 — =a(t,z
under consideration that the function @ = a(t,z) and its partial derivatives of
sufficiently high order are continuous everywhere. For most of the common
one-step methods

(32) Yn+1=Yn + \I’(t", Yn, An) A,
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the increment function ¥ = ¥(¢, z, A) will then be continuous in all three vari-
ables and satisfy a local Lipschitz condition in z. Such methods are generally
also consistent with the differential equation (3.1), that is they satisfy

(33) ¥(t,2,0) = a(t, z)

everywhere. Comparing (3.2) with a truncated Taylor method, we can then
establish that the local discretization error (1.3) has order p + 1 for some p >
1; when (3.3) is violated we can only get a local discretization error of order 1.

By convergence of a one-step method (3.2) we mean that the global dis-
cretization error (1.4) converges to zero with the maximum time step A =
max, A,, that is

(34) E’f& lent1] = k‘f& |2(tn+1;t0,20) — Yn41]| = 0,

where yo = zo, on any finite time interval [to, T]. Of more practical significance
than convergence itself is the rate of convergence, which is provided by the order
of the global discretization error. Since the local discretization error effects the
global discretization error, we cannot expect to have convergence if (3.2) is
not consistent. The following two theorems indicate the precise link between
consistency and convergence, and between the orders of the local and global
discretization errors. To simplify the proofs we shall assume that the increment
function ¥ of (3.2) satisfies a global Lipschitz condition

3.5) ¥,z A= ¥(t,z,A)| < K (' —t|+ |z’ — z| +|A' = A))
in (¢,z,A) and a global bound of the form

(3.6) |¥(t,z,0)| <L

for all (¢, z), although it is possible to weaken these assumptions.

Theorem 8.3.1 A one-step method (3.2) with increment function ¥ satis-
fying conditions (3.5) and (3.6) is convergent if and only if it is consistent.

Proof It follows from the Lipschitz condition (3.5) that the differential equa-
tion

dz
3.7) i ¥(t,2,0)
has a unique continuously differentiable solution z(t) = z(t;tp,z¢) with the
initial value z(to) = zo. Hence by the Mean Value Theorem there exists a 6,
with 0 < 0,, < 1 such that

(3.8) 2(tnp1) = 2(tn) = U(tn + 0nAn, 2(tn + 0nAn), 0) Ap.
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Writing é, = yn — 2(ts), where y,, satisfies (3.2) with yo = zo, we have
ent1 = en+{¥(tn,Yn,An) — ¥(tn + 0nAn, 2(tn + 60,A,),0)} A,
= &+ {¥(tn,¥n, An) — ¥(tn, 2(1n),0)} An
+{¥(tn, 2(tn),0) — ¥(tn + 6, An, 2(tn + 0,A5),0)} Ay,
from which we obtain
(3.9) lens1l < |eal+ K (lén| + An) An
+K (0,4, + |2(t,) — 2(tn + 0,4,)]) A,

by means of the Lipschitz condition (3.5). Using the Mean Value Theorem
again and the bound (3.6) we have

|2(tn) — 2(tn + 0nAn)| = |¥(tn + 0n0nAn, 2(tn + 020,40),0)| 08, < LO,A,
for some 0 < 8,, < 1. Inserting this into (3.9), we then get

(3.10) [Ent1] < (1 + KA) |en| + K (L + 2) A%,

where A = max,, A,,. We can use induction to show that

o] < (L +2) (KT —1) A

on an interval [tg, T], from which we conclude that the approximations y,, gen-
erated by the one-step method (3.2) converge to the solution 2(t) = 2(¢; %0, zo)
of (3.7) on [to, T

Assuming consistency, the differential equations (3.1) and (3.7) are the
same, so by the uniqueness of solutions of initial value problems 2(t) = z(t) for
to <t < T. From the above considerations we have thus established conver-
gence of the one-step method (3.2).

Assuming convergence, we have z(t) = z(t) for to <t < T'. If there were a
point (%o, o) where a(to, z0) # ¥((to,z0,0), we would have

%(io) = a(to, z0) # ¥((to, 20,0) = %(to)’

which contradicts the fact that z(t) = z(¢). Hence the consistency condition
(3.3) must hold.
This completes the proof of Theorem 8.3.1. O

Theorem 8.3.2 A one-step method (3.2) with increment function ¥ satis-
fying the global Lipschitz condition (3.5) and with local discretization error of
order p+ 1 has global discretization error of order p.

Proof Let z(t) = z(t;t0, o) be the solution of the initial value problem (3.1)
and let y,, be generated by (3.2) with yo = z,. Then the global discretization
error (1.4) satisfies
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ent1 = Yn41 — Z(tnt1)

en + ¥(tn,Yn, An) An + 2(tn) — 2(tnt1)

en+ {¥(tn, Yn,An) — ¥(tn,z(tn), An)} An
+{¥(tn,z(tn), An) An + 2(tn) — z(tnt1)},

where the very last term is the local discretization error. From the global
Lipschitz condition (3.5) and the assumption that the local discretization error
is of order p + 1 we obtain

len+1] < lenl+ K eq| An+DA}:H
(14 KA) len| + D APFY,

A

where A = max, A, and D is some positive constant, from which it follows
that

eal < 2 (KT —1) &7

on the interval [to,T]. The global discretization error is thus of order p. O

Exercise 8.3.3  Show that the increment function ¥(t,z,A) of the Heun
method (1.12) satisfies a global Lipschitz condition (3.5) in (t,z,A) when a(t, z)
satisfies a global Lipschitz condition in (t,z). Also, show that the Heun method
s consistent and hence convergent with global discretization error of order 2.

We may still encounter difficulties when trying to implement a difference
method which is known to be convergent. For example, the differential equation
dr

(3.11) = =16z

has exact solutions z(t) = zge~ %, which all converge very rapidly to zero. For
this differential equation the Euler method with constant time step A,

Yn4+1 = (1 - 16A) Yn,

has exact iterates y, = (1 — 16A)" yo. If we choose A > 273 these iterates
oscillate with increasing amplitude instead of converging to zero like the exact
solutions of (3.11). This is a simple example of a numerical instability, which,
in this particular case, we can overcome simply by taking the time step A <
2~3. For some other methods, such as the midpoint method (2.10) investigated
in PC-Exercise 8.2.3, the numerical instabilities persist no matter how small we
take A. The structure of these methods can make them intrinsically unstable,
causing small errors such as roundoff errors to grow rapidly and ultimately
rendering the calculations useless.

The idea of numerical stability of a one-step method is that errors will
remain bounded with respect to an initial error for any differential equation
(3.1) with right hand side a(t, =) satisfying a Lipschitz condition. To be specific,
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we say that a one-step method (3.2) is numerically stable if for each interval
[to, T] and differential equation (3.1) with a(t, z) satisfying a Lipschitz condition
there exist positive constants Ag and M such that

(3.12) Iyn - gnl S M |yO - gOI

for n = 0, 1, ..., ny and any two solutions y,, §» of (3.2) corresponding to
any time discretizations with max,, A, < Ag. The constants Ag and M here
may also depend on the particular time interval ¢t < ¢t < T in addition to the
differential equation under consideration. (3.12) is analogous to the continuity
in initial conditions, uniformly on finite time intervals, of the solutions of the
differential equation (3.1). The following result thus comes as no surprise.

Theorem 8.3.4 A one-step method (3.2) is numerically stable if the incre-
ment function ¥ satisfies a global Lipschitz condition (3.5).

The commonly used one-step methods are numerically stable. However, the
constant M in (3.12) may be quite large. For example, if we replace the minus
sign by a plus sign in the differential equation (3.11), we obtain

Yn — Un = (1 + 16A)" (yo ~ o)

for the Euler method. The numerical stability condition (3.12) requires a bound
like e18(T=%) for M, in contrast with M < 1, provided Ao < 2-3, for the original
differential equation. The difference is due to the fact that the solutions of the
modified differential equation are diverging exponentially fast, whereas those of
the original are converging exponentially fast. In both cases the Euler method
keeps the error under control, but in the former case the initial error must be
considerably smaller if it is to remain small.

Exercise 8.3.5 Prove Theorem 8.3.4.

To ensure that the errors in the Euler method for (3.11) do not grow, that
is the bound M < 1 in (3.12), we need to take step sizes less than 2~3. This
may seem inordinately small given that the differential equation itself is very
stable. The situation does not improve if we use the higher order Heun method
(1.12). However, the implicit trapezoidal method (1.11) offers a substantial
improvement. In this case it is

1
(3'13) Yn+l = Yn + '2‘ {"16yn - 16yn+1} A)
which we can solve explicitly to get

_ 1-8A
Ynty1 = 1+8A Yn-

1-8A
14 8A

Here

(3.14)

<1
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for any A > 0. For a nonlinear differential equation we usually cannot solve an
implicit method algebraically for yn41 as in (3.13). Nevertheless this example
highlights a significant advantage of implicit methods, which sometimes makes
the additional work needed to solve numerically for y,; worthwhile.

In the preceding discussion we tried to ensure that the error would not grow
over an infinite time horizon. This leads to the idea of asymptotic numerical
stability. We shall say that a one-step method (3.1) is asymptotically numeri-
cally stable for a given differential equation if there exist positive constants A,
and M such that

(3.15) Jim |y, — 9al < M lyo — Jol

for any two solutions y and ¥ of (3.2) corresponding to any time discretization
with max, A, < A,.

It is easy to see that the Euler method is asymptotically numerically stable
for the differential equation (3.11) with A, < 273, whereas the implicit trape-
zoidal method (3.13) is asymptotically numerically stable for this differential
equation without any restriction on A,. On the other hand the Euler method
is not asymptotically numerically stable for the differential equation z = 16z
for any A, > 0.

Knowing just that a one-step method is numerically stable does not tell us
how to pick an appropriate step size A. In fact, the answer will depend very
much on the particular differential equation under consideration. To obtain an
indication of suitable values of A we consider a class of test equations. These
are the complex-valued linear differential equations

(3.16) — =z,

with A = A, + 1);, which have oscillating solutions when A; # 0. We can
obviously write (3.16) equivalently as a 2-dimensional differential equation

d [ =t Ar =N z!

d\ z2 | | A A z2
where z = z! + 1z2. The suitable values of the step size A > 0 are expressed
in terms of the region of absolute stability for the method, consisting of the
complex numbers AA for which an error in yg at to will not grow in subsequent

iterations of the method applied to the differential equation (3.16). Essentially,
these are the values of A and A producing a bound M < 1 in (3.12). For the

Euler method we thus require
1+ 2A]<1,

so its region of absolute stability is the unit disc in the complex plane centered
on z=—1+40:

Exercise 8.3.6  Determine and skelch the region of absolute stability for the
trapezoidal method (1.11).
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!

Figure 8.3.1 Stability region for the Euler method.

We shall now consider a 2-dimensional linear differential equation

z! —a 0 z!
(3.17) %(ﬂ):[ 0‘ —az]<x2>

with initial value (z},z2) = (1,1), where the two eigenvalues of the coefficient
matrix are negative and very different, that is with

O§a2<<a1.

The components of (3.17) are uncoupled, so they can be solved separately to
give

(3.18) zl(t) = e~ z2(t) = e~ 03t,

Since a; is much larger than a; the first component shows a very fast expo-
nential decay in comparison with the second, that is the relaxation time of the
first component is very much smaller than that of the second. In other words
the two components have widely differing time scales. In the literature such a
system of equations is often called a stiff system. In the general d-dimensional
case we shall say that a linear system is stiff if the real parts of the eigenvalues
A1, ..., Ag of the coefficient matrix satisfy
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kol Re () > k=i d Re (M) -

Now, if we apply the Euler method (1.2) to (3.17), for the first component to
remain within the region of absolute stability we need a step size

A<
a1

We saw in Figure 8.1.3 of Section 1 that there is a lower bound on the step
size for which the influence of the roundoff error to remain acceptable. But
the upper bound 2/a; might already be too small to allow for the control over
roundoff errors in the second component. Thus, the Euler scheme may not be
applicable for a stiff system.

A much more stable result is shown when we apply the implicit Euler
scheme

(3.19) Yn+1 = Yn +a(tnt1,Ynt41) A

to the test equation (3.16). Using similar notation as above we obtain
Yn=(1-2AA)""yo

and, hence, for A with Re(A) = A, < 0 and all A > 0 we have
[9n — Fnl < |0 — Fol

for alln = 0, 1, ... and any two solutions y,, §n of (3.19). Thus, the implicit
Euler method (3.19) applied to the stiff system (3.17) would still behave stably
in its first component when A > 2/a;.

We shall say that a numerical method is A-stable if its region of absolute
stability contains all of the left half of the complex plane, that is all AA with
Re(A) < 0 and A > 0. Hence the implicit Euler method (3.19) is A-stable,
whereas the Euler method (1.2) is not.

Exercise 8.3.7  Check whether or not the trapezoidal method (1.11) is A-
stable.

We shall conclude this section with a few remarks on consistency, conver-
gence and stability of multi-step methods, for which matters are somewhat
more complicated than for one-step methods. The definition of convergence for
a multi-step method assumes that the starting values are exact, although in
practice these will be calculated approximately by means of a one-step method.
The idea of stability is similar to that for one-step methods, but now some new
phenomena can occur. Suppose we have a k-step method

k
(3-20) E (ant+1-j¥nt1-j + Pnt1-j a(tnt1-j, Ynt1-5)A) = 0.
7=0
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For the linear differential equation (3.15) this is a linear recursion

k
(3.21) Z(an-f-l—j +Bnt1-; AA) Ynp1-5 =0,
j=0

which is also satisfied by iterated errors e, = y, — yn. To solve (3.21) we try
solutions of the form y, = £" and find that £ must be a root, possibly complex
valued, of the polynomial equation

k

(3.22) D (ei+Bi2AA) € =0.

1=0

Any errors introduced will thus die out if all of the roots lie within the unit
circle in the complex plane, that is have modulus || < 1. One of the roots
will be approximately equal to e*® and the corresponding iterates y, = zo &"
correspond to the differential equation solution values z(t,) = zoe**». The
problem now is that (3.22) may have other roots lying outside of the unit circle
and these may lead to iterates of the multi-step method increasing in magnitude
when the differential equation has no such solutions. We say that the multi-
step method (3.20) is stable when all of the roots of (3.22) lie within the unit
complex circle for A sufficiently small. A necessary and sufficient condition for
this is that the roots of the polynomial

k .
Za;{' =0

=0

lie within the unit complex circle, or possibly also on the unit circle if a root is
simple. The term strong stability is used if all roots except £ = 1 lie inside the
unit circle and weak stability if other roots also lie on the circle. For example,
the Adams-Bashford method (1.14) is strongly stable, whereas the midpoint
(2.10) and the Milne (2.11) methods are weakly stable. The presence of the
extra roots on the unit circle means that (3.22) may have roots lying outside
the unit circle no matter how small A is taken, which can lead to numerical
instabilities. For example, the midpoint method (2.10) has roots

g—l,mi 1+ l,\A ’
T2 2 ’

one of which has modulus greater than 1. Finally, as a partial analogue of
Theorem 8.3.1, we remark that it can be shown that a multi-step method is
convergent if it is consistent and stable.

Exercise 8.3.8  Determine the polynomials (3.22) for the Adams-Bashford
method (1.14) and the Adams-Moulton method (2.12).
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8.4 Roundoff Error

Roundoff errors occur because, in practice, arithmetic operations can only be
carried out to a finite number of significant decimal places. In principle we could
determine the roundoff error of each calculation, and hence the accumulated
roundoff error, exactly, though this is infeasible in all but the simplest situations
and we have to use estimates instead. Assuming constant roundoff error r at
each step, in Section 1 we derived a theoretical upper bound proportional
to r/A, where A is the maximum time step, for the Euler method. This
assumption is certainly not true, but the implication from it that there is a
minimum time step A,;, below which the total error will begin to increase is
consistent with what actually happens in numerical calculations, as we saw in
PC-Exercise 8.1.2.

More realistic estimates of the accumulated roundoff error can be deter-
mined from a statistical analysis, assuming that the local roundoff errors are
independent, identically distributed random variables. It is commonly assumed
that they are uniformly distributed over the interval

(4.1) [-5 x 107¢+D), 5. 10"(’“)] ,

where s is the number of significant decimal places used. To check the ap-
propriateness of this distribution we could repeat the calculations using double
precision arithmetic and use the difference of single and double precision results
to represent the roundoff error. If double precision arithmetic is not available
we can simulate the same effect by using arithmetic to s decimal places, say s
= 4, instead of single precision and the computer’s prescribed precision instead
of double precision.

PC-Exercise 8.4.1  Calculate 300 iterates of

™
Ynt1 = 5 Yn

with initial value yo = 0.1 using the prescribed arithmetic of the PC, at each
step rounding the value of yp4+1 oblained to four significant figures. Plot the
relative frequencies of the roundoff errors in a histogram on the interval

[-5x 107%,5 x 1077]
using 40 equal subintervals.

If the local roundoff errors r, take values in the interval (4.1), then after N
calculations the accumulated roundoff error

N
Rv =3
n=1
would lie in the interval

[-5N x 10=6+D 5N x 10~(’+1)] .
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Figure 8.4.1 Histogram of the roundoff error in PC-Exercise 8.4.1.

x

After N = 10° calculations this is [-0.5,+0.5], so all decimal places of accuracy
may be lost. However, this worst case scenario is highly unlikely to occur. If
the r, are uniformly distributed over the interval (4.1) they have mean and
variance
1
p=E(rp)=0, 0% = Var (rn) = 5 10~2.

Thus, if they are also independent, the accumulated roundoff error has mean
and variance

E(Rn)=0, Var (Ry) = N o?.

By the Central Limit Theorem (see (1.5.9)) the normalized random variables
ZIN = RN/a'\/—N— are approximately standard Gaussian for large N. From this,
as in Section 9 of Chapter 1, we can conclude that the values of Ry lie with
probability 0.95 in the interval

[-1.96 x 10~*\/N/12, 1.96 x 10"’\/N/12]

when N is large. The ratio of 1.96 x 10~*1/N/12 to 5N x 10~(+1) is approx-
imately 1/v/N, so for large N the accuracy is in fact considerably better than
predicted by the worst case scenario above. Of course, it may be much worse
in some instances, but these occur with small probabilities.
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PC-Exercise 8.4.2  Use the Euler method with equal time steps A = 2~2
for the differential equation

dz

dt

over the interval 0 <t < 1 with N = 102 different initial values z(0) between
0.4 and 0.6. Use both four significant figure arithmetic and the prescribed arith-
metic of the PC and determine the final accumulative roundoff error Ry/a in
each case, plotting them in a histogram on the interval [-5 x 1074, 5 x 1074
with 40 equal subintervals. In addition, calculate the sample mean and sample
variance of the Ry a values.

As a final comment we remark that the roundoff error may be considered as
being independent of the discretization error.

PC-Exercise 8.4.3  Repeat PC-Ezercise 8.4.2 with N = 200 and with time
steps A = 272, 273, 27 and 275, determining Ry/s in each case. Plot the
90% confidence intervals for the mean value of the error against A.



Chapter 9

Introduction to Stochastic Time
Discrete Approximation

To introduce the reader to the main issues concerning the time discrete approx-
imation of Ito processes, we shall examine the stochastic Euler scheme in some
detail in this chapter. We shall consider some examples of typical problems
that can be handled by the simulation of approximating time discrete trajecto-
ries. In addition, general definitions for time discretizations and time discrete
approximations will be given, and the strong and weak convergence criteria for
time discrete approximations introduced. These concepts will all be developed
more extensively in the subsequent chapters.

9.1 The Euler Approximation

One of the simplest time discrete approximations of an Ito process is the Eu-
ler approzimation, or the Euler-Maruyama approrimation as it is sometimes
called. We shall consider an Ito process X = {X;, to < t < T } satisfying the
scalar stochastic differential equation

(1.1) dXt = a(t,Xt) dt+b(t,X:) th
on tg <t < T with the initial value

(12) Xgo :X(].

For a given discretization g = 79 < 11 < -+- < 7, < --- < 75 = T of the time
interval [to, T'], an Euler approzimation is a continuous time stochastic process
Y = {Y (1), to <t < T} satisfying the iterative scheme

(1.3) Yap =Ya4a(r,Ys) (Tasr — ) + b(m, Ya) (Wr..+1 - Wr,.) )
forn=20,1,2,..., N — 1 with initial value

(14) Yo = Xo,

where we have written

(1.5) Y, =Y (1)



306 CHAPTER 9. STOCHASTIC APPROXIMATION

for the value of the approximation at the discretization time 7,,. We shall also
write

(1.6) Ap = Tnp1 — T

for the nth time increment and call
(1.7) 6 = max A,
n

the mazimum time step. For much of this chapter we shall consider equidistant
discretization times

(1.8) Thn =1+ né
with 6§ = A, = A = (T — t0)/N for some integer N large enough so that é €
(0,1).

When the diffusion coefficient is identically zero, that is when b = 0, the
stochastic iterative scheme (1.3) reduces to the deterministic Euler scheme
(8.1.2) for the ordinary differential equation

E = a(t, 13).

The sequence {Y,, n =0, 1,...,N} of values of the Euler approximation (1.3)
at the instants of the time discretization (7)s = {m,, n =0, 1, ..., N} can
be computed in a similar way to those of the deterministic case. The main
difference is that we now need to generate the random increments

(1.9) AW, = W‘r..+1 - WTn’

for n = 0,1, ..., N —1, of the Wiener process W = {W;, t > 0}. From
Chapters 1 and 2 we know that these increments are independent Gaussian
random variables with mean

(1.10) E(AW,)=0
and variance
(1.11) E ((AW,)?) = An.

We can use a sequence of independent Gaussian pseudo-random numbers gen-
erated by one of the random number generators introduced in Section 3 of
Chapter 1 for the increments (1.9) of the Wiener process.

For simpler notation we shall often write

(1.12) f=f(ma,Yn)

for each function f defined on R* x®R4 and n = 0, 1, ..., N — 1 when no
misunderstanding is possible. We can then rewrite the Euler scheme (1.3) in
the abbreviated form

(1.13) Yor1=Ya+al, +bAW,,
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for n =0, 1, ..., N — 1. Usually, we shall leave unstated the initial condition
(1.4).

The recursive structure of the Euler scheme, which evaluates approximate
values to the Ito process at the discretization instants only, is the key to its
successful implementation on a digital computer. In this book we shall focus
on time discrete approximations with such a recursive structure. We shall use
the term scheme to denote a recursive algorithm which provides the values of a
time discrete approximation at the given discretization instants. We emphasize
that we shall always consider a time discrete approximation to be a continuous
time stochastic process defined on the whole interval [to, T, although we shall
mainly be interested in its values at the discretization times.

For a given time discretization the Euler scheme (1.3) determines values
of the approximating process at the discretization times only. If required,
values can then be determined at the intermediate instants by an appropriate
interpolation method. The simplest is the piecewise constant interpolation with

(1.14) Y (t) = Ya,
for t € R, where n, is the integer defined by
(1.15) ne =max{n=0,1,...,N : 1, <},

that is the largest integer n for which 7,; does not exceed t. However, the linear
interpolation

t

(1.16) Y (1) = Yo, + ——— (Y41 = Yn)

ni+l — Tny

is often used because it is continuous and simple.

In general, the sample paths of an Ito process inherit the irregularity of
the sample paths of its driving Wiener process, in particular their nondiffer-
entiability. It will not be possible to reproduce the finer structure of such
paths on a computer, so we shall concentrate on the values of a time discrete
approximation at the given discretization instants.

Exercise 9.1.1  Derive the distribution of the random variable Y,, at any
timet > 0 for the Euler approzimation with equidistant discretization times of
a scalar Ito process with constant drift and diffusion coefficients.

9.2 Example of a Time Discrete Simulation

To illustrate various aspects of the simulation of a time discrete approxima-
tion of an Ito process we shall examine a simple example in some detail. We
shall consider the Ito process X = {X;, t > 0} satisfying the linear stochastic
differential equation
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(2.1) dXt = aX, dt+bXt th

for t € [0, T] with the initial value X, € R!.
This is an Ito process with drift

(2.2) a(t,z) = az
and diffusion coefficient
(2.3) b(t,z) = b=.

We know from (4.4.6) that (2.1) has the explicit solution
1
(2.4) thXoexp((a—Ebz)t-{-bWt)

for t € [0, T] and the given Wiener process W = {W,;, ¢ > 0}. Knowing
the solution (2.4) explicitly gives us the possibility of comparing the Euler
approximation with the exact solution and to calculate the error.

To simulate a trajectory of the Euler approximation for a given time dis-
cretization we simply start from the initial value Yy = Xy, and proceed recur-
sively to generate the next value

(2.5) Yot1 =Ya+aY, A +bY, AW,

forn =0,1, 2, ... according to the Euler scheme (1.13) with drift and diffusion
coefficients (2.2) and (2.3), respectively. Here AW,, is the N(0; A,) distributed
Gaussian increment of the Wiener process W over the subinterval 7, < t <
Tn4l-

For comparison, we can use (2.4) to determine the corresponding values of
the exact solution for the same sample path of the Wiener process, obtaining

(2.6) X,, = Xoexp ((a - %b"’) Tn + bZAW,-_1> .

i=1

PC-Exercise 9.2.1 Generate equidistant Euler approzimations on the time
interval [0,1] with equal step size A = 272 for the Ito process X satisfying
(2.1) with Xo = 1.0, a = 1.5 and b = 1.0. Plot both the linearly interpolated
approzimation and the ezact solution for the same sample path of the Wiener
process. See PC-Ezxercise 4.4.1.

We need to be careful when writing down a time discrete scheme such as
(2.5) to make sure that the resulting expressions are meaningful. For instance,
difficulties may arise because the increments in the noise can take extremely
large values of either sign, even though this can occur only with very small
probability. This will be more serious for nonlinear equations such as (4.4.37)
and (4.4.38) than for the linear equation (2.1).
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Euler approximation and exact solution from PC-Exercise 9.2.1.
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Figure 9.2.1 illustrates a typical output for PC-Exercise 9.2.1.
It is of no surprise that the Euler approximation differs from the Ito process.
However, we may expect a closer resemblence if we use a smaller step size.

PC-Exercise 9.2.2  Repeat PC-Ezercise 9.2.1 with step size A = 274,

From Figure 9.2.2 we note that the Euler approximation is closer to the Ito
process at the endpoint 7" = 1 when the step size is smaller. We would hope
that the Euler approximation for a finer time discretization would be closer to
the Ito process in some useful sense.

So far we have not specified a criterion to judge the quality, that is the
accuracy, of a time discrete approximation. Obviously, such a criterion should
reflect the main goal of a practical simulation. It turns out that there are two
basic types of tasks connected with the simulation of solutions of stochastic
differential equations. The first occurs in situations where a good pathwise ap-
prozimation is required, for instance in direct simulations, filtering problems
or testing statistical estimators. In the second type interest focuses on approz-
imating erpectations of functionals of the Ito process, such as its probability
distribution and its moments. This is relevant in many practical problems
because, usually, such functionals cannot be determined analytically. In the
following sections we shall look at both of these types of objectives in the
context of the above example.

However, we emphasize that one should always be careful in interpreting
the results of individual numerical simulations as they may differ significantly
from the true solution. A statistical analysis of many different simulations is
required for a meaningful comparison.

9.3 Pathwise Approximations

Usually we do not know the solutions of a stochastic differential equation ex-
plicitly, so we use simulations to try to discover something about them. If we
do happen to know a solution explicitly, then, as in the PC-Exercises 9.2.1 and
9.2.2, we can calculate the error of an approximation using the absolute error
criterion. This is simply the expectation of the absolute value of the difference
between the approximation and the Ito process at the time T, that is

3.1) e=E(Xr -Y(T))),

which gives a measure of the pathwise closeness at the end of the time interval
[0, T). When the diffusion coefficient b = 0 and the initial value is deterministic,
randomness has no effect and the expectation in (3.1) is superfluous. The
criterion (3.1) then reduces to the deterministic absolute error criterion, that
is the global truncation error (8.1.4).

We shall use the example of the preceding section to examine the absolute
error criterion more closely. Rather than derive a theoretical estimate for the
absolute error here, we shall try to estimate it statistically using computer
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experiments. To this end we shall repeat N different simulations of sample
paths of the Ito process and their Euler approximation corresponding to the
same sample paths of the Wiener process. We shall denote the values at time T
of the kth simulated trajectories by X7 and Y7 i, respectively, and estimate
the absolute error by the statistic

N

1
2 € = — X7 — Y] .
(3.2) é Nk;l T,k — YT x|

PC-Exercise 9.3.1  Simulate N = 25 trajectories of the Ito process X sat-
isfying (2.1) with Xo = 1.0, @ = 1.5, b = 1.0 and their Euler approzimations
with equidistant time steps of step size A = 2% corresponding to the same
sample paths of the Wiener process on the time interval [0, T] for T = 1. Eval-
uate the statistic ¢ defined by (3.2). Repeat this for step sizes A = 275, 26
and 277, and form a table of the corresponding A and é values.

A 2—* 27 2-° 2-7
¢ || 0.5093 | 0.4446 | 0.3265 | 0.2295

Table 9.3.1 Absolute errors é for different step lengths A.

We list our results for PC-Exercise 9.3.1 in Table 9.3.1 and note the im-
provement in the estimate € of the absolute error with decreasing step size

A.

PC-Exercise 9.3.2  Repeat PC-Ezercise 9.3.1 using a different seed, that is
initial value, for the random number generator. (This may be done automati-
cally by the PC, but can be easily programed if not).

We combine our results from PC-Exercises 9.3.1 and 9.3.2 in Table 9.3.2, writing
¢, and €, respectively, for the corresponding absolute error statistic (3.2).

Lall 278 | 27 | 27 | 27 |
& || 0.5093 | 0.4446 | 0.3265 | 0.2292
& || 0.4692 | 0.3788 | 0.2234 | 0.1477

Table 9.3.2 Absolute errors é; and é; for different step lengths A.

Comparing the results in Table 9.3.2 we see in both cases that the esti-
mate of the absolute error decreases with decreasing step size. However, these
estimates are random variables and take different values in the two batches.
For large N we know from the Central Limit Theorem, mentioned in Section
5 of Chapter 1, that the error é becomes asymptotically a Gaussian random
variable and converges in distribution to the nonrandom expectation € of the
absolute value of the error as N — oo.

In practice it is impossible to generate an infinite number of trajectories.
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However, we can estimate the variance 2 of ¢ and then use it to construct a
confidence interval for the absolute error €. To do this we arrange the simula-
tions into M batches of N simulations each and estimate the variance of ¢ in
the following way. We denote by Yz ; the value of the kth generated Euler
trajectory in the jth batch at time T" and by X7 ; the corresponding value of
the Ito process. The average errors

N
. 1
(33) =5 > X7k — Yk
k=1
of the M batches j = 1, 2, ..., M are then independent and approximately

Gaussian for large N. We have arranged the errors into batches because, as
explained in Section 9 of Chapter 1, we can then use the Student t-distribution
to construct confidence intervals for a sum of independent Gaussian, or in this
case approximately Gaussian, random variables with unknown variance. In
particular, we estimate the mean of the batch averages

(34) é= % EE,- = ﬁ Z z [ X7,k — Y7 1.5

and then use the formula
1 M
R Z . 2
(35) 0’3 = A—{{-—_—lj=1 (GJ - C)

to estimate the variance o2 of the batch averages. Experience has shown that
the batch averages can be interpreted as being Gaussian for batch sizes N >
15; we shall usually take N = 100. For the Student ¢-distribution with M — 1
degrees of freedom an 100(1 — &)% confidence interval for € has the form

(3.6) (€ — AE, e+ A§)
with

N 62
3.7 Aé=t1—a,M-1 ﬁe,

where t;_q ar—1 is determined from the Student t-distribution with M — 1
degrees of freedom. For M = 20 and & = 0.1 we have t;_4 pm—1 = 1.73 from
Table 1.9.1. In this case the absolute error € will lie in the corresponding
confidence interval (3.6) with probability 1 — a = 0.9.

PC-Exercise 9.3.3  Simulate M = 10 batches each with N = 100 trajec-
tories of the Ito process X satisfying (2.1) with Xo = 1.0, a = 1.5, b = 0.1
and their Euler approzimations with equidistant time steps of step size A =
2-% corresponding 1o the same sample paths of the Wiener process on the time
interval [0, T] for T = 1. Evaluate the 90% confidence interval for the absolute
error €. Repeat this for M = 20, 40 and 100 batches, in each case using the
batches already simulated, and plot the confidence intervals on € versus M azes.
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Figure 9.3.1 Confidence intervals for increasing numbers of batches.

Our results for PC-Exercise 9.3.3, plotted in Figure 9.3.1, indicate that the
length of the confidence interval for the absolute error decreases as the number
of batches increases. In fact, this is predicted by formula (3.7), which says that
we need to increase the number of batches fourfold in order to halve the length
of the confidence interval. As is evident from the PC-Exercise, it can be very
time consuming computationally to achieve this additional accuracy.

The preceding computations provide us with a method for determining the
number of simulations needed to obtain a confidence interval of specified length
for the absolute error €. Since the length 2A¢ of the confidence interval is
inversely proportional to the square root of the number of batches M only,
the required number of batches for a chosen confidence interval of sufficiently
small length may be very large. Consequently, some thought should be given
to decide how much accuracy is really needed in the answer of a given problem.

We shall now look more closely at the relationship between the absolute
error of Euler approximations and the step size.

PC-Exercise 9.3.4  Simulate M = 20 batches each with N = 100 trajec-
tories of the Ito process X satisfying (2.1) with Xo = 1.0, a = 1.5, b = 0.1
and their Euler approrimations with equidistant time steps of step size A =
272 corresponding to the same sample paths of the Wiener process on the time
interval [0, T] for T = 1. Evaluate the 90% confidence interval for the abso-
lute error €. Repeat this for step sizes A = 273, 2% and 275, and plot the
confidence intervals on € versus A azes.
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Figure 9.3.2 Confidence intervals for increasing step size.

Figure 9.3.2 shows that the step size A has a definite effect on the magnitude
of the absolute error € and on the length of the confidence interval. We could
include in Figure 9.3.2 the graph of a function

(38) §A) = K A2

for an appropriate constant K which would suggest that the absolute error is
proportional to the square root of the step size. We can see this more clearly
if we plot the results using log, versus log, coordinates for which the graph of
(3.8) becomes a straight line with slope 1/2.

PC-Exercise 9.3.5  Replot the results of PC-Ezercise 9.3.4 on log, € versus
logy A azes.

The confidence intervals in Figure 9.3.3 follow closely a straight line with
slope 1/2. In fact, we shall prove in Theorem 10.2.2 of Chapter 10 that this
is true for an Euler approximation of a general Ito process and shall call the
exponent 1/2 of A in (3.8) the corresponding order of strong convergence.

We can decompose the random variable €, the mean of the batch averages,
into two parts, that is as

(3.9) € = €sys + €stat, where
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Figure 9.3.3 log, of the absolute error versus log, A.

(3.10) €sys = E(é)

denotes the systematic error and €54 the statistical error. From (3.1) and
(3.4) we have

(3.11) €ys = E()
1 M N
= F WZZIXT"‘J_YT"‘JI
j=1k=1
= E(Xr-Y(D))
= ¢

that is, the systematic error coincides with the absolute error. In Chapters
10, 11 and 12 we shall introduce time discrete approximations with smaller
systematic errors as A — 0, that is with higher orders of strong convergence

than the Euler approximations.
From (3.9) and (3.10) the statistical error obviously satisfies

(3.12) €star = € — €.

For a large number N M of independent simulations the Central Limit Theorem
says that the statistical error is asymptotically Gaussian with mean zero and
and variance
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(313) Val'(fstat) = Var (E - 6) =F ((€ - 6)2)

= F ((|XT YD) - o))

= NMVar(|XT Y(T))).

Thus the statistical error depends on the total number N M of simulations and
not separately on either the number N of simulations in each batch or on the
number M of batches used.

Finally, we mention that roundoff errors must also be taken into account
in practical simulations. They are certainly present in the errors calculated
in the above PC-Exercises. Usually, however, we consider idealized estimates
of discretization errors assuming that no roundoff error occurs, just as we did
in Chapter 8 for deterministic numerical schemes, and then investigate the
roundoff error separately.

9.4 Approximation of Moments

In many practical situations we do not need so strong a convergence as the
pathwise approximation considered in the previous section. For instance, we
may only be interested in the computation of moments, probabilities or other
functionals of the Ito process. Since the requirements for their simulation are
not as demanding as for pathwise approximations, it is natural and convenient
to classify them as a separate class of problems.

To help the reader understand this weaker type of convergence, we shall
carry out some computer experiments to investigate the mean error

(4.1) u= E(Y(T)) - E(Xr)
for the same linear stochastic differential equation as in Section 2
(4.2) dX: =aX,dt + bX,dW,
for t € [0,7] and its Euler approximation
Yot1=Yn+aYaAn +0Y, AW,

forn=0,1,2,..., N—1. Here, as before, A, = 7,41 — T denotes the step size
and AW,, = W, ,, — W, the increment of the Wiener process. In Section 7
we shall generalize (4.1) to the approximation of polynomial, and more general,
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functionals of the process, including its higher moments. We note that u can
take negative as well as positive values.

An important feature of this type of approximation is that we do not need
to use the same sample path of the Wiener process when generating X and
Y in order to obtain a small mean error. Rather, we require only that the
probability distributions of X1 and Y (T') are sufficiently close to each other,
but not necessarily the actual realizations of the random variables. This is
implied by a much weaker form of convergence than that needed for pathwise
approximations.

For the example (4.2) it is easy to show (see (4.2.10)) that the mean of the
Ito process is

(4.3) E(XT1) = E(Xo) exp (aT).

As in the last section, we shall arrange the simulated trajectories of the Euler
approximation into M batches with N trajectories in each. Then, we shall
estimate the mean error of the jth batch by the statistic

N

Z Yrj — E(X7T),

k=1

z| -

(4.4) By =

for j = 1,2, ..., M, and their average by the statistic

1 M
(4.5) ﬁ=ﬁ;m

Similarly, we shall estimate the variance of the batch averages ji; by

M N

-Ml—— Z ZYTM - E(Xr).

il

(4.6) Z (i =

The 100(1 — a)% confidence interval of the Student ¢-distribution with M — 1
degrees of freedom for the mean error u is

4.7) (i — A, i+ AR)
where

52
(4.8) Ap=1t_om_1 -A—{I;

The mean error u will thus lie in this confidence interval with at least proba-
bility 1 — a.

PC-Exercise 9.4.1 Generate M = 10 batches of N = 100 trajectories of
the Euler approzimation for the Ito process (4.2) with Xg = 1.0, a = 1.5, b
= 0.1 for step length A = 2% and terminal time T = 1. Determine the 90%
confidence interval for the mean error pu. Then repeat this for M = 20, 40
and 100 batches using the batches already simulated and plot the intervals on p
versus M azes.
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Figure 9.4.1 Confidence intervals for increasing number of batches.

Figure 9.4.1 shows that a fourfold increase in the number of batches halves
the length of the confidence interval, just as was needed in the previous section
for pathwise approximations. More interesting is the dependence of the mean
error on the step size.

PC-Exercise 9.4.2 Generate M = 20 batches of N = 100 trajectories of the
Euler approzimation as in PC-Ezercise 9.4.1. Determine the 90% confidence
interval for the mean error u. Then repeat this for step sizes A = 273, 24
and 273, and plot the intervals on i versus A azes.

We can see from Figure 9.4.2, which contains our results for PC-Exercise
9.4.2, that the choice of step size A has a clear effect on the mean error. It
appears that i is proportional to A. To highlight this impression we could
include the graph of a linear function

(4.9) AA)=KA

with an appropriate constant K in the figure. As in the last section it is useful
here to plot the results in log,-log, coordinates. For convenience we shall also
call || the mean error.

PC-Exercise 9.4.3  Replot the results of PC-Ezercise 9.4.2 on log, |p| ver-
sus log, A azes.
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Figure 9.4.2 Confidence intervals for increasing step size.

From Figure 9.4.3 we see that the log, of the mean error closely follows
a straight line of slope 1 in log, A. This contrasts with the slope 1/2 for the
strong pathwise approximations in the previous section. In Chapter 14 we shall
examine this functional dependence theoretically for the Euler approximation
and also for other approximations.

We can also decompose the random estimate j for the mean error u into a
systematic error pi,y, and a statistical error fi,44¢, with

(4.10) it = psys + Pstat where
(4.11) Bsys = E ().

Then

(4.12) MBsys = E (#)

1 M N
= E W;IQYMJ — E(X7)

= E(Y(T)) - E(Xr)

=
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Figure 9.4.3 log, of the absolute mean error versus log, A.

so the systematic error is the same as the mean error. In Chapters 14 and
15 we shall introduce more complicated time discrete approximations with the
objective of decreasing the mean error for a given step size.

For a large number M N of independent simulations we can conclude from
the Central Limit Theorem that the statistical error fis;q; becomes asymptoti-
cally Gaussian with mean zero and variance

1
MN

(4.13) Var (#stat) = Var (1) = Var(Y(T)).

This depends on the total number M N of simulations and not separately on the
number M of batches or number N of simulations in each batch. The comment
in the previous section that the proposed degree of accuracy should be chosen
with care applies here too, since a fourfold increase in the number of simulations
is also required here to halve the length of a confidence interval. The successful
implementation of weak approximations is often in direct conflict with the size
of this variance of the estimated functional.

In contrast with pathwise approximations, we can use variance reduction
techniques to construct approximations which give the same first moment of
a general functional of the Ito process with a much smaller variance. In this
way we can achieve the same accuracy as the Euler approximation with a sub-
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stantial reduction in computational effort. We shall discuss variance reduction
techniques in Chapter 16.

In conclusion, we remark that roundoff errors also affect weak approxima-
tions. We shall take them into account later in the context of the numerical
stability of the corresponding numerical schemes.

Exercise 9.4.4  Show (4.13).

9.5 General Time Discretizations
and Approximations

A general class of time discretizations and approximations is introduced in this
section, which can be omitted on the first reading.

For simplicity we have so far concentrated on the equidistant time dis-
cretization

(5.1) ()s={m:n=0,1,...}
of a bounded interval [to,T] with discretization times

(52) Tw=1lo+nA

for n =0, 1, ... and constant step size § = A €(0, §p) for some finite o > 0.

In some applications it is desirable to have a more flexible time discretiza-
tion, for instance, to allow step size control where the next step size depends
on the current value of the time discrete approximation. In such cases the step
size will be random. There are many other situations in which a variable step
size, random or deterministic, may be useful. In addition, while we do not
consider the approximation of Ito processes with a Poisson jump component
in this book, it is obvious that the discretization times of such approximations
could include the random jump times.

We recall (1.15) where we defined the integer n, as the largest integer n for
which 7, does not exceed t, that is

n; =max{n=0,1,...: 7, <t}.

Then, for a given maximum step size § € (0,6¢) we define a time discretization

(5.3) (MNs={m:n=0,1,...}

as a sequence of time instants {r,: n = 0, 1, ...}, which may be random,
satisfying

(54) 0ST0<1'1<"'<7'"<"'<00,

(5.5) sup(Tnp1 —Tn) <6 and
n
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(5.6) n; < 00,

w.p.1, for all t € R, where 7,4 is A, -measurable for each n = 0, 1, ....
Here {A;, t > 0} is a preassigned increasing family of o-algebras, generally
associated with the Ito or Wiener process under consideration. Also, when we
have a time discretization (7); on a bounded interval [to, T'] we shall usually
choose 79 = tg and T, = T.

While the discretization points may be random, they cannot be completely
arbitrary. The restriction that 7,4, be A, -measurable for each n =0, 1, ...
means that the step size A,, = 7,41 — 7, can depend only on the information
available at the discretization point 7, for each n = 0, 1, .... In addition,
(5.5) says that each step size A, can be no larger than the specified maximum
allowable step size 8, whereas condition (5.6) ensures that there can be only a
finite number of discretization instants in any bounded interval.

In the sequel we shall introduce more complicated stochastic schemes than
the Euler scheme. Like the Euler scheme they will only generate discrete time
processes, but we can then construct continuous time processes from them by
interpolation, for example.

We shall call a process Y = {Y(t), ¢ > 0}, which is right continuous with left
hand limits, a time discrete approzimation with maximum step size 6 € (0, 6p)
if it is based on a time discretization (7)s such that Y (7,;) is A, -measurable
and Y (7,41) can be expressed as a function of Y (7o), ..., Y (), 70, ..., Ta,
Ta+1 and a finite number ! of A,_, -measurable random variables Z, , ; for j
=1,...,landeachn=0,1,....

This definition allows the recursive computation of the values of the ap-
proximation at the given discretization times. Since the computation of Y ()
should not involve more information than is available at time 7, we restrict
Y(7,) to be A, -measurable. The value of Y (7,41) may then depend on the
values of Y at earlier discretization times, on the step size and on a finite num-
ber of random variables which generate the noise mainly within the current
time step. We note that the Ito process itself is a time discrete approxima-
tion. A Markov chain on a discrete state space is another example, since we
simply take Y (7m41) = Y(7n) + Zn4+1,1 where Z,411 is a random variable
characterized by the transition probabilities of the chain.

Various kinds of interpolation methods are covered by this definition. Since
it asks only for right continuous approximations with left hand limits, it in-
cludes the right continuous piecewise constant interpolations (1.14) as well as
the linear interpolations (1.16) of the values of the approximation at the dis-
cretization times. A time discrete approximation thus defined is a continuous
time stochastic process on R®*. It corresponds to a scheme, which describes a
recursive algorithm for the generation of the values at the discretization points,
and a prescribed interpolation method.
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9.6 Strong Convergence and Consistency

In Section 3 we considered the pathwise approximation of an Ito process X by
an Euler approximation Y and introduced the absolute error criterion

(6.1) €= E(|Xr -Y(T)]),

the expectation of the absolute value of the difference between the Ito process
and the approximation at a finite terminal time T'.

We shall say that a general time discrete approximation Y¢ with maximum
step size § converges strongly to X at time T if

(6.2) limE (|xr - Y¥(T)|) =0.

While the Euler approximation is the simplest useful time discrete approx-
imation, it is, generally, not particularly efficient numerically. We shall thus
derive and investigate other time discrete approximations in the following chap-
ters. In order to assess and compare different time discrete approximations, we
need to know their rates of strong convergence.

We shall say that a time discrete approximation Y converges strongly with
order v > 0 at time T if there exists a positive constant C, which does not
depend on 4, and a 6 > 0 such that

(6.3) €(6) =E (|Xr -YT)|) <C&

for each 6 € (0, d0).

We note that (6.3) is a straightforward generalization of the usual determin-
istic convergence criterion (8.3.4) and reduces to it when the diffusion coefficient
vanishes and the initial value is deterministic. Various other criteria have also
been suggested in the literature, but (6.3) is a natural generalization of the
deterministic one and allows mathematically sharp orders of convergence to
be derived. In fact, we can also establish stronger versions of (6.3) involving
uniform convergence on the interval [to, T] (see Theorem 10.6.3). In Chapters
10 and 11 we shall investigate the strong convergence of a number of differ-
ent time discrete approximations. We shall see, in particular, that the Euler
approximation has strong order of convergence v = 0.5, as suggested by the
computer experiments in Section 3.

Exercise 9.6.1 Does the Euler approzimation of an Ito process with con-
stant drift and diffusion coefficients converge with some strong order v > 0.5¢

As with deterministic numerical schemes, the concept of consistency of a
stochastic time discrete approximation is closely entwined with that of conver-
gence and is often easier to verify. We shall say that a discrete time approxi-
mation Y corresponding to a time discretization (7)s = { 7,: n =0, 1, ...}
with maximum step size 6 is strongly consistent if there exists a nonnegative
function ¢ = ¢(§) with
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(6.4) lim c(8) = 0
such that
2
S . -Y$
(6.5) E||E (-lﬂA-—" .A,u) —a(1a, Y| | < ¢e(6)
n
and

1
(6.6) E (A_ [Vap1 = Yi = E (Vi = Y3 | Ar) - b(Terf)AWnlz) < ¢(6)

for all fixed values Y, =yandn=0,1,....

Condition (6.5) requires the mean of the increment of the approximation to
converge to that of the Ito process. In the absence of noise it is equivalent to
the definition of consistency (8.3.3) of a deterministic one-step scheme. From
condition (6.6) it follows that the variance of the difference between the random
parts of the approximation and the Ito process also converges to zero. Thus
strong consistency gives an indication of the pathwise closeness. In fact, it
implies the strong convergence of the time discrete approximation to the Ito
process, which we shall now prove in a simple context.

We shall consider the 1-dimensional case d = m = 1 with the Ito process
X satisfying the autonomous stochastic differential equation

together with a time discrete approximation Y corresponding to an equidis-
tant time discretization (7)s with time step A, = é. Let us suppose that the
assumptions of the strong existence and uniqueness theorem, Theorem 4.5.3,
are satisfied, in particular that the coefficients a and b satisfy a uniform Lip-
schitz condition and a growth bound. We remark that the following theorem
holds in much more general cases too.

Theorem 9.6.2  Under the assumptions of Theorem 4.5.3 a strongly consis-
tent equidistant time discrete approzimation Y?® of a 1-dimensional autonomous
Ito process X with Y%(0) = X, converges strongly to X.

Proof For 0 <t<T weset

Z(t)= sup E (IYA’. - Xslz)

0<s<t

and obtain
n,—1 ) 8 2
Z(t)=0§:2tE g(y,;’H-Y,f)—/o a(x,)dr—/0 b(X,) dW, )
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n,—1 2
< G o??g)t{E ( Z% (E (Yo — Yo | Ar) —a(Y,)) A) )
n,—1 2
+E ( Z (Yop = Y3 — E (Y — Y| An) — b(YS) AW,) )
n=0

)
)

/ b(X,) AW,

wa

+E ( [ ) -0 aw,

+E‘(/ a(Xr)dr2)+E( 2) }

Using the conditional independence of the summands in the first sum, the Lip-
schitz condition and growth bound for the coefficients a and b and an estimate
for the second moment of X; we derive

/ofn. (a(Y;{) —a(X,)) dr

Z2() <

n,—1
C; sup { > E(|Y,;’+1 Y -E(Y!,-Y!|A:) - b(Y,f)AWﬂ|2)

0<s<t n=0
2)

n,—1 é §
+T§ Y E (lE (ﬁ‘LlA:i
+K*(1+7T) / Z(r)dr + K2(1+ T)(1 + 02)5}.
0

AT,_) —a(Y)

n=0

In view of strong consistency it follows from (6.5) and (6.6) that
t
Z(t) < Ca/ Z(r)dr + Cs (6 + ¢(8))
0

and, thus, by the Gronwall inequality (Lemma 4.5.1) that

Z(t) < Cs (8 + <(9))-
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Using the Lyapunov inequality (2.2.14) we can then conclude that

E([y(T) - Xr|) < VZ(T) £ VCs (8 + <(8)),

from which the assertion of the proposition follows. O

Exercise 9.6.3  Show that the Euler scheme (1.3) is strongly consistent with
¢(6) = 0 and hence from (6.8) deduce that it has strong order of convergence
at least v = 0.5 under the assumptions of Theorem 9.6.2.

Exercise 9.6.4 A formal generalization of the Heun scheme (8.1.12) for
ordinary differential equations to the stochastic differential equation (6.7) is

1
Yoyr = Yt 5{a(y,,) +a(Yn +a(Yn) An + b(Y,) AW,) } A,

1
+5{b(Y) + b (Yo + a(Ya) An + b(Ya) AW,) } AW,
Show that it is generally not strongly consistent. For what types of coefficients

is it strongly consistent?

Exercise 9.6.5 Does an Euler approzimation of the Ito process in Ezercise
9.6.1 based on another Wiener process which is independent of that driving the
Ito process also converge strongly to the Ito process?

9.7 Weak Convergence and Consistency

In Section 4 we examined the approximation of the first moment of a particular
Ito process X by the Euler approximation with respect to the mean error

(7.1) p=EY(T))- E(Xr).

In particular, we saw that this criterion differs in its properties from the strong
convergence criterion. To some extent (7.1) is special and not appropriate for
applications where the approximation of some higher moment

E(lXrl")
with ¢ = 2, 3, ... or of some functional
(7.2) E(9(XT))

is of interest. Like (7.1) these do not require the pathwise approximation of the
Ito process, but only an approximation of the probability distribution of X7.

We shall say that a general time discrete approximation Y? corresponding
to a time discretization (7)s converges weakly to X at time T as § | 0 with
respect to a class C of test functions g: R4 — R if we have
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(73) lim|E (9 (X)) - B (g (Y*(T)))| = 0

for all ¢ € C. If C contains all polynomials this definition implies the conver-
gence of all moments, so theoretical investigations involving it will require the
existence of all moments. In the deterministic case with a zero diffusion coefhi-
cient and a nonrandom initial value, (7.3) with g(z) = z reduces to the usual
deterministic convergence criterion, just as the strong convergence criterion
(6.2) does.

To compare different time discrete approximations we need to consider the
rate of weak convergence. We recall from Section 8 of Chapter 4 that CL(R4,R)
denotes the space of I times continuously differentiable functions g: ®¢ — #
which, together with their partial derivatives of orders up to and including
order I, have polynomial growth. We shall use such a space as the class of
test functions. Since it contains all of the polynomials it will suffice for most
practical purposes.

We shall say that a time discrete approximation Y converges weakly with
order B > 0 to X at time T as é | 0 if for each g € Clz,(p“)(éRd, R) there exists
a positive constant C, which does not depend on §, and a finite 6o > 0 such
that

(14) |E(9(X1)) - E (9 (Y(T)))|<C6*

for each é € (0, éo).

In Chapters 14 and 15 we shall investigate the order of weak convergence
of various time discrete approximations theoretically. In particular, we shall
prove that the Euler approximation usually converges with weak order § = 1,
in contrast with the strong order ¥ = 0.5. We shall see that the strong and
weak convergence criteria lead to the development of different time discrete
approximations which are only efficient with respect to one of the two criteria.
This fact makes it important to clarify the aim of a simulation before choosing
an approximation scheme:

Is a good pathwise approximation of the Ito process required or is the approx-
imation of some functional of the Ito process the real objective?

Exercise 9.7.1  Consider an Ito process with constant drift and diffusion
coefficients. Does the Euler approzimation (1.3) based on another Wiener pro-
cess which is independent of that driving the Ito process also converge with some
weak order B > 07

The utility of a property that is more easily verified than weak convergence
leads us to weak consistency. We shall say that a time discrete approximation
Y% with maximum step size § is weakly consistent if there exists a nonnegative
function ¢ = ¢(6) with

(7.5) laiﬁ)] c(8)=0

such that
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2

(7.6) E < (%)

‘A"n) - a(‘r,., Yn&)

o (Y=Y
An

and

(7.7) E( E ('Al— (Yop1 = Yn) (Va4 — Y:)T IAr,.)

2
—b(7n, Y)b(7n, ¥)T ) < <é)

for all fixed values ;) = yandn=0,1,....

We note that condition (7.6) involving the mean of the increment of the
approximation is the same as condition (6.5) in the definition of strong consis-
tency. However, (7.7) differs considerably from the second condition (6.6) for
strong consistency. It is much weaker because only the variance of the incre-
ment of the approximation has to be close to that of the Ito process, whereas
for strong consistency the variance of the difference between the increments of
the approximation and the Ito process must vanish.

Exercise 9.7.2  Show that the Euler approzimation (1.3) is weakly consis-
tent.

It is not difficult to see that an Euler approximation based on a Wiener
process different from that driving the Ito process is still weakly consistent,
although it is not strongly consistent; see Exercises 9.6.5 and 9.7.1. The fol-
lowing exercise illustrates the flexibility that we have in generating the noise
increments in weakly consistent schemes.

Exercise 9.7.3 Show in the 1-dimensional case d = m = 1 that the Euler
scheme

Yn+1 = Yn + a(Tn, Yn) An + b(Tny Yn) fn A'I‘/2’

where the €, are independent two-point random variables with P(§, = +1) =
1, is weakly consistent.

Under quite natural assumptions a weakly consistent scheme is weakly con-
vergent. As with Theorem 9.6.2 for strong consistency and convergence, we
prove it here for the special case of an Ito process satisfying the 1-dimensional
autonomous stochastic differential equation (6.7). The result also holds in much
more general situations. The proof contains the basic ideas and methods as-
sociated with the weak convergence of time discrete approximations, which we
shall later apply repeatedly.

Theorem 9.7.4  Suppose that the drift coefficient a = a(z) and the diffusion
coefficient b = b(z) of an Ito process satisfying (6.7) are four times continuously
differentiable with polynomial growth and uniformly bounded derivatives. Let
Y? be a weakly consistent time discrete approzimation with equidistant time
steps Ap = § and initial value Y®(0) = Xo which satisfies the moment bounds
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(138) E (max Y [) <K (1+E (1X0))
forg=1,2, ..., and
1 5 516
(7.9) E (A_,. [V, =Y ) <e8)

forn=0,1,2, ..., where c(6) is as in (7.5). Then Y?® converges weakly to the
given Ito process.

Proof We know from Theorem 4.8.6 that the functional
(7.10) u(s,z) = E (9(X7)|X, = z)

is a solution of the final value problem

Ou du Ou 1, 8%u
(7.11) -(-9—+£u a—+a-é—+§b 5——-0
(7.12) (T, z) = g(z),

with %f(s,z) continuous and u(s,z) four times continuously differentiable in
z, where all of these partial derivatives have polynomial growth.
We shall denote by X** the Ito process starting at = at time s, so

t t
(7.13) X = a:+/ a(X2%) dr+/ b(X2*") dW,.

8

From (7.11) and the Ito formula (3.3.6) we obtain

(7.14) E (u (r,.+1, XT,,“) - “(Tmz)IATn) =
We shall define
(7.15) H; = |E (¢ (Y(T))) - E (s (X)),

which by means of (7.10) and (7.12) we can rewrite as

Hy = |E(u(T,Y(T) - u(0,¥p))]

E ("2 {u(mas1,Yiy) —u (T,.,Y,f)}) l

For notational simplicity we shall henceforth omit the § superscript on the Y;?.
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From (7.14) we thus have

H;

np-1
'E( E [{U(Tn+1,Yn+l) -—u(‘l’n,Yn)}

n=0

—{u (g, X2 - "(’"’X::’Y")}])l

nr—-1
|E( S [@lrmtas Yorr) = u(ass, Vo)
n=0

_ {u (r,,_,,l,X,T:_'::") — u(Tat1, Yn)}])

In view of its differentiability we can expand u in z, thus obtaining

Hs = lE("i':l [‘_;_:_(,.”+l,yn) {(Y,,+1 -Y,) - (XZ:;’:" - Yn)}

n=0

10%u . 2
+§@(Tn+1,yn) {(Yn+1 -Ya)? - (Xr,'.'i’:" - Y,,) }

)

(Tn+1;Yn + on,Z (Z - Yn)) (Z - Yn)s

+Rn(Yn41) = Ru(X7m Y

where

1 8%u
Rn(2)= 3153
for some 0,z € (0,1). We can bound this expression using (7.5)—(7.9), the
polynomial growth of u, a, b and their derivatives and the moment estimates
of an Ito process given in Theorem 4.5.4. With all of the partial derivatives in
what follows evaluated at (7,4+1,Y,) we have

1 i
(7.16) l‘}fgﬂa

nr-1
. Bu Y,
< i 552 o (0= (e - 2) )
1|62 2
+3 5; E ((Yn+1 ~Y) ~ (X7t - Ya) IArn) + K AY 2)
nrl 314 Y, 1 Y,
. n+l — In
< lolﬂjl "E=o A, E( E E (—A—n— .A-r,.) - a(Tn,Yn)
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1]8%u (Yng41 — Y,)? 2

@
Oz

e
)

Ar“) - a(Tn) Yn)

nr—1 [
< 1 | {(

2
Yn+l - Yn
) 2 (e (2
1 ul’ (Yni1 — Yo)?
e (5]) 2 (o (S
nT—l

lim 3 ALK /e(6) < 1}{91"1( V() = 0.

n=0

-A'r,.) - b(Tn ’ Yn)2

IA

Thus the time discrete approximation Y% converges weakly to the given Ito
process. O

Exercise 9.7.5  Show that weak consistency reduces, roughly speaking, to the
consistency of a deterministic one-step scheme defined by (8.3.3) in the absence
of noise.

Exercise 9.7.6  Use conditional expectations and Theorem 4.8.6 to verify
that the correlation functions

C(t,t + h) = E(Xt Xt+h)

can also be approzimated by weak approrimations of X under appropriate as-
sumptions.

9.8 Numerical Stability

We saw in Section 3 of Chapter 8 that the consistency and convergence of a
deterministic numerical scheme alone are no guarantee that the scheme can be
used effectively for a given stiff differential equation. In addition, the propa-
gation of initial errors and roundoff errors must be kept under control. This
problem also arises for stiff stochastic differential equations, which are charac-
terized in the d-dimensional linear case (6.3.20)

m
dZ, = AZdt + )  B*Z, 0 dWf
k=1

by the relationship
Al > /\d’
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where A\g < Ag—; < ... < Ay are the Lyapunov exponents for this equation
defined in Section 3 of Chapter 6. This generalizes the deterministic notion
of stiffness in Section 3 of Chapter 8 to the stochastic context because the
real parts of the eigenvalues of the coefficient matrix of a deterministic linear
differential equation are its Lyapunov exponents. Thus, stochastic stiffness
also refers to the presence of two or more widely differing time scales in the
solutions. We note that a stiff linear ordinary differential equation is also stiff
in the stochastic sense.

More generally, we shall say that a stochastic differential equation such as

(6.3.19)

dX; =a(t, X;) dt+ 8 (¢, X;) 0 dW
k=1

is stiff if its linearized system (6.3.20) is stiff in the above sense. To handle stiff
stochastic differential equations, in particular, and error propagation, in gen-
eral, we need a counterpart to the deterministic concept of numerical stability
for stochastic numerical schemes.

Let Y® denote a time discrete approximation with maximum step size § >
0 starting at time ¢o at YJ, with Y denoting the corresponding approximation
starting at Y;?. We shall say that a time discrete approximation Y? is stochas-
tically numerically stable for a given stochastic differential equation if for any
finite interval [to, T there exists a positive constant Ag such that for each € >
0 and each 6 € (0,A,)

o b Pyt —-Yi|>¢) =0.
&0 |Y§—l}z’?|~0tosgligr (I t «I—f)

In addition, we shall say that a time discrete approximation is stochastically
numerically stable if it is stochastically numerically stable for the class of
stochastic differential equations for which the approximation converges to the
corresponding solution of the equation. For brevity we shall usually refer to
stochastic numerical stability as just numerical stability in the sequel.

It will turn out that nearly all the one step stochastic schemes proposed
in this book are numerically stable under sufficient smoothness and regularity
conditions on the drift and diffusion coefficients. By adapting the proof of
Theorem 4.5.3, the existence and uniqueness theorem, or of Theorem 9.6.2 it
is straight forward to show that the Euler method (1.3) is numerically stable
under the assumptions of Theorem 4.5.3.

Exercise 9.8.1  Show under the assumptions of Theorem 4.5.3 that the Eu-
ler method (1.3) is numerically stable.

PC-Exercise 9.8.2 Simulate the exact solution and the Euler approzima-
tion with step size 6 = A = 2=* corresponding to the same realization of the
Wiener process for the 1-dimensional stochastic differential equation
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Figure 9.8.1 The exact solution and Euler trajectory from PC-Exercise 9.8.2.

with Xo = 1 on the interval [0,T], where T = 1. Plot both paths on the same
X versust azes. Note that the ezact solution here can be simulated using the
correlated Gaussian random variables

Tn4l Tnt1
/ (e--“(’-’») - 1) dW, and / dw,.
Tn T

n

The propagation of an initial error will thus remain bounded on any
bounded interval for a numerically stable scheme. We emphasize that the
numerical stability criterion applies only to step sizes § > 0 that are less than
some critical value Ag, which will usually depend on the time interval [to,T7],
and the differential equation under consideration. This critical value may be
extremely small in some cases. From the above PC-Exercise we can see that
as the time interval [to, T becomes relatively large, the propagated error of
a numerically stable scheme, which is theoretically still under control, may, in
fact, become so unrealistically large as to make the approximation useless for
some practical purposes. For instance, when simulating first exit times we do
not know the appropriate time interval in advance and so must allow for an ar-
bitrarily large interval. In effect, we then need to control the error propagation
over the infinite time interval [¢g, 00), which will only be possible for particular
stochastic differential equations.
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To cover such situations we shall say that a time discrete approximation Y*
is asymptotically numerically stable for a given stochastic differential equation
if it is numerically stable and there exists a positive constant A, such that for

each € > 0 and § € (0,A,)

i i & _ vy
. _ > _
(8 2) |Y0‘—h}£’?|—oo 'IJlIoI;o P (‘oi}igT 'Yni Yntl = 6) 0,

where we have used the same notation as in (8.1).

PC-Exercise 9.8.3  Repeat PC-Ezercise 9.8.2 for the 1-dimensional
stochastic differential equation

ng = —5X¢ dt + de

with Xo = 1 on the interval [0, T], where T = 1.

Exercise 9.8.4 Show that the Euler method is numerically asymptotically
stable for the stochastic differential equation in PC-Ezercise 9.8.3.

As with the A-stability of deterministic differential equations, we can also
consider asymptotical numerical stability of a stochastic scheme with respect to
an appropriately restricted class of stochastic differential equations. We shall
choose the class of complex-valued linear test equations

(83) ng = A Xt dt + th,

where the parameter A is a complex number with real part Re(A) <0and Wisa
real-valued standard Wiener process. This represents a simple stochastic gener-
alization by including additive noise in the deterministic test equations (8.3.16)
used to test for the A-stability of deterministic schemes. In the stochastic case
the critical value A, will also depend on the parameter A. Obviously, we can
write (8.3) as a 2-dimensional Ito stochastic differential equation with linear
drift and constant diffusion coefficients in terms of the components (X, X3)
where X = X; +1X,. From Theorem 4.8.8 we know that (8.3) has an ergodic
solution when Re(A) < 0, which makes these equations a good choice of test
equations for situations involving additive noise.

Exercise 9.8.5  Write the complez valued equation (8.3) as a 2-dimensional
Ito stochastic differential equation in terms of the real and imaginary parts of
X and ).

Let us suppose that we can write a given scheme with equidistant step size
A = § applied to the test equations (8.3) with Re(A) < 0 in the recursive form

(8.4) YA, =Y2G(\A) + Z8,
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Figure 9.8.2 The exact solution and Euler trajectory from PC-Exercise 9.8.3.

forn =0, 1, ..., where G is a mapping of the complex plane C into itself and
the Z&, Z2, ... are random variables which do not depend on X or on the Y2,
Y2, .... Then, we shall call the set of complex numbers AA with

(8.5) Re(A) <0 and |G(AA)|< 1

the region of absolute stability of the scheme. From this region we can determine
the appropriate equidistant step size A such that an error in the approximation
by this scheme of a particular test equation from the class (8.3) will not grow
in subsequent iterations. Obviously, the scheme is asymptotically numerically
stable for such a test equation if AA belongs to the region of absolute stability.

The Euler scheme (1.3) with equidistant step size A > 0 for the stochastic
differential equation (8.3) is

Y41 =Y2(1+2A) + AW,.

Thus
IYnA - }-’nAl < |1 + ’\Aln |Y0A _Y0A| ’

where Y2 is the solution starting at Ys®. The additive noise terms cancel out
here, so we obtain the same region of absolute stability as in the deterministic



336 CHAPTER 9. STOCHASTIC APPROXIMATION

case. See (8.3.16) and Figure 8.3.1. The implicit Euler scheme
(8.6) YA, = Y2 +a(men, Yag) A+b(m, YY) AW,

takes the form
YA, =Y2+ YA, A+ AW,

for the test equation (8.3), from which we obtain
Y8 - 72 < 1= MAF™ v - 78

and the same region of absolute stability as for the deterministic implicit Euler
scheme (8.3.18). Thus, for any A with Re(A) < O the step size A > 0 can be
chosen arbitrarily large.

Generalizing the deterministic definition, we shall say that a stochastic sch-
eme is A-stable if its region of absolute stability is the whole of the left half
of the complex plane, that is if it consists of all AA with Re()\) < 0 and A >
0. Hence the implicit Euler scheme (8.6) is A-stable, but not the Euler scheme
(1.3). It is apparent that an A-stable stochastic scheme is also A-stable in the
deterministic sense.

The test equation (8.3) can be interpreted as a linearization of a damped
oscillator with noise added. In this sense A-stability is related to additive noise.
Various problems arise in the case of multiplicative noise. For instance, if we
apply the fully implicit Euler scheme

(8.7) YA =Y +a(tm41, VA1) A+b(Tag1, Vi) AW,

with Gaussian distributed AW, = W, _,, — W, to the 1-dimensional homo-
geneous linear Ito stochastic differential equation

ng = aXtdt+bXthV¢,

then we obtain
n—1 1

YA =YyA .
n =Y gl—aA—bAWk

However, this expression is not suitable as an approximation because one of its
factors may become infinite. In fact, the first absolute moment E(|Y,2|) does
not exist, as can be easily seen from Exercise 1.4.7. It seems then that fully
implicit methods involving unbounded random variables, such as (8.7), are not
practicable, except perhaps in special cases such as for a linear equation with a
strongly attracting drift and a very weak noise intensity. As we shall see later,
we need to use random variables such as AW, in strong approximations so
in this book we shall concentrate on implicit strong approximations that have
implicit coefficients only in the nonrandom terms. In contrast, for weak approx-
imations we need only use bounded random variables to obtain convergence, so
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fully implicit weak approximations are generally possible. An example is the
scheme

(8-8) YnA+1 = YnA +a (Tn+l’ YnA-H) A+b (Tn+1r YnA-H) AW"

where @ = a — bb’ and the AW,., n =0, 1, ... are independent two-point
distributed random variables with

(8.9) P (AW, = +VA) = %

Obviously, the |AW,,| are bounded by VA, whereas the Gaussian distributed
increments AW, are unbounded. We note that the drift a in the scheme (8.8)
has been adjusted so that the resulting scheme is consistent.



Chapter 10
Strong Taylor Approximations

In this chapter we shall use stochastic Taylor expansions to derive time dis-
crete approximations with respect to the strong convergence criterion, which
we shall call strong Taylor approximations. We shall mainly consider the corre-
sponding strong Taylor schemes, and shall see that the desired order of strong
convergence determines the truncation to be used. To establish the appropri-
ate orders of various schemes we shall make frequent use of a technical lemma
estimating multiple Ito integrals. This is Lemma 10.8.1, which is stated and
proved in Section 8 at the end of the chapter, although it will be used earlier.

10.1 Introduction

To simplify our notation in this and in the following chapters, we shall use the
following operators, which were introduced in Chapter 5:

8 d 5 1 d m
o_ 2 k_ - i phi
(1.1) L _6t+Z=: oF 2;; b9 — (%,,
(7] 0
k=1
and
|
(1.3) F=0[=) —
k=1 z
forj=1,2,..., m, where
1 m
kE_ k i pk.j
(14) a"=a —ijz_;LJb v

for k=1,2,...,d. In addition, as in Chapter 5, we shall abbreviate multiple
Ito integrals by

Tn41 82 X .
@ onn= [ [y avy

and multiple Stratonovich integrals by

Tn41 82 N .
(1.6) JGr,enit) =/ / odWj} --- o dW]!
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for ji, .., 1€{0,1,...,m},l=1,2,...and n =0, 1, ... with the convention
that

(1.7) VV,0 =1
for all £ € R*. We shall also use the abbreviation
f= f(Tn, Yn),
for n = 0, 1, ..., in the schemes for any given function f defined on Rt x R9,

and usually not explicitly mention the initial value Yy or the step numbers n
=0,1,....

If we refer to the order of convergence of a scheme in this chapter, we shall
mean the order of strong convergence (9.6.3) of a corresponding time discrete
approximation. Finally, we shall always suppose that the Ito process X under
consideration satisfies the, in general, nonautonomous stochastic differential
equation

t m t
(1.8) X =Xo+/ a(s,X,)ds+Z/ Y (s, X,) dW?!
in Ito form or

11 m t
(1.9) X,=X0+/ g(s,X,)ds+Z/ ¥ (s, Xs) 0 dW?

in its equivalent Stratonovich form, for ¢t € [0, T].

10.2 The Euler Scheme

We shall begin with the Euler scheme, also called the Euler—-Maruyama scheme,
which we have already looked at in Chapter 9. It represents the simplest strong
Taylor approximation and, generally, as we shall see, attains the order of strong
convergence v = 0.5.

In the 1-dimensional case d = m = 1 the Euler scheme has the form

(2.1) Yos1 =Y. +aA+0AW,
where
(2.2) A =141 — 1 = I(0) = J(0)

is the length of the time discretization subinterval [r,,7,41] and

(2.3) AW =W,

T4l

-W,,

is the N(0; A) increment of the Wiener process W on [7,, Tn1]-
In the multi-dimensional case with scalar noise, d = 1, 2, ... and m = 1,
the kth component of the Euler scheme is given by



10.2. THE EULER SCHEME 341

(2.4) Y, =YE+ad A+ AW,
for k =1, 2, ..., d, where the drift and diffusion coefficients are d-dimensional
vectors a = (a!, ..., a%) and b = (b, ..., b%). We note that the different

components of the time discrete approximation Y are coupled through the
drift and diffusion coefficients, as in the corresponding stochastic differential
equation (1.8).

For the general multi-dimensional case with d, m = 1, 2, ... the kth com-
ponent of the Fuler scheme has the form

(2.5) Yo =Y+t A+ ) b5 AW
j=1

Here

(2.6) AW =Wi . - Wi =15 =Jj

is the N(0; A) distributed increment of the jth component of the m-dimensional
standard Wiener process W on [r,,7,41], and AW/t and AW/2 are indepen-
dent for j; # j2. The diffusion coefficient b = [b¥/] is a d x m-matrix.

The Euler scheme (2.5) obviously corresponds to the truncated Ito-Taylor
expansion containing only the time and Wiener integrals of multiplicity one,
so an Euler approximation can be interpreted as an order 0.5 strong Ito-Taylor
approximation. See (5.5.3).

PC-Exercise 10.2.1  Determine ezplicitly the 1-dimensional Ito process X
satisfying

1
dX; = _§X, dt + X, dW}! + X, dW?

on the time interval [0,T) with T = 1 for the initial value X = 1, where W?
and W? are two independent standard Wiener processes (see (4.4.59)). Then
simulate M = 20 baiches each of N = 100 trajectories of X and their Euler
approzimations corresponding to the same sample paths of the Wiener processes
with equidistant time steps of step size A = 273, Determine the 90%-confidence
interval for the absolute error € at time T; see PC-Ezrercise 9.3.5. Repeat the
calculations for step sizes 2=*, 27° and 27, and plot log, ¢ against log, A.

In Theorem 10.2.2 below, we shall show, assuming Lipschitz and linear
growth conditions on the coefficients a and b, that the Euler approximation
has the order of strong convergence 4y = 0.5, as is suggested by the slope 0.5
of the curve in Figure 10.2.1. In special cases the Euler scheme may actually
achieve a higher order of strong convergence. For example, when the noise is
additive, that is when the diffusion coefficient has the form

(2.7) b(t,z) = b(t)
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for all (t,z) € Rt x R4 and under appropriate smoothness assumptions on a
and b it turns out that the Euler scheme has order of strong convergence v =
1.0. See Theorem 10.3.4.

Usually the Euler scheme gives good numerical results when the drift and
diffusion coefficients are nearly constant. In general, however, it is not partic-
ularly satisfactory and the use of higher order schemes is recommended.

Theorem 10.2.2  Suppose that

(2.8) E (|Xo[?) < oo,

(2.9) E (|X0 - Y(,"[z)l/2 < K, 612,

(2.10) la(t, z) — a(t,y)| + [b(¢, z) — b(¢, )| < K2 |z -y,
(2.11) la(t, z)| + b(¢, z)| < K3 (1+ |z])

and

(2.12) la(s,z) —a(t,z)| + |b(s,z) — b(t,z)| < K4 (1 + |z|) |s — t|1/2

for all s, t € [0,T] and z, y € R?, where the constants K, ..., K4 do not
depend on §. Then, for the Euler approzimation Y the estimate
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(2.13) E(|XT - Y*(T)|) < K562
holds, where the constant K5 does not depend on 6.

Proof In view of the Lipschitz condition (2.10) and the linear growth condi-
tion (2.11), it follows from estimate (4.5.16) for the Ito process X that

(2.14) E'( sup |X,|? |.Ao) <G (1+ |Xo|2).

0<s<T

By arguments analogous to those in the proof of (4.5.16) and Lemma 10.8.1 we
can also show

(2.15) E( sup |Y4(s)|” I.Ao) <G (1+v),
0<s<T

where the constant Cy does not depend on 6, for the Euler approximation Y
interpolated continuously by

t m t
(2.16) Y"(t):Y,f+/ a(m,Y?) ds+2/ ¥ (Tn, YY) dW!
Tn j—l Tn

fort € [rn, 41}, =0,1, ...
Then, from (1.8) and (2.16) we obtain

(2.17) Zt) = E ( sup |X, —Y"(s)|2 le>
0<s<t
< Gs {IXo - Y(,"I2 + E (Rfj) +59 4 Tt(j)) } ,
j=0

where the terms being summed will be defined below and upper bounds deter-
mined for them. From (2.10), (5.2.6), (5.3.3) and Lemma 10.8.1 we have

n,—1
2.18 R(j) = E( I i) (Tny X5 ) — S5 "’Y6
( ) R: Ozlirs’t ,.2=<:) ) [f(;)(T )~ fG) (T ")]Tu."'n+1

2 |A0)

+) [y (T X)) = Sy (s Y2l

t 2
< Gy /0 E(o?.‘;’., £y (7ass Xra,) = ) (Tasn ¥a,) |Ao) du
t
< Cy4K2 / Z(u) du
0
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for each j = 0,..., m and t € [0,7]. Further, from Theorem 4.5.4 and Lemma
10.8.1 we obtain

ne—1

Z I(J) [f(J) (T"’X"n) f(J (T"’X )]-r,, Ti41

)

(2.19) Ssj) = E( sup
0<s<t

+) [fi) (T X5,) = fiiy (1, X)),

t
05/ E( sup | X, — X,|’ IAO) du
0 0<s<u

Cs (1 + |Xo|2) )

IN

IN

for each j = 0, ..., m and t € [0,7T]. Finally, it follows analogously that

n,—1

E I(J) f(J)(TmX)_f(J)( X)]Tm"'n+l

n=0
2 IAO>

(2.20) T,(j) = E( sup

0<s<t

+gj) [Fi) (T X) = f5y X)),

IN

Cr (1 + lXolz) é
for each j = 0,...,mandt € [0,T].

Combining (2.18) to (2.20) we have
t
(221)  Z(O) < Cs [Xo = Y4 +Cs (1+1X[) 6+ G / Z(u) du,
0

to which we apply the Gronwall inequality (Lemma 4.5.1) to obtain
2
(2.22) 2(t) < Cro {|X%o = Y¢|" + (1 + 1XoP*) &}

for each t € [0,7). The conclusion of the theorem then follows immediately
from the definition (2.17) of Z(t). O

Remark 10.2.3 In the above proof we have, in fact, proven a stronger result
than that asserted in the theorem, namely we have established a uniform error
bound over the whole time interval [0,7] rather than an error bound at just
the final instant T
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10.3 The Milstein Scheme

We shall now examine a scheme proposed by Milstein, which turns out to be
an order 1.0 strong Taylor scheme.

If, in the 1-dimensional case with d = m = 1, we add to the Euler scheme
(2.1) the term

1
bbl I(l,l) = 5 bb, {(AW)2 - A}
from the Ito-Taylor expansion (5.5.3), then we obtain the Milstein scheme

(3.1) Yoi1 =Y,,+aA+bAW+%bb'{(AW)2—A}

We note that we obtain the same scheme from the truncated Stratonovich-
Taylor expansion (5.6.3) with the hierarchical set A = {v, (0), (1), (1,1)}, that
is

Yot1 =Y, +gA+bAW+%bb’(AW)2

where

l /
_a__a—2bb.

Exercise 10.3.1  Show that the Milstein scheme (3.1) is strongly consistent
for bounded bb’.

In Theorem 10.6.3 we shall prove that the Milstein scheme has the order of
strong convergence ¥ = 1.0 under the assumption that a € C1'}(R* xR9) and
b € CL2(R* xR9). Thus, with the addition of just one more term to the Euler
scheme to form the Milstein scheme we increase the strong convergence order
from ¥ = 0.5 to 4 = 1.0. The strong order ¥ = 1.0 of the Milstein scheme
corresponds to that of the Euler scheme in the deterministic case without any
noise, that is with b = 0. See Section 1 of Chapter 8. The additional term
in the Milstein scheme marks the point of divergence of stochastic numerical
analysis from the deterministic. In this sense we can regard the Milstein scheme
as the proper generalization of the deterministic Euler scheme for the strong
convergence criterion because it gives the same order of strong convergence as
for the deterministic case.

PC-Exercise 10.3.2  Consider the Ito process X salisfying the linear
stochastic differential equation

dX¢ = an dt + bXt th
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