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Abstract

Diffusion models are state-of-the-art generative
models on data modalities such as images, audio,
proteins and materials. These modalities share
the property of exponentially decaying variance
and magnitude in the Fourier domain. Under the
standard Denoising Diffusion Probabilistic Mod-
els (DDPM) forward process of additive white
noise, this property results in high-frequency com-
ponents being corrupted faster and earlier in terms
of their Signal-to-Noise Ratio (SNR) than low-
frequency ones. The reverse process then gen-
erates low-frequency information before high-
frequency details. In this work, we study the in-
ductive bias of the forward process of diffusion
models in Fourier space. We theoretically analyse
and empirically demonstrate that the faster nois-
ing of high-frequency components in DDPM re-
sults in violations of the normality assumption in
the reverse process. Our experiments show that
this leads to degraded generation quality of high-
frequency components. We then study an alter-
nate forward process in Fourier space which cor-
rupts all frequencies at the same rate, removing
the typical frequency hierarchy during generation,
and demonstrate marked performance improve-
ments on datasets where high frequencies are pri-
mary, while performing on par with DDPM on
standard imaging benchmarks.

1. Introduction

Diffusion models are the state-of-the-art generative model
on data modalities such as images (Rombach et al., 2022;
Baldridge et al., 2024), videos (Brooks et al., 2024; Ho et al.,
2022; Blattmann et al., 2023), proteins (Watson et al., 2023;
Lewis et al., 2024), and materials (Zeni et al., 2023). They

excel on a wide range of tasks and applications on these
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modalities, such as generating high-resolution images and
videos given a text prompt (Rombach et al., 2022), sampling
the distribution of conformational states of proteins (Lewis
et al., 2024), or generating novel materials under property
constraints (Zeni et al., 2023). Why do diffusion models
work so well on these modalities, possibly even surpassing
the performance and efficiency of autoregressive models?

In this work, we study this question via the forward (or nois-
ing) process of diffusion models in Fourier space. The for-
ward process of standard diffusion models such as DDPM
(Song et al., 2020a) corrupts data by progressively adding
white Gaussian noise until all information is destroyed.'
Diffusion models then learn a denoiser which reverses this
forward process by starting from Gaussian noise and iter-
atively refining it to approximate the original data (Song
et al., 2020b; Sohl-Dickstein et al., 2015).

While one might assume that the forward process destroys
all information in data uniformly, this is not the case. In
fact, for the modalities mentioned above, a DDPM forward
process does not treat all frequency components equally.
These modalities have in common that they exhibit a power
law in their Fourier representation: low-frequency com-
ponents have orders of magnitudes higher variances (and
magnitudes) than high-frequency components (see Fig. 1
[left], (Van der Schaaf and van Hateren, 1996)). This data
property has two important implications: The DDPM for-
ward process noises high-frequency components both sub-
stantially earlier (Rissanen et al., 2022), and faster than
low-frequency components (see Fig. 1 [centre]), which we
will discuss in § 2 and theoretically characterise with the
Signal-to-Noise Ratio (SNR) (see Definition 4). Intuitively
speaking, the forward process in DDPM corrupts the high
frequency information—the fine details such as edges—in
fewer timesteps than low-frequency features, such as the
larger structures and overall colour of an image (see Fig. 4
for an illustration). What is the inductive bias of this for-
ward process on the learned reverse process?

In theory (i.e. with unlimited resources and arbitrarily ac-
curate estimates of the scores of the noised distributions),
diffusion models can learn to express any continuous distri-

'White noise has equal variance across all frequency compo-
nents.
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Figure 1: [Left] The Fourier power law observed in (top-left) images (Krizhevsky et al., 2009), (top-right) videos (Kay
et al., 2017), (bottom-left) audio (Tzanetakis, 1999), and (bottom-right) Cryo-EM derived protein density maps (wwPDB
Consortium, 2023). [Center] A DDPM forward process on these modalities noises high-frequency components substantially
faster (SNR changes more per time increment), and earlier than low-frequency components. [Right] The alternate EqualSNR
forward process noises all frequencies at the same rate, disrupting DDPM’s generation hierarchy. The GIFs are best viewed

in Adobe Reader.

bution (see for e.g. Theorem 2 in (Chen et al., 2023)). In
practice, however, diffusion models are constrained, for in-
stance by a limited number of intermediate steps (discretisa-
tion) and the expressiveness of the neural network (score es-
timation), resulting in approximation errors. Since DDPM
applies noise more aggressively to high-frequency compo-
nents, corrupting them in fewer steps, we hypothesise that
their approximation error is larger, resulting in a lower gen-
eration quality. As a result, DDPM prioritises low-frequency
components within its resource constraints.

The forward process also imposes a hierarchy of the fre-
quencies during generation: as the generative process learns
to reverse the forward process (which in DDPM and on the
modalities of interest noises high frequencies before low
frequencies), the reverse process generates low frequencies
first, and generates high frequencies conditional on low fre-
quencies (see Fig. 4 for an illustration). Previous work has
observed this phenomenon of a soft-conditioning or “ap-
proximately autoregressive” generation in DDPM diffusion
models (Dieleman, 2024; Gerdes et al., 2024), drawing an
important parallel with Large Language Models (LLMs).
However, in spite of this ‘hidden structure’ in diffusion mod-
els, we lack understanding of the degree to which it is essen-
tial. Can diffusion models also generate all frequencies at
the same rate, i.e. without any hierarchy (see Fig. 1 [right]),
and how does this perform? Can we also generate high-
frequency details first, then low frequencies conditional on
them (see Fig. 16 in App. B)?

In this work, we study the forward process of diffusion
models on data exhibiting the Fourier power law and its
effect on the learned reverse process in Fourier space. We
theoretically and empirically analyse the impact of noising

rate and hierarchy on the assumptions of the reverse process,
and in turn on generation quality in diffusion models. We
organise our contributions as follows:

* In § 2, we formally describe the DDPM forward process
and define the SNR. We observe that this forward process
results in a non-uniform rate of noising across frequen-
cies: specifically, high-frequency components are noised
faster (in the sense that the SNR descreases more per time
increment) and earlier (in the sense that the SNR of high-
frequency components is smaller than the SNR of low-
frequency components at all timesteps).

* In § 3, we theoretically explain and empirically demon-
strate that faster noising as measured by SNR of high-
frequency components violates the Gaussian assumption
in the backward process, leading to worse generation qual-
ity for these frequencies. We then propose a framework
for forward processes based on frequency-specific SNR,
including a training and sampling algorithm, a loss based
on the Evidence Lower Bound (ELBO), and a mutual cal-
ibration procedure. In particular, we explore a variance-
preserving forward process which noises all frequencies
at the same rate (EqualSNR), disrupting the usual genera-
tion hierarchy in DDPM.

e In § 4, we demonstrate that EqualSNR performs on-par
with DDPM on standard image benchmarks. Addition-
ally, it improves the generation quality of high frequen-
cies, and consequently the performance of diffusion mod-
els on datasets where high frequencies are dominant. In
particular, we show that for DDPM, the high-frequency
components of generated images can be distinguished ‘by
eye’ from the high-frequency components of the original
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data. In fact, a simple logistic regression classifier trained
on two summary statistics of high-frequency components
can discriminate DDPM-generated images from real im-
ages, while the same classifier performs poorly for Equal-
SNR. This has important implications for generative mod-
elling tasks where high-frequency details are of core inter-
est, such as in astronomy or medical imaging, and for the
generation of more realistic DeepFake data.

2. Background: a spectral analysis of DDPM

In this section we recall the DDPM forward process and
analyse how it affects the frequencies of a signal, showing
that high-frequencies are corrupted faster, and substantially
earlier than low-frequency ones. This effect can be quanti-
fied in terms of the Signal-to-Noise Ratio (SNR). All proofs,
further theoretical results, and an extended exposition of our
theoretical framework are deferred to App. A.

The DDPM forward process. Given a data point xy €
R? drawn from the data distribution whose density is given
by p(xg), the DDPM forward process (Ho et al., 2020) gen-
erates a sequence of latent variables {x; }7_, which satisfy
the following transitions:

q(x¢|xi—1) =N (Xt; VI—axi g, OétI) ) (H

where a; controls the amount of (white) noise added at
each timestep ¢, which is equal for all data dimensions. The
marginal distribution of x; given x¢ is then obtained in
closed form:

Q(Xt|X0) = N (Xta @X07 (1 - a1‘/)1) ’ (2)

with@, =[], (1 -

Xt:\/a;tx0+vlfat67 ENN(OaI)v (3)
—_—— ——

noise

as). This can be reparameterised as

signal

where the first term on the right-hand side is the (scaled)
signal, the second term is the (scaled) noise.

DDPM corrupts high-frequencies faster and earlier. In

this paper, we focus on data modalities where diffusion mod-
els achieve state-of-the-art performance, such as images,
video, proteins, and materials. These modalities share the

property that—when viewed in their Fourier representation—
their signal variance (and magnitude) decays with frequency

by orders of magnitude (see Fig. 1 [left]). We call this

data property the Fourier power law henceforth, which has

for the example of images been previously noted in several

works (Van der Schaaf and van Hateren, 1996; Hyvérinen

et al., 2009; Rissanen et al., 2022). This property has two im-
plications that we study in this work: fine details (high fre-
quencies) are corrupted 1) faster, and 2) before larger struc-
tures (low frequencies) during the forward process (Kingma

and Gao, 2024).

To see this, we can view the DDPM forward process equiv-
alently under a change of basis to the Fourier space, a ba-
sis which has been of interest in the diffusion community
(Dieleman, 2024; Gerdes et al., 2024) (see § 5 for a discus-
sion). This is accomplished by applying the Fourier trans-
form F to the latent variables x; as:

yi = Fx; = F(Vaixo) + F(V/1 — aze)

=V atFXO —+ v 1-— @tFe (4)
—_—
signal s noise n

by linearity, and n ~ CA/(0, F(1—a;)IFT) = CN(0, (1—
@;)I), where FT is the adjoint of F and noting that y; is
complex-valued (see App. A for details on this calculation).
Since F is invertible, there is a one-to-one correspondence
between a DDPM forward process in Euclidean (or pixel)
space in Equation (3) and in Fourier space in Equation (4),
rendering these equivalent, alternative viewpoints.

Signal-to-Noise Ratio. We can quantify the corruption of
the signal with the Signal-fo-Noise Ratio (SNR).
Definition 1 (Signal-to-Noise Ratio). Let s and n be two
random variables with realisations in C, and f(s,n) =
s+ n be a measurement process. The Signal-to-Noise Ratio
(SNR) is defined as

_ Varls]
~ Var[n]’
where Var(s) := Var(Re(s)) + Var(Im(s)) (and likewise

for n). For d-dimensional random vectors s, n, we abuse no-
tation and define SNR(f) entry-wise: SNR(f); = SNR(f;).

SNR(f) Q)

We can now compute the SNR of (y;); in Equation (4), i.e.
the SNR of frequency ¢ at timestep ¢ as
a,C;

sPPPM(3) .= SNR((y,):) = 1—a’ ©

where C; := Var((yg);) represents the signal variance of
frequency ¢ which decays rapidly with frequency for our
data modalities of interest. Equation (6) lets us formalise
the two implications of the Fourier power law property: The
SNR of low frequencies is orders of magnitudes higher than
the SNR of high frequencies at all timesteps under a DDPM
forward process (see red line in Fig. 1 [middle] for an ani-
mation) (Kingma and Gao, 2024; Dieleman, 2024). Infor-
mally speaking, a DDPM forward process does not ‘noise
all frequencies equally’. Relative to the signal, the white
noise of the DDPM forward process, which is equal for all
frequencies, corrupts high-frequency information faster, i.e.
in fewer timesteps. The SNR of high-frequency components
changes more rapidly per time increment compared to low-
frequency components.

It further imposes a hierarchy onto the forward process
where high frequencies attain a low SNR much earlier than
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Figure 2: Comparing the SNR (dB scale) for DDPM and the alternate EqualSNR in Fourier space. In the forward process,
SNR is computed as a Monte Carlo estimate of Eq. (5) on CIFARI1O0 (referring to App. B for details on the reverse process).

low frequencies. As the generative process of diffusion mod-
els reverses the forward process, low-frequencies are gen-
erated earlier than high-frequencies, which can be viewed
as being generated conditional on the former (see Fig. 4 for
an illustration). In this work, we analyse the effect of the
faster and earlier noising of high frequency information in
DDPM on the learned reverse process and its generative per-
formance. In preview of our experimental results, we will
demonstrate that high-frequencies generated with DDPM
are of poor quality, and show that an alternate forward pro-
cess (EqualSNR) alleviates this issue. This has important
implications for applications where high-frequency details
are the key modelling objective, such as astronomy or medi-
cal imaging, and DeepFake technology.

3. Fast noising disrupts high-frequency
generation: alternate forward processes

In this section, we theoretically and empirically investigate
the consequence of our observation in § 2 that high fre-
quencies are noised faster than low frequencies in DDPM.
Specifically, we will show that under limited resources, the
Gaussian assumption of the reverse process is violated for
high-frequency components. We then propose an alternate
forward process in Fourier space and corresponding train-
ing and sampling algorithm which alleviates the issue. In
§ 4, we will experimentally investigate the effect of this vio-
lation on generation quality.

3.1. Faster noising of high frequencies violates the
Gaussian assumption in their reverse process.

The stochastic reverse process of DDPM, which we con-
sider first, iteratively denoises a (Fourier-transformed) it-
erate y; by sampling from the learned reverse process dis-

tribution py(y;—_1|y:) which approximates the intractable
distribution ¢(y:—1 | yt). A key assumption of the DDPM
reverse process is that the distribution ¢(y:—1]y:) is Gaus-
sian, leading to the design choice that py(y:—1]y¢) is Gaus-
sian. In the limit of the total number of timesteps 7" tending
to infinity, ¢(y:—1|y:) is known to converge to a Gaussian
(Feller, 1954). However, in the practical setting of having a
finite number of discretisation steps, this assumption only
holds if the Gaussian noise added in the forward process
q(y+|yt—1) is small enough relative to the signal variance.
Under a DDPM forward process on data modalities with
the Fourier power law, which adds noise of equal variance
to all frequencies but has orders of magnitudes smaller sig-
nal variance in the high frequencies, i.e. a faster noising of
the high-frequency components (see § 2), this may lead to
significant violations of the Gaussian assumption in high-
frequency components.

To see this formally, we first apply Bayes rule:

Q(Yt|Yt71)q(yt71)
q(yt)

q(yi-1lye) = . (7)
We note that if the Gaussian distribution ¢(y;|y;—1) has a
large variance relative to ¢(y:—1) and ¢(y;), which is the

case for high frequencies in DDPM (see § 2), fluctuations

a(ye—1)
q(yt)
q(yi—1|y+). We formalise this intuition in Proposition 1.

‘We state the informal version here, with the formal version
shown in App. A.6.

in the quantity

are more apparent in the distribution

Proposition 1 ((Informal) Counterexample to normality of
q(yi—1ly+)). There is a choice of sufficiently small posi-
tive constants 9, T such that the following holds. Let Dy =
IN(-1, 8%) + L N(1, 6%); and x—1 ~ Dy and let & ~
N(0,4). Then for the forward update, x; = x;_1 + €. The
corresponding reverse distribution q(X¢—1|x¢) is at least a

[9p] NS
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Figure 3: Fast noising of high frequencies leads to violations of normality in the DDPM reverse process. We plot Monte
Carlo estimates of ¢(y:) = Ey,~q(y,)?(¥¢|yo) (and similarly for ¢(y; 1)) as histograms.

constant away in total variation distance from any Gaus-
sian.

Proposition 1 provides a counterexample to the assumption
that the reverse process can be arbitrarily well-approximated
by a Gaussian. It shows that starting with a mixture of two
sufficiently separated Gaussians, if we add sufficiently large
variance noise, then the distribution ¢(y;—1|y:) is a constant
away from any Gaussian (in fact, it also looks like a mixture
of two Gaussians). These deviations lead to errors in the
reverse process which can accmulate across time (Li and
van der Schaar, 2023). For instance, in the case of CIFAR10
data, this happens for high frequencies since the variance of
the noise added to the high frequency components is much
higher relative to the variance of the data. For low frequency
components on the other hand, since the variance of the data
is large, this phenomenon does not occur.

In Fig. 3 [left] we verify our theoretical analysis empiri-
cally for DDPM on CIFAR10. We estimate ¢(y;—1|y:) (pur-
ple) via Bayes rule through Equation (7) for a [top] low
frequency and [bottom] high frequency, focusing on the
real component, one image channel and time step ¢t = 1
(see App. B Figs. 9 to 14 for further plots). We observe
that in DDPM, relative to the variance of the noisy signal
q(y:) and q(y:—1), the Gaussian ¢(y¢|y:—1) has low vari-
ance for the low frequency components (as can be seen
by the sharp peak), and a significantly larger variance for
high frequencies. This results in violations of the Gaus-
sian assumption for the posterior ¢(y;—1|y) of high frequen-
cies, while low frequencies approximately follow a Gaus-
sian distribution. We can quantify this in terms of the KL-
divergence, observing that it is orders of magnitudes higher
for high-frequencies (1.8 x 10~2) than for low-frequencies
(3.1 x 10™%). Note that while the violations are small, re-
sulting errors may accumulate across timesteps in the re-
verse process, adding up to a significant distortion in the
final sample (Li and van der Schaar, 2023).

3.2. Alternate forward processes

In the following and throughout our experiments in § 4 we
study an alternate forward process which we call Equal-
SNR where the SNR of all frequencies is the same at every
timestep. In App. A we also define FlippedSNR, a forward
process where the SNR of the i frequency is the same as
the SNR of the (d — i)™, and which hence inverts the fre-
quency hierarchy of DDPM during generation. EqualSNR
investigates two questions: first, it noises all frequencies
at the same rate. Recalling our analysis of the aggresive-
ness of noising in § 3.1, in ESNR we enforce the ratio of
the variance of q(y;|y:_1) and the variance of qé(,t' j)l) to be
equal for all frequencies at each timestep. We can here com-
pute the Monte Carlo estimate of ¢(y:) and ¢(y:—1) via the
push-forward in Equation (8). Fluctuations in q(q}(,':'i)l)
affect all frequencies equally, and the Gaussian assump-
tion of the reverse process in high-frequency components is
no longer violated with similar distribution distances (see
Fig. 3 [right]; KL for low frequencies: 1.0 x 1074, com-
pared to high frequencies: 1.3 x 10~%), overcoming this is-
sue of DDPM. Second, both EqualSNR and FlippedSNR
address the question whether low-to-high frequency genera-
tion is essential in diffusion models: EqualSNR, which we
will focus on in § 4, generates samples without any hierar-
chy among the frequencies, while FlippedSNR inverts the
hierarchy of DDPM, generating frequencies from high to
low. We now formalise this.

hence

Definition 2 (EqualSNR process in Fourier space). Let
C; = Var[(yo):] represent the coordinate-wise variance
in Fourier space, and let € ~ CA(0,Y). Suppose the for-
ward process in Fourier space is given by y; = v/a;yo +
v/ 1 — @ ex, with the SNR at timestep ¢ and frequency ¢ de-

fined as s;(i) = % This implies:

1. DDPM: The forward process for DDPM has SNR
SPDPU(j) — BiC

2. Equal SNR: The forward process has equal SNR across

all coordinates if and only if X;; = cC;, where c is a uni-
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versal constant. The process is coordinate-wise ‘variance-
preserving’ (as in (Song et al., 2020b)) when ¢ = 1. 2

Note that we define the forward processes through their
frequency-specific SNR s;(7) at time ¢, not the mixing co-
efficients (e.g. &), illustrated in Fig. 2 (together with a
proxy-SNR for the reverse process, see App. B for details).
This is advantageous as it allows us to straight-forwardly ap-
ply such a forward process to high-resolution data without
modification (in contrast to related work (Hoogeboom et al.,
2023) where, in order to preserve the per-timestep SNR,
they have to explicitly account for an adjustment to the mix-
ing weights when generating high-resolution images). In
the following, we summarise key framework components to
train diffusion model in Fourier space with these alternate
forward process, referring to App. A for details.

Algorithm 1 Training algorithm (Fourier space noise)

Input: Data samples S := {xél) } |, number of diffusion
steps 7', noise schedule {a@; }7_;, neural network fy,
number of training iterations M.

C := Diag(Cov(y)) for M training iterations do

Sample xg ~ S,y = Fxo,t ~ Uniform(1,...,7T),

for/zevery Jj € 1d/2], (e¢); = (ec)a—j and (ec); ~
C\% (e + i€") where €, ¢’ ~ N(0,1).
Fourier forward process: y; = v/a;yo + 1 — @; €c.
Predict sample: ¥ = (F o fo)(F~1(y;),1).
Compute loss £; = ||C™Y2(yo — y0)||%.
Update 6 using gradient descent on L;.

Training algorithm and ELBO. Algorithm 1 allows to
train diffusion models with the alternate forward processes
in Fourier space (in the variant predicting the clean sam-
ple). A key difference to standard DDPM training is that
the noise and the difference in the loss £; are scaled by the
signal variances C'/2 in Fourier space. Proposition 2 in
App. A proves that £; is an ELBO. To ensure a fair com-
parison with standard diffusion models, we train the neural
network fy (typically a U-Net (Ronneberger et al., 2015) in
Euclidean/pixel space to maintain its inductive bias.

Sampling algorithm. Algorithm 2 adapts the Denois-
ing Diffusion Implicit Models (DDIM) sampling algorithm
(Song et al., 2020a) to Fourier space. We note that while our
analysis of the normality assumption in § 3.1 was for the
stochastic reverse process of DDPM, even though DDIM is
deterministic, a similar property holds here, which results
in poor generation quality for faster noised frequencies.

’If we require that ¥ = ¢Cov(yo), the equal SNR property
holds across all bases (see App. A.5).

Algorithm 2 Sampling algorithm (DDIM in Fourier space)

Input: Input noise yr := ec where for every j € [d/2],
1/2

(ec)j = (ec)a—jzand (ec)j ~ %(6 + i€') where
€,¢ ~ N(0,1), neural network fy, noise schedule
{@;}I_ |, sampling steps 7.

for ¢t from T to 1 do

L Predict sample: y(()t) = (Fo fo)(F~(y), t).

— ~ 1—ay— — A
yi-1 = \/at—ly(()t) + ﬁ(}’t - \/Oét}’(()t))~
return F~1y (",

Calibration. To compare performance across different
forward processes, we calibrate them by ensuring that the
average SNR across frequencies at any given timestep is the
same. This means that the average amount of information
destroyed across frequencies at timestep ¢ is the same across
these processes. We refer to App. A.3 for how to realise
the calibration with an appropriate choice of the mixing
coefficients ¢.

4. Experiments

In this section, we experimentally study the effect of the rate
of noising in DDPM and EqualSNR on generation quality
in Fourier space.

Experiment setting. We use three natural imaging
datasets, a modality which exhibits the power law property
in their Fourier representation, of different resolution: CI-
FAR10 (32 x 32), CelebA (64 x 64), and LSUN Church
(128 x 128). Furthermore, we use synthetic, high-frequency
datasets which are described in the corresponding sections.
We use a standard U-Net architecture throughout our exper-
iments (Ronneberger et al., 2015). App. B provides addi-
tional experimental details and results.

The reverse process learns to mirror its forward. To
provide intuition, we begin by analysing the effect a for-
ward (noising) process has on the reverse (generation) pro-
cess in Fourier space. In Fig. 4 we illustrate the forward and
backward process for a single image for DDPM and Equal-
SNR schedule in pixel and Fourier space between ¢ = 0 and
t = T/2 (see App. B Figs. 22 to 27 for the full time interval,
further examples and other datasets). In DDPM, the low-
and high-pass filtered images (rows 3 and 4; details on the
calculation in App. B) show that the high frequency infor-
mation is lost early on during the forward process. This en-
forces the reverse process to generate low frequencies first,
and complete high frequency information only at the very
end of the reverse process. In contrast, in EqualSNR the low-
and high-pass images are corrupted at the same rate, which
enforces the reverse process to learn to generate all frequen-



A Fourier Space Perspective on Diffusion Models

DDPM

Forward process

Reverse process

Equal SNR (calibrated)

Forward process Reverse process

t=T/2

t=0 t=T/2

t=0 t=0

t=T/2 t=T/2 t=0

Figure 4: The forward process controls when frequencies are generated in the reverse process. We visualise the forward and
backward process of [left] DDPM and [right] EqualSNR in pixel space (rows 1,3,4) and Fourier space (magnitudes; row 2).
Rows 3 and 4 are low- and high-pass filters of the (noisy) image. DDPM noises high-frequency components first and hence
generates them last, while EqualSNR noises and generates all frequencies at the same time.

Table 1: EqualSNR performs on par with DDPM.We measure performance using Clean-FID ({) (Parmar et al., 2022).

CIFAR10 (32 x 32)
T 50

CelebA (64 x 64) LSUN Church (128 x 128)

100 200 1000 50 100 200 1000 50 100 200 1000

DDPM schedule 18.63 18.01 17.68 17.7 10.10 8.72 8.30 8.62 2936 2536  24.03 2322
EqualSNR (calibrated) schedule 16.00 15.91 15.76 15.73 9.45 8.79 8.62 8.56 19.42 19.75 19.90 19.80
DDPM (calibrated) schedule 16.64 14.69 14.07 13.85 12.65 7.88 6.54 6.59 40.31 26.4 22.05  20.09
EqualSNR schedule 1544 1456  14.13 13.63 12.99 11.64 1096 1037 | 27.13  25.68 2481  24.05

cies simultaneously. Fig. 2 (reverse process) and Fig. 17 fur-
ther illustrates this mirroring of the forward and reverse pro-
cess computing the trajectory of variances of each frequency
component at different timesteps (see App. B for details).

Faster noising degrades high-frequency generation qual-
ity in DDPM, EqualSNR overcomes this. In Sections 2
and 3 we theoretically and empirically identified that high-
frequency components are noised faster than low-frequency
components, and showed that this leads to violations of the
Gaussian assumption in their reverse process. We here inves-
tigate the effect of such (accumulating) violations on gener-
ation performance. We build on the Fourier-based Deepfake
detection framework proposed by (Dzanic et al., 2020). In-
tuitively, this framework trains a classifier on a subset of the
frequencies to discriminate generated and real data. We use
classification performance as a (frequency-specific) proxy
for generation quality. All experiments were performed with
T = 1000 sampling steps.

Fig. 5 compares the spectral profile of magnitudes for CI-
FARI10 training data, and samples generated with a [top]
DDPM and [bottom] EqualSNR diffusion model, respec-
tively. We plot the mean magnitude and standard deviation
for the [left] lowest and [right] highest frequencies. Our
analysis reveals a systematic failure of DDPM to accurately
capture the high-frequency statistics of CIFAR10: while the
low-frequency magnitudes of generated samples perfectly
match those of the data distribution, high-frequency magni-
tudes can be qualitatively distinguished, even ‘by eye’. In
contrast, EqualSNR demonstrates superior generation qual-

ity for the high frequencies with matching magnitudes for
both low and high frequencies.

Table 2: High-frequency components generated with DDPM
are easy to discriminate from real data, those generated with
EqualSNR are not. We report classifier accuracy averaged
over 100 runs and corresponding % (out of 100) of true
positives (TP) at significance levels 0.05 and 0.01.

Freq. band Mean Acc.  %TPat0.05 %TP at0.01
S 5% 0.624 99% 99%
5 15% 0.643 100% 99%
a  25% 0.654 100% 100%
£ 5% 0.516 13% 5%
2 15% 0.521 16% 1%
g 25% 0.518 10% 5%

In Table 2 we measure this mismatch of the approximate and
data distribution for high-frequency components quantita-
tively and on a per-sample basis. We isolate high frequency
bands (top 5%, 15%, 25%) and fit a regression model with
two parameters to the spectral magnitudes of each image
following (Dzanic et al., 2020). We then train a logistic re-
gression classifier receiving these two regression parameters
per image as input which discriminates real and generated
images, repeated for 100 times. We intentionally choose
a simple regression model and classifier for the benefit of
the interpretability of the analysis, noting that more compli-
cated classifiers which in particular take into account all fre-
quencies may achieve substantially better performance. To
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Figure 5: EqualSNR is superior to DDPM in high-frequency
generation quality. We plot the spectral magnitude profile
(in decibels) for low and high frequencies, comparing data
generated with [top] DDPM and [bottom] EqualSNR gener-
ated (blue) and real (red) data.

assess the validity of our classifier performance results and
determine whether they are statistically significant (rather
than occurring by random chance), we perform the follow-
ing test: we divide the data into 100 independent partitions
and perform 100 hypothesis tests on the classifier’s perfor-
mance. For each test, our measure of success is the fraction
of correctly rejected hypotheses (true positives) (see App. B
for details on the statistical test).

For standard DDPM, we correctly reject the null hypothe-
sis (distributions of real and generated images are the same)
almost 100% of the time for all high-frequency bands. In
contrast, for EqualSNR, we reject it at a much lower rate
(10-13%) at a significance level of 0.05, and 1-5% at a sig-
nificance level of 0.01. Note when repeating the same ex-
periment with low-frequency bands, DDPM and EqualSNR
perform similarly (see Table 3 in App. B). This underlines
the advantageous high-frequency generation performance of
EqualSNR compared to DDPM. We will exploit this prop-
erty on data where high-frequency information is the key
modelling objective next.

When high-frequency information matters: a synthetic
study. We simulate real-world experiments where high-
frequency, fine-grained information is of primary interest,
such as astronomy, satellite and medical imaging, with a
synthetic Dots experiment. We generate 32 X 32 images
with between 46 and 50 white pixels randomly placed on
a black background (see Fig. 6 [right] for generated exam-
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Figure 6: EqualSNR outperforms DDPM on data where
high-frequency information is dominant. Pixel intensity dis-
tribution (sorted descendingly) of 1000 generated samples
for DDPM and EqualSNR, and two examples.

ples). In Fig. 6 [left] we examine the average pixel intensity
and the corresponding 95% confidence intervals over 1000
images for both DDPM and EqualSNR. EqualSNR signifi-
cantly outperforms DDPM on this task: EqualSNR gener-
ates the correct amount of dots and has a steeper slope than
DDPM. DDPM, however, generates more points on average
than present in the real data (gray line). In conclusion, this
suggests that an EqualSNR diffusion model is better at gen-
erating sparse, high frequency features, achieving a closer
match to the original data distribution.

EqualSNR performs on par with DDPM on imaging
benchmarks. Given the advantageous performance of
EqualSNR on high frequencies, a natural question to ask is
if—in light of the No Free Lunch Theorem (Wolpert and
Macready, 1997)—this harms generation quality on other
data. We answer this question by training unconditional
DDPM and EqualSNR diffusion models, where two runs are
calibrated to each other, on standard imaging benchmarks,
reporting obtained Clean-FID (Heusel et al., 2017; Parmar
et al., 2022) values in Table 1. Overall, we observe that
EqualSNR performs on par with DDPM. We note that FID,
which correlates with human perception of fidelity, may not
capture the demonstrated issues in high-frequency accurate-
ness observed for DDPM, contributing to the discussion of
the appropriateness of the metric (Jayasumana et al., 2024).
On LSUN Church, the highest resolution dataset which con-
tains more high frequencies, EqualSNR (calibrated) outper-
forms all DDPM variants. Furthermore, we observe that
EqualSNR requires less timesteps 7" than DDPM to saturate
performance. This underlines that EqualSNR is a compet-
itive forward process for diffusion models with beneficial
performance on high-frequency data.



A Fourier Space Perspective on Diffusion Models

5. Related work

Diffusion in Fourier space and other function spaces.
Several works have studied diffusion models in Fourier
space. Most notably, concurrent work by Gerdes et al.
(2024) proposes a framework for diffusion processes on
general function spaces, covering both Fourier and wavelet
spaces. Furthermore, they show that the forward process
controls the degree of overlap of the ‘active time’ of ad-
jacent frequencies. They draw an important parallel be-
tween diffusion models and autoregressive models: at one
extreme, autoregressive models such as Large Language
Models (LLMs) would generate each frequency component
sequentially conditional on all previous ones. The other ex-
treme generates data without any hierarchy. The latter is im-
plemented by Equal SNR which they propose but to the
best of our knowledge do not experiment with (see Fig. 4).
Jiralerspong et al. (2025) concurrently analyse shaping the
inductive bias of the forward process in Fourier space. They
demonstrate how the forward process should be chosen in
relation to the approximated data distribution. Crabbé et al.
(2024) show how to map the continuous-time formulation
of diffusion models between an origin space and its Fourier
transform, and apply diffusion models in the Fourier space
to time series data, demonstrating superior performance.
Phillips et al. (2022) likewise study diffusion in the spectral
domain, particularly on multi-modal data.

Guth et al. (2022) and Phung et al. (2023) propose a diffu-
sion model acting on multiple wavelet subspaces simultane-
ously, the former showing that time complexity increases
linearly with image size. Jiang et al. (2023) and Huang et al.
(2024) exploit wavelet representations of images for the in-
verse problems of low-light enhancement and image restora-
tion.

Diffusion schedules and the importance of the rate of
noising. Previous work also studied the importance of the
noising schedule, also in light of how fast and early fre-
quency information is corrupted. Kingma et al. (2021) learn
the parameters of a variance-preserving noising schedule
during training, observing that it spends more time in the
high-SNR regime compared to other schedules, i.e. on gen-
erating high frequencies. Williams et al. (2024) provide an
adaptive algorithm for finding a noising schedule which is
optimal given a cost measuring the work required to trans-
port samples along the diffusion path, and similarly observe
on image experiments that this schedule spends more time
on high-frequency details compared to a cosine schedule. Zi-
ashahabi et al. (2024) adapt the noising schedule in Fourier
space to focus the limited resources on certain frequencies
ranges, observing significant speedups at inference time
while maintaining image quality. Voleti et al. (2022), sim-
ilar to our work, propose a non-isotropic covariance struc-
ture in the forward diffusion process. Yang et al. (2023) also

found that high-frequency generation is harmed by DDPM
diffusion models, but provide different explanations for this
insight.

The low-to-high frequency hierarchy in diffusion models.
Several works either explicitly or implicitly state the hypoth-
esis that generating data from low to high frequency, and the
corresponding inductive bias on the forward process which
enforces this, is crucial for the success of diffusion models.
In the seminal DDPM paper, Ho et al. (2020) observe that
when generating samples conditional on noisy iterate, the
sample shares almost all features (except for high-frequency
details) with the iterate when the iterate is less noisy (i.e. is
from late in the reverse process), but only shares the large-
scale (i.e. low frequency) features when the iterate is early
in the reverse process, and refer to this as “conceptual com-
pression”. Rissanen et al. (2022) observe the “implicit spec-
tral inductive bias” of generating low frequencies before
high frequencies and proposes a model which leverages this
structure explicit. In this context, Dieleman (2024) char-
acterises diffusion models as approximate autoregressive
models in Fourier space. Hoogeboom et al. (2023) hypoth-
esise that high-frequency details can be generated in few
diffusion steps when conditioning on already generated low-
frequency features, which they exploit to adjust the noising
schedule. Our EqualSNR schedule puts this to the extreme
in the sense that it spends the same time on all frequencies.
Importantly, to the best of our knowledge, no previous work
showed to what degree the hierarchical structure in Fourier
space of generating low frequencies before high frequencies
is essential for diffusion models. Several applications such
as text-to-image and video generation of diffusion models
also benefit from the low-to-high frequency generation of
diffusion models (Yi et al., 2024; Ruhe et al., 2024).

Conditioning from low-to-high frequency information is fur-
ther exploited in U-Nets (Ronneberger et al., 2015), a go-
to architecture for diffusion models. Williams et al. (2023)
show that under DDPM diffusion noise, high-frequency
components in a Haar wavelet basis have a substantially
lower SNR than low frequencies. This is exploited by U-
Nets as average pooling, a common downsampling oper-
ation, is conjugate with projection to a lower-resolution
Haar wavelet subspace, an alternate, frequency-sensitive ba-
sis. This means that the noisy high-frequency components,
where most information is corrupted, are nullified along the
levels of the encoder, rendering U-Nets efficient denoisers
in diffusion models (Falck et al., 2022).

Unrelated to the above works, Rahaman et al. (2019); Wang
et al. (2024) identify a spectral bias of neural networks
towards low frequencies (under strict network constraints),
offering a potential alternative explanation for poor high-
frequency generation.
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6. Conclusion

In this work, we analysed the forward process of diffusion
models in Fourier space, specifically the rate of noising and
the induced hierarchy of frequencies, and its inductive bias
on the learned reverse process. We theoretically analysed
and experimentally demonstrated that faster noising of high-
frequency components as commonly done in DDPM de-
grades their generation quality, and showed that a diffusion
model with a hierarchy-free forward process (EqualSNR)
alleviates this issue, performing on par with the standard
(hierarchical) DDPM forward process in terms of FID on
standard imaging benchmarks. We refer to App. B for a dis-
cussion of our limitations. Future work should further inves-
tigate SNR-governed, alternate forward processes and tune
them to the specific (Fourier) properties of the modality and
task at hand.
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A. Extended theoretical framework and proofs

In this appendix, we will describe theoretical results in more detail. We begin by defining our notation and setting out basic
concepts.

A.1. Preliminaries
A.1.1. NOTATION

Lowercase Greek letters, such as «, 3, -y, € denote scalars. Lowercase bold letters, such as x,y, z, €, ... denote vectors. If
x € C4 then x = (x1, X3, -+ ,Xq). Uppercase bold letters, such as I, C, F, ... denote matrices. [T] := {1,...,T}. || - ||

denotes the /5-norm, i.e. for x € R%, ||x||2 = 4/ Zle x2. For two vectors x,y € C?, we define the inner product between

xandytobex -y := Zle x;yi- N(p, X) denotes the multivariate normal distribution with mean g and covariance X.
Sometimes we may write A/ (x; 1, 3), this just means that the random variable x is drawn from N (u, 3). CN'(p, X) is
a complex Gaussian. If p(x1, ..., xr) denotes the distribution (or the pdf of the distribution depending on context) over
T random variables and S C [T, p((x;)ics) denotes the distribution marginalized over S. For any vector v € C4, let
i :=+/—1 and Re(v) € R9 denote the real part of v, and let Im(v) € R? denote the imaginary part.

In the following subsections, we discuss the Fourier transform and calculate the covariance of the transformed data.

A.1.2. FAST FOURIER TRANSFORM

We define the discrete Fourier transform operator F; acting on a vector x = (zg, Z1,...,2 N_l)T e CN as

nk

N—-1
(Fix)p=» wpe ™%, k=0,...,N-1L
n=0

Note that F';x is generally complex-valued.

Images (which can be viewed as 2D grids of pixel values) often use a two-dimensional version of the FFT, for a vectorized
image, this mapping corresponds to the tensor power of F, F := F?z. Conceptually, the two-dimensional FFT applies the
1D transform (as defined above) first along each row and then along each column (or vice versa), yielding a complex-valued
frequency representation of the image.

A.1.3. COVARIANCE OF FOURIER TRANSFORMED DIFFUSION NOISE

Let x; := Fy,; where y is distributed according to Eq. (2). Then,

Elx¢] = Va;Fyo
Cov[x,] = E[(x; — E[x])(x; — E[x/])]

= E[(Fy — V@Fyo)(Fy — vVaFyo)']
=E[(F(y: — \/itYO))(F(Yt - \/a}’o)m
=FEly: — \/EYO)(Yt - \/aityo)T]FT
= FCov(y;)F'
= F(1 —a,)IF!
—(1-a)l

A.2. Forward Processes and their Derivation

Definition 3 (Modified forward process in Fourier space). Let the random variable xy denote the vectorized signal in the
data space (e.g. pixel space), and yo € C¢ denote its Fourier transform. Let C; := Var[(yy);] denote the coordinate-wise
variance in Fourier space, which we illustrate for three imaging datasets in App. B Fig. 15, and let € ~ CA/(0, X). Then the
forward process in Fourier space is written as

yi = Varyo + V1 — aies, (®)

13
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which has SNR at timestep ¢ and frequency ¢ given by

N a; C;
5:(0) = (1—a)%i ©)
This implies:

1. DDPM: The forward process for DDPM has SNR given by sPPPM (i) = %
2. Equal SNR: The forward process has equal SNR across every coordinate if and only if ¥;; = ¢ C;, where c is a
universal constant. The process is ‘variance preserving’ (in the sense of (Song et al., 2020b)) if ¢ = 1. 3

3. Flipped SNR: The forward process has flipped SNR, i.e., sfL1P (i) := sPPPM(d — 4) if and only if X;; = C;/C4_;.

We contrast the SNR of the standard DDPM noise schedule and the two alternate ones computed for CIFAR10 in Fig. 2,
referring to App. B Figures 19 and 20 for the SNR profiles on CelebA and LSUN Church, respectively. EqualSNR corrupts
information in all frequencies at the same rate by enforcing the same SNR for all frequencies at each timestep. This schedule
removes all hierarchy among the frequencies and generates them at the same rate across diffusion time (Gerdes et al., 2024).
FlippedSNR on the other hand reverses the ordering of frequencies of DDPM in terms of SNR, noising low frequencies first.
This forces the reverse process to generate high frequencies first, then low frequencies.

Both EqualSNR and FlippedSNR have a base distribution and forward process which are data-dependent and match the
coordinate-wise variance of the Gaussian noise added to the data. In fact, we propose that the SNR at timestep ¢ is a better
choice of parameterization of the corruption process for any frequency 7. That is, rewriting Equation (9) as a; = %,
we can derive the mixing coefficients as a function of the variances of the data, noise, and s;(%).

A.3. Calibration

Since we are comparing different noising schemes which corrupt the signal at different rates (in the sense of having different
SNR values at differing time steps) we try to ensure that the average SNR across frequencies is the same for any pair of
foward processes that we are comparing. We illustrate how this can be done for the case of DDPM and EqualSNR below.

Let Agapm(t) and Aq(t) denote the average SNR for DDPM and EqualSNR at timestep ¢, let d denote the number of

frequencies, and suppose we fix {@”™},. We would like to solve for {a?}; such that Aeq(t) = Agapm(t) for all t. Using
the formulae derived in App. A.2, we see that this is the same as:

ieq —ddpm —ddpm 1
_ Z Ci _ a7 G
1— —eq d 1— ay —ddpm 1— atddpm

Solving for @;? gives us

iddpm( Z C)
(1-atrm) +am (3 2i0)

On the other hand, if we choose to parameterize or schedule in terms of the SNR, then having decided on the SNR schedule
for DDPM, the SNR schedule for EqualSNR is just the average value across frequencies of the DDPM SNR.

—eq _
o =

A.4. Our Training Algorithm and Connection to the ELBO

We denote the corrupted signal by y; := Fx; € C?, where F is a linear operator and x; is the signal at timestep t. We

1
train a model fy(y:, t) by minimizing the MSE loss £;(0) := E[||C™ 2 (yo — fo(y+,t))||?], where C € C**¢ is Hermitian
positive semidefinite. As in (Ho et al., 2020; Song et al., 2020b), minimizing this loss at each ¢ is equivalent to maximizing
a standard ELBO (evidence lower bound) on log ps(yo).

3Note that if we insist that © = ¢ Cov(yo) then the equal SNR property holds in all bases (this is shown in App. A.5).
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Proposition 2 (Loss Minimization as ELBO Maximization). Consider a forward corruption process q(y1,...,yr | Yo) and

a reverse reconstruction process pg(yo, . - ., Y1) with pg(yi—1 | y¢) := C/\/(ytfl; Lo (ye,t), M%g:’l) C). Minimizing

the MSE loss E[(yo — 1o (yt, t))Jr c! (yo — po(yt, t))] is (up to constants) equivalent to maximizing the usual ELBO on
log po(yo)-

Proof Sketch. By the standard argument from diffusion-based generative models (Ho et al., 2020; Song et al., 2020b),

we have log pg(yo) > Eq[log el

maximizing the ELBO is equivalent to minimizing ¥, By [Dkr(¢(y:—1 | ¥4, ¥0) | po(yi—1 | ¥4))]. Both q(yi—1 | y¢,¥o)
and pg(y+—1 | y+) are (circularly) complex Gaussian distributions with the same covariance structure (up to a scaling factor),
so their KL divergence is proportional to ||yo — 9 (y:,t)||3—1 (this follows from Fact 1 below). Summing over ¢ matches
the MSE loss £;(6), implying that minimizing £;(6) at all timesteps maximizes the ELBO. O

], which expands into a sum of KL divergences plus a prior term. Hence

Let det(-) denote the determinant, tr(-) denote the trace and (-)' denote the conjugate transpose. We use the following fact
above:

Fact 1 (KL Divergence Between Complex Gaussian Distributions). Let p(z) = CN (z; p,,, Xp) and q(z) = CN(z; p, )
be two d-dimensional complex Gaussian distributions, where p.,, pr, € C? are the mean vectors, Xy, 2 € C¥? gre the
covariance matrices, which are Hermitian (X = 1) and positive semidefinite.

The Kullback-Leibler (KL) divergence Dk (pl|q) between p and q is given by:

1 det(X
D1(pllq) = B log ()

-1 -1
det(Ep) +tr (Eq EP) + (u'q - /LP)TE(I (/’l'q - Hp) - d 9

This confirms that with identical (or proportionally scaled) covariances, the KL depends only on the mean mismatch
(1, — p,) and is thus proportional to the MSE term. Consequently, the loss £;(¢) directly aligns with the KL terms in the
ELBO decomposition.

A.S. Signal to Noise Ratio in High Dimensions

In this section, we define the signal-to-noise ratio for high-dimensional vectors and note some properties.

Definition 4 (SNR). Let s (signal) and € (noise) be random variables in C, and let f(s,€) = s + € represent a measurement
process. The signal-to-noise ratio is defined as:
Varls]

SNR(f) = Varle]’

where for any random variable  taking values in C, Var(x) = Var(Re(x)) + Var(Im(z)).

For a multivariate random variable, we define the signal-to-noise ratio in a particular direction v below.

Definition 5 (Multivariate SNR). Let s, € be two random vectors in C¢ denoting the signal and noise respectively. Let
f(s, €) = s + € be a measurement process. Then, for v € C4, we define the signal-to-noise ratio of f in the direction v to be

SNR, (f) := \V,ZEEZ : z;

In this paper, we often consider the case where the SNR is constant across different frequencies of our signal in the diffusion
corruption process defined. Let F denote the fourier transform matrix. This corresponds to having equal SNR in the
directions {F; | i € [d]}.

An alternative way to define a constant-rate corruption process is one in which the SNR is identical in all directions. In
Lemma 1 we show that a measurement process achieves equal SNR in all directions if and only if the covariance of the
signal and the noise are proportional to each other.

A consequence of this is that it suffices to simply add covariance-matching noise in the standard pixel space to achieve
constant SNR across all frequencies. Note that, since we only match the diagonal entries of the covariance, i.e. only aim for
equal SNR over {F; | i € [d]}, this does not apply to our noise schedule in § 3.

15



A Fourier Space Perspective on Diffusion Models

Lemma 1 (SNR and Covariance). Let s and € be random vectors taking values in C¢ such that for every v € C¢\ {0},
0 < Var(v-e€), Var(v-s) < oco. Let f(s, €) := s+ € be a measurement process, and let the (p, q)-th entry of the covariance
matrix of a complex random variable x be given by [Cov(x)]p 4 := Ex[x,X], where the asterisk denotes the conjugate.
Then, the following are equivalent:

1. Forevery v,v' € C4\ {0}, SNRy(f) = SNRy/(f).

2. For some positive constant ¢, Cov(s) = ¢ Cov(e).

Proof. Since for every v € C%\ {0}, the variances of v - s and v - € are in (0, 00), all quantities below are strictly positive.

Observe that for any v, v/ € C?\ {0},

SNRy/(f) _ Var(v' - s)/Var(v' - €) _ v'TCov(s)(v')* /v'TCov(e)(v')* _ v'TCov(s)(v')* _ (VTCOV(S)V*>1
SNRy (f) Var(v - s)/Var(v - €) vTCov(s)v*/vT Cov(e)v* v/'TCov(e)(v')* \vTCov(e)v* '

(10)
To see that Item 2 implies Item 1, substitute Cov(s) = ¢ Cov(e) in Equation (10).
To see that Item 1 implies Item 2, substitute SNR (f) = SNRy-(f) in Equation (10). Rearranging, we see that for any
v,v/ € C%\ {0},

viCov(s)v*  v7TCov(s)(v/)* (11)
vT'Cov(e)v* — vTCov(e)(v')* “

where c is some constant. Rearranging again and ignoring the equation involving v/, we see that for any v € C% \ {0},
vT'Cov(s)(v)* = ¢ vI'Cov(e€)(v)*. The conclusion then follows from Fact 2 below.

Fact 2 (Equal Quadratic Forms). Let A and B be conjugate-symmetric matrices in C**?. [fvT Av* = vI Bv* for all
v € C4\ {0}, then A = B.

Proof. Let C = A — B. Then the condition is equivalent to having v7' Cv* = 0 for all v. Suppose towards a contradiciton
that C is not the zero matrix. Then there is some entry of C that is nonzero. Let this be the entry indexed by (p, ¢). Consider
v where v; = 0 for all ¢ € [d] \ {p, ¢}. Then, we see

vICV* = |v,|*Cpp + [vg[*Cy g + VpVgCpg + v, vCop- (12)

If p = g, then set v, = v, = 1 to get a contradiction. Hence all the diagonal entries of C are 0. If p # ¢, then taking into

account the fact that C,, , = Cj ,, we see that Equation (12) reduces to,

T * _ * * *
v Cvi=v,v,Cp,+v,v,C, .

If C, 4 has a nonzero real component, then it suffices to set v, = v, = 1 to see a contradiction, since vpV; Cpq +
v;v,C; . = 2Re(Cp ) If C, , has a nonzero imaginary component, then it suffices to set v, = 1,v, = i to see a

P § o e e
contradiction, since v,v;C, ; + v, v,C; = —iCp, +iCy = 2Im(Cp 4). O

O
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A.6. Counterexample: Breaking the Gaussian Assumption

In this section we give a simple example showing that—even if each transition in the forward noising process is Gaussian—the
corresponding reverse conditional distribution ¢(z;—1 | ;) need not itself be close (in total variation) to any single Gaussian.
Intuitively, if the marginal g(x) arises from adding noise to a mixture of two well-separated Gaussians, then the reverse
conditional remains bimodal and cannot collapse into a unimodal Gaussian.

Proposition 3. Let 7 € (0,0.5) and § € (0,7%°) be constants. Set
Dy = $N(-1,6%) + $N(1,6%),
Suppose
Tr—1 ND(), ENN(0,4), Ty = Ty—1 +E.

Then with probability 1 — T over the draw of x;, the reverse kernel q(xi—1 | x¢) satisfies

ueni%{1£>o Drv(q(mi—1 | z1), N(p,07)) > Q(7'%)

In other words, no single Gaussian can approximate q(x4_1 | x) to an accuracy beyond O(7'%) in total variation. We think
of T as being a constant, and so no Gaussian can approximate q(xi—1 | ©+) to an arbitrary accuracy.

Proof idea. We will prove Proposition 3 in three stages:

1. Compute g(x;—1 | z;) explicitly. By Bayes’ rule, we show it is proportional to the original mixture times a shifted
Gaussian,

o= o =) x Do) - e (20

This exhibits two well-separated modes and symmetric, sub-Gaussian tails.

2. Show sub-Gaussian decay around each mode. With probability 1 — 7 for 7 < 0.8, y € [-1 — 44/log(1/7),1 +

4./log(1/7)], which will imply that in the high probability regions, exp (f (I;y)Z ) remains bounded.

3. Lower-bound the total variation. For any candidate A'(1, 72), we split the argument into two cases, either 72 < §
(i.e. the Gaussian is too narrow to cover one of the peaks) or 72 > § (i.e. the Gaussian is too flat to have substantial
overlap with either piece) and apply standard concentration/anticoncentration bounds to obtain a gap of at least 2(71%).

Proof. Step 1: Exact form via Bayes’ Rule. Bayes’ rule asserts:

ply | =) p(x)

—— "~

likelihood  prior

plaly) = —————
N—— p(y)
posterior ~~
evidence

Here:
* p(x) = Dy(x) is the prior density of x;_1.
e p(y|z)=qlezy =y |xi—1 =) = N(y — ;0,4) is the forward-noise likelihood.
* p(y) = D1(y) = [ p(y | x) p(x) dz is the marginal of z.

Since convolution of Gaussians yields another Gaussian, D1 = Do * N'(0,4) = £ N(—1,6% 4+ 4) + £ /(1,62 + 4). Thus
for any y:

exp(252) [ exp(~ 547) + Fexp(- 254"
2 2 .
L exp(—$5n) + S exp(—374y)

g = |z =y) =
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Since we want to view this as a distribution over z for a fixed value of y, we may drop the denominator (since it is not a
function of x), to see that

Yy—x 2
g1 =2 |2 = y) x exp(—%)Do(x)

Next, we would like to show that with reasonable probability over = and y, A(z,y) := exp(f %) is bounded between
two constants for z, y lying in the high probability region.

Step 2: Uniform control on A(z,y). For any 0.5 > 7 > 0, define

I=[-1-8ylog(1l/T), 14 8+/log(1/7)].

Since § < 2, by standard Gaussian tail bounds, Pry.p,[y ¢ I] < 7. We now check that fory € I; z € [-1 —

46+/log(1/7),—1 4 46+/log(1/7)] U [1 — 46+/log(1/7),1 + 40+/log(1/7)] (the high probability region for Dy) and
5 €(0,1),
) 2
0 (9 < exp (_ (2+4 3\ﬁ810g<1/7>) ) < 1Al

z,y)| <1

This means that one of the modes is scaled down by at least ©(71%).

Step 3: Lower-bounding total variation. Let N = N(u, 02) be arbitrary. We consider two regimes. First, observe that
we may think of q(z;,_1 = x|z, = y) o< A(x,y) - Do, where A(z,y) € (O(718),1). A will serve as a re-weighting of the
mixture components; in the extreme case, the ratio of the mass of the smaller component to the mass of the larger component
is O(718).

(a) If 02 < §: N is too narrow. Align its mean with the mode having a larger mass, since this is the maximum overlap
we can achieve; say WLOG this is 4 = 1. Outside a window of width O(§) around = = —1, the overlap is
> O(718) — exp(—£2(1)/6%) (mass of the smaller component under ¢ minus overlap of the tail of N).

(b) If 02 > 4: N is too flat. Consider the tail beyond 106 of the peak at +1, when viewed as a mixture component of ¢, and
when § is sufficiently small:

g(je — 1] > 108) > (1— O(r'%)) - (1 — exp(~10%/2))
However, the mass that IV places in this region is small:
N(|z — 1] > 108) < O(V9)

Hence D7y (q, N) > 0.9 — ©(7'8) — O(\/9).

In both cases we obtain
inf Dry (q(zimr | 24), N (1. 72)) = O(71%) — O(V6).

Which, for a sufficiently small choice of §, completes the proof. O
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B. Additional experimental details and results

In this appendix we provide further details and results on the four experimental analyses in § 4 (App. B.1 to App. B.4),
further describe the implementation of figures in the main text (App. B.5), and present additional results beyond the main
text (App. B.6). We also briefly present the limitations of our work.

Limitations. Our work has three major limitations: 1) While we saw marked improvements for higher resolution
experiments, our largest imaging dataset is of resolution 128 x 128, well beyond state-of-the-art generative models. 2)
While the FlippedSNR forward process did not succeed in numerous experiments, underlining the importance of low-to-
high generation, we cannot prove that such a forward process cannot be learned. 3) Even though many other modalities have
the Fourier power law property, our real-world experiments investigate standard imaging benchmarks only.

B.1. Analysis 1: The reverse process learns to mirror its forward

On Figures 2, 19 and 20. Fig. 2 illustrates the SNR of the variance of the Fourier coefficients of the forward and
reverse processes for DDPM and EqualSNR on the CIFAR10 dataset (Krizhevsky et al., 2009). Frequencies are sorted by
Manhattan distance to the corner of Fourier space (ascending order), resulting in low frequencies arranged at the top, and
high frequencies at the bottom of the heatmap, and are averaged across channels. Figures show that DDPM noises high-
frequencies at very early time steps, while EqualSNR noises all frequencies at a constant rate. The forward process shows
how the Fourier frequency values are corrupted in time, and the reverse process shows how a trained model denoises the
corrupted frequencies. We observe that both models learn to denoise the Fourier coefficients at the same rate as the forward
process dictates. Every plot shows the contour curves on 10 dB, 0 dB, -10 dB, -20 dB and -30 dB to facilitate visualize the
trend of corruption across frequencies.

To draw the forward process figures, we follow equation (4) and compute SNR for all timesteps ¢, given a schedule &;.
Frequencies are sorted from lowest (top) to highest (down); time runs between the data distribution ({ = 0) and the
base distribution (¢ = T') with T" = 1000 steps. Explicitly, we sample an image and white noise, compute their Fourier
representations and combine them together following equation (4). Noise is weighted with the schedule in both cases, and
normalized with C'/2 in the case of EqualSNR as in Algorithm 1. After computing the variances of the Fourier coefficients
across a dataset, values are converted to decibels following the formula dB = 10log,,(-) and displayed in a heatmap.
Contour curves are running averages over the values that approximate best the dB threshold across frequencies.

To draw the reverse process figures, we start with a corrupted image at time ¢ = 7" and do a step by step denoising process
until ¢ = 1 following Algorithm 2. Our parametrized UNet predicts y; after Fourier transformation, and from it we estimate

the noise € at time ¢ = 0:

o1 _
eo—ﬁt(}’t_\/OTtYO)- (13)

We compute the SNR by weighting the predicted signal and noise appropriately, as signal and noise are now distinct:

SNR(y;_,) = Y/ a=1Varlyol (14)

- v1— at,l\/ar[éo]

We compute the variances of the coefficients across the whole dataset and convert the SNR values to decibels same as in the
forward process for representation purposes.

Figures 19 and 20 illustrate the forward process on the CelebA and LSUN datasets, computed on 64x64 and 128x128
resolutions, respectively. The plotted figures retain the same schedule as the one from Fig. 2 and we notice that the high
frequencies are noised excessively very early on. This observation agrees with the analysis from (Hoogeboom et al., 2023)
that requires the schedules to be rescaled depending on the resolution of the images. Our proposed visualization provides a
useful tool to study the correct planning of the forward process.

On Fig. 4. This figure presents the forward and backward pass trajectory of our diffusion models trained on standard
imaging benchmarks. For the forward pass, we sample using the push-forward distributions Equation (2) for DDPM, and
y: = Varyo + /1 — @;ex (see Definition 3) for EqualSNR and FlippedSNR, respectively. For the backward, we draw
trajectories using standard DDIM for the model trained with a DDPM forward process, and using Algorithm 2 for EqualSNR
and FlippedSNR, respectively.
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The low- and high-pass filtered images are computed by setting a subset of the Fourier space coefficients, specifically those
within (low-pass) or outside (high-pass) a certain distance to the center of the Fourier space representation, to 0 while using
identity for all others. This is achieved by masking the Fourier space representation of the (noisy) images (see Fig. 7 for an

illustration).

Figure 7: Visualisation of the [left] low- and [right] high-pass filter masks.

Figures 22 to 27 present further examples of the forward and backward process of DDPM, EqualSNR and FlippedSNR for
the complete time interval ¢ = 0 to ¢ = T, and also show the phase of the Fourier space representation as an additional row.

B.2. Analysis 2: Faster noising degrades high-frequency generation in DDPM; EqualSNR overcomes this

High Frequency/Low Frequency Classifier and Statistical Testing Procedure. The main idea is to differentiate between
real and generated data by focusing on the high-frequency magnitudes of the images. This difference can be quantified
using a classifier trained to distinguish these features. High classifier accuracy indicates low generation quality of the high
frequencies. Following Dzanic et al. (2020), instead of using all or a portion of the high-frequency magnitudes as classifier
inputs, we fit a regression line to the log-magnitudes and use the slope and intercept as input parameters. Specifically, we

find b and a such that:
b
mi - (ﬂ> ’
T

where m; is the magnitude of the i-th frequency and f; = &, with I being the number of frequencies. Furthermore, 7 is the
proportion of frequencies considered, such that f; € [r, 1]. For each image, we obtain parameters a and b, which are used
as features for a logistic regression model with targets indicating whether the image is real or generated. To quantify the
significance of the obtained accuracy, we split the datasets into equal-sized chunks. For example, with 50,000 generated and
real images, we create 100 splits, each containing 500 images per class. We then use each batch to compute a p-value via
permutation testing that tests whether the accuracy is close to a random chance i.e. 0.5. If the p-value is less than the chosen
significance (in this case 0.05 or 0.01), we can reject the null hypothesis that the two distributions are the same. Then, we
count how many out of the 100 independent tests are correctly rejected, i.e. how many are the true positives. A large number
of true positives indicates that we can differentiate the two classes with a high probability.

Similarly, we can construct a classifier for the low-frequency components. Table 3 shows that the mean accuracies for both
cases are close to chance. The number of true positives is similar between them, with standard DDPM performing slightly
better.

B.3. Analysis 3: When high-frequency information matters: a synthetic study

The Dots Experiment. We sampled 50,000 images with 48 to 50 randomly placed white pixels (see Fig. 8) and conducted
experiments using 10,000 training steps with a cosine noise schedule, utilizing the same U-Net architecture as in the
CIFARI10 experiment. In this experiment, we compare EqualSNR and standard DDPM calibrated to EqualSNR. In the main
paper, we argued that EqualSNR generates samples with higher pixel intensity compared to DDPM. Examples of this issue
can be seen in Fig. 8.
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Table 3: Low frequency generation of DDPM and EqualSNR: Classifier mean accuracy from 100 runs and the corresponding
number of true positives at significance levels 0.05 and 0.01 (correctly rejected statistical two-sample tests based on the
classifier’s performance).

DDPM EqualSNR
Freq. band Mean Acc. #TPat0.056 #TPat0.01 Mean Acc. #TPat0.05 #TPat0.01
5% 0.492 3% 2% 0.512 14% 2%
15% 0.501 5% 2% 0.509 7% 2%
25% 0.508 13% 4% 0.511 13% 5%

EqualSNR

Figure 8: Dots Examples in the DDPM and EqualSNR case. Yellow corresponds to ‘white pixels’ (highest intensity) on this
colour scale. The lower intensity images are marked by a red circle.

B.4. Analysis 4: EqualSNR performs on par with DDPM on imaging benchmarks.

In our implementation we used a UNet architecture derived from HuggingFace Diffusers’ library to model our denoiser. We
feed the UNet input images and train our models by parametrizing the loss with the output of the UNet corresponding to
images of the data distribution (¢ = 0) in the case of DDPM. For EqualSNR we convert the output of the UNet to Fourier
domain and use its values as input into the loss £; = ||[C~'/2(yq — ¥0)||? (see Algorithm 1) against the input image in
Fourier domain. Note, that the loss using Fourier coefficients is a novel parametrization providing competitive performance.
We train all models for 800k steps using a cosine schedule and a learning rate of 0.0002. We report results on CIFAR10
((Krizhevsky et al., 2009); 32 x 32), CelebA (64 x 64), and LSUN Church (128 x 128) datasets.

Table 1 shows Clean-FID scores (Parmar et al., 2022), where the values we provide are on par with values provided in
their repository from other models they evaluate. We chose to present this implementation in the main paper because it
fixes multiple issues when comparing FID scores used by the community. We further provide in Table 4 PyTorch-FID
implementation presenting values comparable to DDIM scores (Song et al., 2020a). These values are significantly lower,
highlighting inconsistencies between package implementations.

We tried feeding Fourier values directly into the input of the UNet but this parametrization did not seem to provide
competitive results.
B.5. Further details on other figures

We here provide further details on computing the figures in the main text and corresponding extended figures in the Appendix
which have not yet been discussed above.

On Figures 1 and 16. We acknowledge (Dieleman, 2024) for inspiration on these figures. The [center] and [right] figures
are GIFs best viewed in Adobe Reader.

[Left]. We present four data modalities and corresponding datasets exhibiting the Fourier power law property: images
(CIFARI10 (Krizhevsky et al., 2009)), videos (Kinetic600 (Kay et al., 2017)), audio (GTZAN Music Speech (Tzanetakis,
1999)) and Cryo-EM derived protein density maps (EMDB (wwPDB Consortium, 2023)). The Fourier transform is applied
to a different number of dimensions (D) for each of these datasets: 2D for images, 3D (spatial and time) for videos, 1D
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Table 4: EqualSNR performs on par with DDPM on standard imaging benchmarks. We measure performance using torcheval
FID ({).

CIFAR10 (32 x 32) CelebA (64 x 64) LSUN Church (128 x 128)
T 50 100 200 1000 50 100 200 1000 50 100 200 1000

7.7 6.1 535 4.81 4.93 260  2.05 1.87 2872 20.23 17.99 16.63
6.5 5.1 4.57 4.27 3.48 256 236 2.19 17.67 15.4 14.43 13.61

DDPM (calibrated) schedule 995 6.17 473 3.71 1093  4.00 222 1.86 56.88 27.9 18.61 15.3
EqualSNR schedule 836 565 4.68 39 5.83 3.71 3.08 2.71 2755 21.60  18.99 17.27

DDPM schedule
EqualSNR (calibrated) schedule

(time) for audio, and 3D for protein density maps. As the protein density maps are of different size between samples, we
interpolate them to fixed-size tensors of size [200, 200, 200], equal for all dimensions. Audio and video samples are trimmed
across the time dimension to 2 seconds (44100 values) and 1 second (30 frames), respectively, such that all items in a dataset
are of equal dimension. We compute the signal variance on (a subset of) the Fourier-transformed dataset. We plot running
averages and running standard deviations, which illustrates the overall trend. Frequencies are sorted by Manhattan distance
to the center of Fourier space (ascending order, i.e. low to high frequency).

[Center] and [Right]. We plot the signal and noise variance at different timesteps of the forward process for DDPM and
EqualSNR, respectively. The signal variance is computed over the entire CIFAR10 dataset. We refer to Fig. 2 for details on
the calculation.

On Fig. 3.  Further to our explanation in § 3 we provide the following details. While the distributions ¢(y;) and ¢(y;—1) are
in general intractable, we can approximate them as Monte Carlo estimates of ¢(x;) = Ey,~q(y,)2(¥¢|y0) Where q(y:|yo) is
the push-forward distribution Equation (2) (and similarly for ¢(y:—1), and ¢(yo) is the Fourier-transformed data distribution.
We use 5000 samples to estimate ¢(y:) and ¢(y:—1). We plot histogrammes of these estimates (green, red) and the Gaussian
q(y+|yt—1) (blue) on the right. Since ¢(y:|y:—1) is datapoint-specific, we arbitrarily choose the 70%-quantile of ¢(y;—1) as
the mean of ¢(y|y:—1), a representative point. The smooth posterior distribution ¢(y;_1|y:) are computed using Kernel
Density Estimation (KDE) with the same bandwidth hyperparameter across all frequencies and timesteps. Figures 9 to
14 present further timesteps and frequencies, and additional plots visualising the marginals estimated via Kernel Density
Estimation, and the ratio of the marginals with the Gaussian ¢(y;|y:—1) overlayed, for DDPM and EqualSNR.

B.6. Further experimental illustrations and results

In this section we provide additional experimental results augmenting those presented in the main text.
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Figure 10: Analysis of violations of the Gaussian assumption in DDPM (2 of 3).
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Figure 11: Analysis of violations of the Gaussian assumption in DDPM (3 of 3).
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Figure 13: Analysis of violations of the Gaussian assumption in EqualSNR (2 of 3).
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Figure 14: Analysis of violations of the Gaussian assumption in EqualSNR (3 of 3).
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Training a FlippedSNR diffusion model is challenging. As part of our experiments we tried to train with an inverted or
flipped SNR frequency profile as compared to DDPM (FlippedSNR), see Fig. 21. The idea of this schedule is to generate
high frequencies before low frequencies in the reverse process, by having a noising process that corrupts the high frequencies
gently at early timesteps, and corrupts low frequencies at a higher rate. This noising process was accomplished by computing
the Fourier variance of the data, and inverting the forward process by adding noise that flipped the heatmap (see Figs. 21
and 24 for an illustration). However, in spite of numerous attempts, we did not manage to learn the reverse process
appropriately (see Fig. 27 for a visualisation of generated samples), and hence failed to approximate the data distribution. In
the following, we describe these attempts further.

We tried naive approaches such as multiple beta schedules, including cosine, linear, as well as more complicated variants
which change the SNR linearly and with a cosine function, and different start and end values for the SNR. In particular, we
calculated the highest SNR values at t = 1 in standard DDPM (about 40 dB for low frequencies) with a standard cosine
schedule. Similarly, lowest SNR values on high frequencies were around 5 dB also at t = 1. This disparity corroborates that
frequencies are not noised at the same rate.

We speculated that if we flipped the heatmap profile and increased the frequencies with lowest SNRs (in the flipped regime
low frequencies would be very quickly corrupted), we could possibly train successfully. We shifted the start SNR value to
60 dB (to improve the lowest SNR profile), and we kept the end SNR value the same at -40 dB. We also tried shifting to -20
dB to maintain the same range. We also trained with different number of discretization steps, i.e., T' € {1000, 5000, 10000}
However, all these approaches failed to train. These experiments provide partial evidence that generating high before low
frequencies may be challenging or not efficient, but further experiments are required to confirm this hypothesis.
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Fig. 15 presents the C matrix for the three standard imaging benchmarks used in § 4.

C matrix (log10 scale) C matrix (Iog10 scale) C matrix (Iog10 scale)

00 00
o 00 o
05 05
s 05 10 20
“10 -10
10 -10 20 w0
-1 15
S 15 = 15 Lo _ 60
-20
-20
20 20 ) 0
-25
25 2 50 100 -25
-30
o -30 o 120 -30
0 5 10 15 20 25 30 0 10 20 0 £ 50 60 . o 20 £ 60 80 100 120
ke 35 ke ke 35

Figure 15: The signal variance C in Fourier space (magnitude) on a log scale (with basis 10) for CIFAR10 [left], CelebA
[centre] and LSUN Church [right]. For visualisation purposes, the largest value plotted in bright yellow corresponds to a
value larger or equal to the .95-quantile of C.

Fig. 16 illustrates the SNR trajectory of the FlippedSNR forward process, discussed in App. A, corresponding to the
respective illustrations of DDPM and EqualSNR in Fig. 1.
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Figure 16: The alternate FlippedSNR forward process noises low-frequency components before and faster than high-
frequency components, flipping the SNR profile of DDPM. This figure complements the corresponding figures for DDPM
and EqualSNR in Fig. 1. The GIF is best viewed in Adobe Reader.
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The goal of Fig. 17 is—augmenting the view of Fig. 2—to characterise that the learned reverse process mirrors the forward
process in diffusion models. This figure computes the per-frequency variances of samples generated via the respective
push-forward distributions (in the forward process), and by sampling with DDIM or Algorithm 2 (in the reverse process),
respectively. It hence provides a notion of per-frequency variability at a given diffusion timestep. It can also be interpreted
relatively to the base variability at ¢ = 0, which indicates when certain frequencies stabilise.
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Figure 17: The reverse process learns to mirror the forward process. We show the variances at time ¢ of the [top] forward
and [bottom] backward process in Fourier space, for [left] DDPM, [centre] ESNR, and [right] FlippedSNR.

In Fig. 18 we illustrate the C matrix, i.e. the dimension-wise variance in pixel space (as opposed to in Euclidean space),
illustrating the how the variance of the data spreads spatially across an image. In particular, we can see that the variance
deviates from 1, rendering DDPM not a variance-preserving forward process, in the sense that the variance changes

throughout diffusion time.
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Figure 18: DDPM on images normalised to [—1, 1] is not variance-preserving, i.e. the variance changes throughout the
forward process. To see this, we plot the coordinate-wise signal variances diag(C'ov(x¢)) in pixel space (in contrast to
Fig. 15), computed on the CIFAR10 dataset whose images have been normalised to the range [—1, 1].
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In Figures 19 and 20 we present SNR heatmaps for the forward process on the higher-resolution datasets CelebA and
LSUN Church datasets, corresponding to Fig. 2. In Fig. 21 we also present the SNR heatmap for the forward process of
FlippedSNR on CIFARI10.
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Figure 21: Flipped SNR forward process on CIFAR10 (32 x 32).
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Figures 22 to 24 present further examples illustrating the foward process of DDPM, EqualSNR and FlippedSNR, augmenting
Fig. 4 in the main text.
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Figure 22: Forward process of DDPM, at uniformly-spaced timsteps between ¢t = 0 and ¢ = T (left to right). Each block of
five rows visualises the noising process in pixel space (row 1) and in Fourier space (magnitude and phase, rows 2 and 3),
and the low- and high-pass filtered images from row 1 (rows 4 and 5).
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Figure 23: Forward process of EqualSNR, at uniformly-spaced timsteps between ¢ = 0 and ¢ = 1" (left to right). Each block
of five rows visualises the noising process in pixel space (row 1) and in Fourier space (magnitude and phase, rows 2 and 3),
and the low- and high-pass filtered images from row 1 (rows 4 and 5).
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Figure 24: Forward process of FlippedSNR, at uniformly-spaced timsteps between ¢ = 0 and ¢t = T" (left to right). Each

block of five rows visualises the noising process in pixel space (row 1) and in Fourier space (magnitude and phase, rows 2

and 3), and the low- and high-pass filtered images from row 1 (rows 4 and 5).
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Figures 25 to 27 present further examples illustrating the reverse process of DDPM, EqualSNR and FlippedSNR, augmenting
Fig. 4 in the main text. Note that the FlippedSNR diffusion model could not be trained successfully, resulting in a deteriorated
sample quality.
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Figure 25: Reverse process of DDPM, at uniformly-spaced timsteps between ¢ = 7" and ¢ = 0 (left to right). Each block of
five rows visualises the generative process in pixel space (row 1) and in Fourier space (magnitude and phase, rows 2 and 3),
and the low- and high-pass filtered images from row 1 (rows 4 and 5).
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Figure 26: Reverse process of EqualSNR, at uniformly-spaced timsteps between ¢ = 1" and ¢ = 0 (left to right). Each block
of five rows visualises the generative process in pixel space (row 1) and in Fourier space (magnitude and phase, rows 2 and
3), and the low- and high-pass filtered images from row 1 (rows 4 and 5).

37



A Fourier Space Perspective on Diffusion Models

) i [ A - A Al k |’

N » s
:§ A.‘.:a *fdl':a {".a 4.:1: a.:a.:g 4‘§ 4i§ «aﬂﬂ
L o B 5 | . | 1 L . Ly B 1 A LR k-

maahaEEE b
FIE I IR )

S
B g i
PRI

..‘.‘(.‘(..\_..c..:.c.f.‘ v 4
“alil UalL Al Akl CTall Al Al Al

L oS T
1 k . 3

Figure 27: Reverse process of FlippedSNR, at uniformly-spaced timsteps between ¢ = 7" and ¢t = 0 (left to right). Each
block of five rows visualises the generative process in pixel space (row 1) and in Fourier space (magnitude and phase, rows
2 and 3), and the low- and high-pass filtered images from row 1 (rows 4 and 5).
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Figures 28 to 30 present samples comparing a DDPM and EqualSNR diffusion model trained with the exact same
hyperparameters and neural architecture, respectively.

EqualSNR

Figure 28: Samples of a diffusion model trained on CIFAR10 with a [left] DDPM and [right] EqualSNR (calibrated)
forward process, using 7' = 200 steps at inference time.
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DDPM

Figure 29: Samples of a diffusion model trained on Ce 1ebA with a [left] DDPM and [right] EqualSNR (calibrated) forward

process, using 1" = 200 steps at inference time.



A Fourier Space Perspective on Diffusion Models

DDPM EqualSNR

Figure 30: Samples of a diffusion model trained on LSUN Church with a [left] DDPM and [right] EqualSNR (calibrated)
forward process, using 7' = 200 steps at inference time.
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